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ON COMMUTING LINEAR PARTIAL 
DIFFERENTIAL OPERATORS 

By 

J, HAINZL (Kassel) 


Introduction and notations. Let Q be an open connected subset of the real n-di- 

mensional space R", x=(xi, and for any/ 2 -tupleo(=(ai.a„) 

of nonnegative integers aj (for short: a6N|{) let denote the operator DJi... D*", 
and put |a|:=oci + We consider linear homogeneous partial differential 
operators L of any order 

( 1 ) 

|a|€m 

where are assumed to be complex-valued C^-functions defined on Q. If P is another 
such operator, we say that P commutes with L if PL-LP=0. We shall prove results 
on commutability of L with more special operators P, such as powers of operators 
having constant coefiicients or monomial operators The methods 

of proof are elementary; nevertheless, the proof of Theorem 2 is rather lengthy. 
Some of the results generalize theorems proved in [1], and Theorem 1 is stated in 

[1] without proof. Further references concerning the topic of this note are not known 
to the author. 

Theorem 1. Assume L to commute with M:=D{^... DJ", where ft are fixed 
nonnegative integers. Then, for any k with p,i>0 and any x=ixi,..., cij, the coefficient 
A^{x\ regarded as a function of ft only, is a polynomial of degree not exceeding a^. 
In particular, if p^^O for each k, the coefficients of I are polynomials. 

Proof. A straightforward calculation yields 

(2) {)=.ML-LM= 2 2Ui)<B‘AXi:)-D’*r 

lalsm ^ , 

Here, the inner sura has to be taken over all (5=(^i,..., i5„)6No such that |5|>0 and 
Moreover, ■■■>Pn"^n)^Mc(^)is the product|j^^j .... 

of binomial coefficients. Now, consider the coefficient C^{x) of Dt in (2) for any 
satisfying |y|^m-l+ft+.,.+p„, C, must vanish 

identically and is given by 

(Here, Ag is understood to be zero if |a| >m or o((<0 for some index /.) The assertion 
concerning Ag will be proved by induction on \a\=m, m-1,..., 0. Without loss of 
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generality, we may assume pi>0 for i=l ,r and]?(=0 for z>/‘ (rSl). In what 
follows, we say that property P(a, k) holds iff A^, regarded as a function of x„ only, 
is a polynomial of degree not exceeding . First we show: 

(i) For any a, k with [a] ~m, property P(a, k) holds. This is proved by 
induction on cifc=0,1, m. Denoting by S; then-tuple (0,..., 0,1,0,0) with 1 in 
position i, we choose y-a+p-s,, in (3), where a and k are fixed, \a\=m. Then <5 is 
restricted to the values 5=Si, so we get 

r 

(4) Pk^kA = ~ 2 

i=t 

If afc=0, we have for i^k, hence PkAA^=0] that is, 4 does not depend 

on Xk and, thus, assertion (i) is true for q=0, l^k^r. 

Now assume that, with some property P(o!, k) is already proved 

for k=l,r and any oc satisfying |a|=/n, Then we have to prove P(a, k) for 
any k and any a such that |a|=w,ai=t-l-l. Look again at equation (4). Putting 
j3:=cc+ei-Sfc for any zV/c, we have \^\=m and j8i=a|f-l=i. Thus, by induction 
hypothesis, Afi is a polynomial with respect to Xk whose degree does not exceed t. Then, 
the same assertion holds for DiA^, and, consequently, for the right-hand side of (4), 
too. Hence, as a function of x^, is a polynomial of degree 1 = as. This con¬ 

cludes the proof of (i). 

(ii) Induction hypothesis: For some s, assume that property P(a, k) 

holds for any /c=l ,r and any a with It remains to show that property 
P(a, k) also holds for any /c=l,..., r and any a satisfying |o!|=j-l. This will again 
be proved by induction on a,(=:0,l, ..,,/m. For any fixed oc with |a|=5-l and any 
fixed ic we choose y: ^ a+p ~ in (3). This leads to 

(5) PkJDkA, ^ PAA,^,r>^- 2 

i=l P|a2 

Consider the terms in the second sum on the right-hand side of (5). If we put ^: = 
a-\-5-Sk> from |«1=5-1 we get So, by induction hypothesis (ii), property 
P(jS, z) holds forz=l,..., r. Hence, we conclude that D^A^, as a function of X; only, 
is a polynomial of degree ^V(, where (If Vj<0 for some z, this means 

=0.) This implies tliat, if we put ^^=0 in (5), the right-hand side must vanish. 
Thus, whence property P(a, k) is valid for every 1,r and any oc with 

\a\-s-l,ak~0. 

Now assume for some r, O^rgj-2, that property P(a, k) holds for any 
fc=l, ...jZ’andanyasatisfying |a|=^•-l,ccJ-f. 

For any fixed k and any fixed oc with l«|=j-l, ak=ti'l> we again consider 
equation (5). In the first sum on the right-hand side, put p:!=oc-f Si-Sj. Then |p|= 
-zf-l, /Zi=ocj,-l~r. Hence, by assumption, P(p,ik) holds, This implies that, with 
respect to DiA^ is a polynomial of degree ^ t. Moreover, by the reasoning above, 
the second sum in (5), regarded as a function of Xjt, is a polynomial of degree 
=%-l=sr, Consequently, this assertion is also true for D^Aa, whence we conclude 
P(«, k) to hold for any ^=1 ,r and any oc satisfying locl-j'-l, ocit-i+l. Now, 
both inductions are completed and thus. Theorem 1 is proved. 
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Remarks. 1. The converse of Theorem 1 does not hold. For example, by Theo¬ 
rem 3c) below, a necessary condition for Dfi (pt>0) to commute with L is that any 
as a function of x^ only, be a polynomial of degree ^0, not merely of degree ^oci. 

2. If ML=LM, M as in Theorem 1 with pi>0, pa>0, then the degrees c/j, ^ 
of An belonging to the variables Xi, Xg respectively, are not independent of each other. 
For instance, if M=D{^Dl^ and di=0 for each a, then also ^2=0 for each a. This 
is a simple consequence of Theorem 3c) below. 

3. Theorem 1 need not remain true if M is replaced by some more general 
differential operator P with constant coelRcients. In case /z=2 for example, P := 
:-Dk-[-Di commutes with any L whose coefficients are arbitrary C^-functions of 
Xi-Xg. In the case of ordinary differential operators, however, the following result 
can be proved (by induction, beginning with the highest coefficient of X): Let P be 
a linear homogeneous differential operator of order at least 1 with constant coeffi¬ 
cients. Then, if P commutes with X, X has constant coefficients. Trivially, the converse 
is also true. 

Theorem 2, Assume L to have polynomial coefficients and let P be any linear 
homogeneous partial differential operator in R" with constant coefficients. Then X 
commutes with PiffL commutes with P^ for at least one positive integer k. 

Proof. Write P in the form 

with = My for zVj,I^N, and c^-^C\{0}, 

j=i 

By suitably renumbering the Mj, the following situation can be obtained: There 
exist natural numbers Tj, / =/'ogriS... such that 

(6) Pii = P 2 i=-=Pr„i^Pn+i,i^-=Pn~i.< for 1 ^ z ^ zi. 

This can easily be proved by induction on z=l,..., n. Moreover, r,,- \ must hold, 
since otherwise we would have This and property (6) will be needed in 

a later part of the proof. Without loss of generality, we may assume Ci=1. 

Now, for any a straightforward calculation yields the identity for x^R”: 

(7) P^L-IP\=2 2 2Ak>t)'b{d,k,t)>{D^An){x)-D-^^ 

t \x\-Sm S 

where the following notations and conventions hold: 2 i^^eans summation over all 

t 

t~{t 2 , ..., h)6No~L (But only finitely many terms of the sum are nonzero.) 

2 means summation over aiy=(dj,.,,, 5„) 6 Ng, 0 < |d | g d^ where d is an upper bound 
for the degrees of all the polynomials An.d-\-^~^{k, t)-{ff{k, ?),.•., i?„ {k, t)) with 

1 

)tiKt)>^PiM2(PjrPii)ti^ 
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and b (6, k, t) denotes the product of binomial coefficients 

In case I -1, the first sum in (7) has to be dropped, and a(k,t):~l. I 

In (7), we now determine the coefficient of Z)^ for any fixed y„) 

with We obtain 

( 8 ) 5 ,= 2 ZZ‘»,l)'Hi,k,HjD‘A:i(x\ 

lal^m S t 

where 2' means summation overall satisfyingthe condition ^(/c, t)=yi-d~a 
From now on, we fix k and y. For any N we then determine, in the operator 
P^L-LP^, the coefficient of where y{s):~y+{s~k)pi,pi\=ipii, 

Denoting this coefficient by R{s, x), we obtain from (7) and (8) 

(9) 2 

lal^iii S t 

where now 2!" means summation over all satisfying the condition 

(10) ^(s,t)~y(s)+5-a. | 

It is easily seen that, for any fixed a and 5, these t are just the same as those admitted 
in (8); that is, 2"=2'- (/-l)-tiiples t. Then T(a, 5) 

does not depend on s. In the last part of the proof (see (11) below), we shall show i 
that ^(k, ^) is a finite set Therefore, if we write 

Q(s,a,5,x):= 2 a(s, t)'b(S,s, t)-(D%)(x), | 

we conclude from the definitions of a(s, t) and b{b, s, t) that Q(z, a, x) is a poly- | 
nomial with respect to the variable z. Since 

R{s,x)~ 2 i 

|a|Sm d ■ j 

the function R{z, x\ too, is a polynomial with respect to z, Now, assume k to have | 

been chosen such that P^ commutes with L Then {P^y=P’‘^ also commutes with L \ 

for any This implies i?(s, x:)=0 for s-kjj^'^f and every Rt Thus, for any | 
fixed X, the polynomial R(z, x) has infinitely many zeros, and, therefore, vanishes 
identically. Obviously, i?(l,x)=0 now implies PL~IP=0, ; 

Thus, for completing the proof it remains to show: I 

(11) Foranya, ^satisfying 0^|a|:im,0< 1^1 the set T(a, 5) is finite. ^ 

Let !=(? 2 ,h) be a fixed and r,) an arbitrary element of r(a, ^). Using 

equation (10) and putting I-t~ : u~{u,j .,...,«;), we obtain the following system of 
linear homogeneous equations i 

(12) 2(PyrPi()“i = 0, | 

i»s , 
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First we prove: 

I Any nontrivial solution R'"^ of (12) has at least 
” U I one positive and at least one negative component, 

Without loss of generality, let u be a nonnegative solution of (12). By relation (6), 
we then deduce from the first equation of (12): Uj-O for System (12) now 
turns into 

n 

and choosing i=2, we again conclude from (6): for etc. Inductively, 

if i is the smallest index satisfying rp 1, we obtain uj-Q for;>ri_i, and 

G-i 

2 (PjrPii') '^j = ^> 

M 

whence finally Uj=0 for 2=ri+1 Flence m= 0, and (13) is proved. 

To complete the proof of (11), it is enough to verify the following assertion: For 
x^T{a, (5) as above, put 

K:= max h 

MjSl ■' 

and denote by Uk the set of solutions m=(m 2 , ..., «i) of (12) with Uj integers and 
for 2s/^/. Then 

(14) [/jc is a finite set. 

For, assume (14) to be true. Then for any Ua, S), we have r=i~M for some integer 
solution u of (12), whose components obviously satisfy Uj^K. Hence u£Uk and, 
owing to (14), r(a, S) must be finite. 

To prove (14) we define for any u^Uk, OsJ^l-1: 

= {v=(v 2 ,Vi)^Ux I Ui^vi for at most j of the indices i}. 

Then F„, 1-1 =Uk for any M, so it is enough to show for 1 : 

(15) J is a finite set for any « 617 k. 

This is done by induction on;=0,..., 1-1. Since (15) is true for ;=0. 

Now assume (15) to hold for M, q some fixed integer satisfying O^q^l-2. Then, 
for any fixed m6 Uk, we choose some u6 If the solution ii-v of (12) 
has at least l~q-2 vanishing components and, by (13), at least one negative compo¬ 
nent. There are but a finite number of possible positions for these l-q-\ compo¬ 
nents. Hence, we may assume without loss of generality 

(16) Ui = Vi for 

Since ui-, can adopt only finitely many values. Moreover, by induction 

hypothesis, there exist only finitely many w6Uk such that W(=Uj for 2^i^I-q. 
Consequently, there exist only finitely many u6 F„,,+i satisfying (16). Hence, 
is a finite set, too. This proves (15), whence the proof of Theorem 2 is complete. 


Acta Mathmatka Academiae Scisntlarum Hunyaricae 38,1951 



6 


I HAINZL 



Corollary 1. Let P be a linear homogeneous differential operator with constant 
coefficients which contains only Di^, ,..iDffr=n). Moreover, let the C’^-coefficients 
Alh> ofL be polynomials with respect to the variables Xj, Then L 
commutes with P iffL commutes with P^ for some positive integer k. 

Proof. Using the notations of the preceding proof, we now have pji=0 for 
1 Sjg/andr</g;i, hence t)=0fotr<Mn andany j^N. Therefore, summation 
over d in (7), (8), (9) may be confined to those deNij satisfying 0< \5\sd, d,+i=... 
...=6„=0, where now d is an upper bound for the degrees of all the coefficients 
i’, considered as polynomials in Xi, The rest of the proof coincides with 
that of Theorem 2. 

Corollary 2. Let L possess C°°-coefficients and let P denote a monomial operator 
P:==cD{K,.D^„'' with c^C. Then L commutes with P iffL commutes with some 
positive power 

Proof. Immediate from Theorem 1 and Corollary 1. For a direct proof of 
Corollary 2, see [1], Theorem 6. 

Remark. To indicate limitations for possible generalizations of the preceding 
results we consider two simple examples. 1) L'.=2xiDi-XiD^ commutes with DiDi 
but does not commute with D^D^. 2) L: ^DiD^-Px^D^-x^D^ commutes with DiD^, 
but does not commute with Di or . 

The following theorem is proved by essential use of Theorem 2 and its corollaries 
which themselves turn out to be special cases of this new theorem. 

Theorem 3. a) Let Pi,...,Pi be nonvanishing linear homogeneous differential 
operators with constant coefficients in which only Di,...,D, are involved (r^n). 
Moreover, let all the C‘^-coefficients Ag(Xi,..., x„) of L be polynomials with respect 
to Xi,...,Xf. Finally, assume that L commutes with the operators 

(17) l^k^s, 

where are fixed nonnegative integers. Then, L also commutes with Pp...Pf‘, where 
(ci,Cj)CN[, is any linear combination (over Rj of the s vectors (%,Oiff Par¬ 
ticularly, ifl^s and the matrix [oi^ has rank I, then L commutes with every Pi, l^i^l. 
h) Assume that in &) the operators Pj are of the form 

C;6C\{0}, Imj^L 

Let L have arbitrary C’^-coefficients and, finally, assume L to commute with the opera¬ 
tors (IT), Then the assertions from &) remain true. 

c) Assume L to have C°"-coefficients and to commute with Di^K..Df<’<, k;= 1,/, 
where det{aii()^0. Then L commutes with every Df, Is/^/. Hence, the coefficients 
ofLdonotdependonxi,...,Xi. 

Proof. Let i? denote the rank of the matrix Without loss of genera- 
lity, assume R>0 and det Ay^Q with For any vector (q, ..., C() 

' ■ is*sii 
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satisfying the assumptions of the theorem, we then get 
Cl =2 4%. l^i^i 

k=l 


where 46 R are uniquely determined. More precisely, by Cramer’s rule, we have 
4=Uft^i-'h where ti; =|deti|eN and % are integers, not all ofthem negative. Without 
restriction, we may assume for l^k^q and 0 for Denoting by 

P^h the operator PpK..P“'\ we find that L commutes with the operators 


and 

where 

and 

Putting 


gg := (p«s+x)l''«+il = pfi,„pfi 

Jt=l /(=9+l 

R 

bi"di= 2! Oiipiit = dci ^ 0, 
le=l 

g3:=Pji-‘'i,..Pfr<(r = (pJi...Pfi)4 


we have Qi=QiQ&=^QzQ 2 - Now, Q‘iQi,L~LQ^Q2~0, QiL-LQ^i hmoe QffQi 
-LQ 2 Q 2 ={Qff'~LQi)Q 2 =^ll.Thisyms Li\ in the following way: 

Writing 62 =: 62 ( 1 )) and applying life to exp (AiXi-K-.+U), we 

obtain by a straightforward calculation 


Li{x,T)>Q2{l)-0 for any xiQ, 1 = (2i, ...,2„)€C'’. 

(Here, 2“ is defined by 2“p.. .1^".) For fixed x, Lfx, 1) and ^^(A) are polynomials in A, 
and since 027 ^ 0 , we get ii(x, A)s0, which means that the operator 4 vanishes. 
Therefore, commutes with L, hence by Corollary 1, Pfh..Pf‘ commutes with L 
The remaining assertion of part a) is now obvious. 

b) The proof of part b) coincides with the preceding one except for using Corol¬ 
lary 2 instead of Corollary 1., 

c) Putting Pf. -Dj in b), we conclude tliat L commutes with every l^j^l. 
Now we show: If DiL^LDi for some i, then each coefficient of L is independent 
of X(. For simplicity, we put i=1. Then, write L^LiHi , where L^ consists of all the 
terras involving the highest power of Di, Dl say (^ sO): 


We get 
(18) 


12 := 2 A{xW‘ 


0=DiL-LDi^DiLi-LA+ 2 0A)ix)'dd^- 
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Since L does not contain powers DJ, we conclude by comparing the coefficients in 
(18): 1=0 and DiA,=0 for any \a\^m satisfying Thus, by induction, we get 
for every 

Theorem 3c) is a generalization of two results in [1] (see Theorems 4 and 5). 
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DIRECT AND SUBDIRECT DECOMPOSITIONS 
OF UNIVERSAL ALGEBRAS WITH 
A BOOLEAN ORTHOGONALITY 

By 

W. H. CORNISH (Bedford Park) and P. N. STEWART* (Halifax) 


i. Introduction. In this paper decompositions of universal _ algebras with 
a Boolean orthogonality as subdirect, strongly irredundant subdirect and direct 
products are obtained. In particular, we prove the direct product theorem on which 
many of the results in [6] depend. The prototypical example of an algebra with a Boo¬ 
lean orthogonality is an associative ring with no proper nilpotent elements: the rela¬ 
tion 1 defined by xly if and only if xy=0 is a Boolean orthogonality and the fac¬ 
tors in our subdirect decompositions are rings with no proper divisors of zero. 

We refer to GB/iTZER’s book [8] for the conventions and fundamental concepts 
of universal algebra. In particular, the set of elements of an algebra, which is denoted 
by a capital Gothic letter, will be denoted by the corresponding Latin letter. Whene¬ 
ver more than one algebra is under discussion it is assumed that all the algebras are 
of the same type. The direct product of a set of algebras {SE: is denoted by 

11%, and denotes the projection of JliJI;! onto It will be convenient to always 
regard a subdirect product as a subalgebra of the direct product. Every algebra is 
assumed to be finitary and to possess a distinguished element 0 which is a nullary 

°'^^^Let ai be an algebra. If 0 is a congruence on ih, then ker 0={a^A: a=0{0)) 
is the kernel of 0. A subset / of d is an ideal if it is the kernel of some congruence on 
ill If J is an ideal, then 0 (J) denotes the smallest congruence which has J as its kernel. 
Ifk and % are algebras is a homomorphism, then ker/= d :/(n)=0). 

Notice,thatker/is an ideal. , , j t .i. x: . 

The general theory of Boolean orthogonalities has been developed by the first 
author in [5]. For the convenience of the reader we give the basic definitions as 

applied to our situation. , , or r ^r -a 

Let X be a binary relation on the set A of elements of an algebra il. ror i _ A, 
J-L = \aa>aLx for all x^Y, denotes {X^)\ and denotes for each 
:reJ.Theset^(ill)={T:T=I-'-forsome Ygd}is called the set of polars. With this 
notation a binary relation 1 is a Boolean orthogonality on illif and only if the follow¬ 
ing are satisfied: 

(Ai)xiO, 

(Ag) xly impliesylw 
(Ag) xlximpliesx=0, 

(AA x-t-L implies xly, for all x, y^A, and 

(Ag) every polar is an ideal. 

* The research of the second named author was supported by National Research Council 
Grant A-8789, 
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Conditions (Ai) through (A 4 ) ensure that J(9t) is a complete Boolean algebra. The 
infimum of a collection of polars {IJ is their set-theoretic intersection their 
.supremum is given by Vl;i=(U and the complement of a polar 

XisJJ-. 

Boolean orthogonalities will be indiscriminately denoted by l, 

2. Orthosubdirect products. The proof of the following proposition is straight¬ 
forward and is omitted. 

Proposition 2.1. Let l^A}be a set of algebras. The relation i, defined on 
UAx hyxly if and only ifefix)=0 or e;i(j;)=0 for each la, is a Boolean orthogona¬ 
lity and tM =Jfl where 2 denotes the two element Boolean algebra. 

Let lit be an algebra with a Boolean orthogonality and {W;i: be a set of 

algebras. The algebra 31 is an orthosiibdirect product (respectively, orthodirect pro¬ 
duct) of {3.1 ;l : Agd} if 91 is a subdirect product of (91^: A^d} (respectively, 91=JI9l;i) 
and the orthogonality on 91 is the restriction to A of the orthopnality on _J79li. In 
other words, a subdirect product is an orthosiibdirect product if and only if, for all 
X, yiA, xly precisely when eA(;ic)=0 or _e;i(ji)=0 for all A 6 d. 

The following lemma is based on an idea from [7]. 

Lemma 2.2. Let % be an algebra with a Boolean orthogonality and denote the set 
of prime ideals of ^(91) by A. For each A£d, define Pa"U{6' Q.^^- Then, for each 
ACd, 

(a) P}, is an ideal of % 

(b) if F is finite and thenF’^^QPx, 

(c) if xly, thenx^P),ory^P},. 

Also, OP 

Proof. Let A 6 d, Since A is an ideal of ^ (91), {C 1 2 6 A} is a directed set of ideals 
of 91 and hence P)^ is an ideal of 91. 

Suppose F is a finite subset of P^. Then f i A for some Q and so F^^gQ. 

Since A is an ideal of ^ (91), 6 A and hence g Pa • 

If xlp, then x^'Ln_,;iJ.=:( 0 ) so or y-LX^A because A is a prime ideal. 
TliuSjAi^pAoryCpA- 

Finally, if cce HPa, then 6 n {A: A6 d}={(0)} and so ;c==0. 

For algebras 91 with the property that (]P^=^{0) implies n0(PA)=<», the above 
lemma can be used to show that 91 is an orthosiibdirect product of {9t/0(PA): A^d}. 

In particular, we obtain the following result. 

Theorem 2.3, A weakly regular algebra LA is an orthosubdirect product of 
{91/0(PJ: A 6 d} where A is the set of prime ideals of^{%} and for each A^d, Pa~ 

=u{g: aa}- 

Proof. Let 91 be a weakly regular algebra; that is, the map 0-^ker 0 is a lattice 
isomorphism from the lattice of congruence to the lattice of ideals. Then, since 
HP,=(OL n 0(PA)“m. It follows that 91 is a subdirect product of {9I/0(Pa): A 6 d}. 

Suppose xly. Then Lemma 2.2 (c) implies that eA(^)“0 ot 
A 6 d. Conversely, if caW= 0 or efiy)^^ for each A^d, then x£Pa or y^P a for each 
Aed. From Lemma 2,2(b) we see that Oy^^ ^Px^ot all ACdand so x^,^ fly-^*^= 
s={0}; that is, Xly. 
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There are algebras with Boolean orthogonalities which can not be represented 
as orthosubdirect products. The relation 1 defined by xly if and only if xy=0 is 
a Boolean orthogonality on the 5 -element commutative semiring S discussed in 
[4]. This semiring is subdirectly irreducible and ^(S) is the 4-element Boolean al¬ 
gebra. 

Theorem 2.3 would be more satisfactory if the (trivial) Boolean orthogonality 
on the factors 91/0 (Pa) had a closer algebraic relation to the Boolean orthogmnality 
on 91 More precisely, we would like to have that x-'-Lfly-^-^^PA implies that 
x 6 Pa or y^PA. This is the case when the Boolean orthogonality satisfies the follow¬ 
ingfiniteness condition: 

for any two elements xj^A there isafinite set FgA such that xJ-‘-ny-'-^=P-‘-^ 

(in the teminology of [5], ^(91) is a lattice). If d is an associative ring which is reduced 
(has no nonzero nilpotent elements), then the relation l defined by xiy if and only 
if xy=0 is a Boolean orthogonality and the finiteness condition is satisfied because 
xii p]jii={xj;}xi. In this case Theorem 2.3 yields that d is a subdirect product of 
rings without proper divisors of zero. The formula x-'-^ny-^-^={xy}'‘--'" is valid in a 
rather general setting [5; Theorem 3.5] and in view of this Theorem 2,3 generalizes 
the subdirect decomposition theorem for reduced semigroups of Adams [2] and 
Cornish [4] as well as the decomposition theorem for reduced alternative rings given 
in [9] and [13]. .. ^ ^ 

The remainder of this paper is concerned with decompositions of algebras 9i with 
a Boolean orthogonality such that Pi {0(M): M is maximal in ^(9l)}==co. For many 
algebras, including all weakly regular algebras, this condition is equivalent to the 
condition that the Boolean algebra ^ (91) is atomic. 

Proposition 2,4, Let 91 be an algebra with a Boolean orthogonality and let 
{M, : A 6 d} 0e the set of maximal polars. 

(a) //n{0(MA): A 6 d}“£i), then Aed}=(0} and so f(9l) is atomic. 

(b) If^ill) is atomic, then liA}={Q}and,foranyp^A,Mj^^f]{Mi. 
Aed,A?^/i}. 

We omit the routine verification of Proposition 2.4. 

Proposition 2.5, Let % be an algebra with a Boolean orthogonality 1 and C 
a subalgebra o/9t such that for all {0}?^P6^(9t), PDCt^ {0}. Then the restriction of 
1 to C is a Boolean orthogonality on (£, ^((£)={PnC: P£^{% and the maps 
p: ^((£)--J(9I) and v: ^(9t)-^f (C) defined by p(,Q)=Q^^ andv{P)=Pf]C are 
mutually inverse Boolean isomorphisms. 

Proof. We begin by showing that if XQ A, then Z-‘-=(J-'"‘-nC)-L. Because 
(jxinC)n(I-^'^.nC)-‘-={0}, our assumption aboutCforcesJ.'”‘-n(I-‘“‘-nC)'^= 
={0}. Hence, (JJ-^nC)-^£I'-^. Also, impliesthat Fe(I'LxnC)-L 

sothatJ-^=(J-^^nC)L , 

Clearly, i', the restriction of 1 to C, satisfies conditions (Ai)-(A 3 ). Suppose 
x,y 6 C.Then 

, ^fi'i'nyx'x'= {(x-Lnc)-Lnc}n{(y-Lnc)j-nc}= 

,= {(x-L)j- n c}n {(y-^)^ n c}= x-i. J-ny^-^ ^ 
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and so implies A'J-Ln 7 ^-^nC={ 0 }. This in turn implies that ; 

x-L-L n= {0}, so 1' satisfies (A^). ' i 

iacc,thenIJ-'=I-LnCandifIci,ZJ-nc=(Ii-LnC)-LnC=(X^J-nC)J-'. I 

Thus, to establish (A^) and the equality ^{q={P[]C: J(ill)} it suffices to ob- | 
serve that PClC is an ideal of G for each P^^i%l). 

If Q=Pmm, then v/r(0=v((?nC)J-J-)=v((?J-)^)=v(P)=PnC=!2. ; 

Also, ifPe^i^i), nv{P)=ii{P(]C)={P(]C)^^={P^)^-P. Thus /i and vare mutu¬ 
ally inverse and since they are clearly order preserving, they are Boolean isoraor- j 
phisms. I 

A subdirect product ill of a set of algebras is strongly imdundant | 

if, for eachdefinedby e;i((?(^)(fl))=e;i(fl)fbreachfledandeach | 

v/i i 

has ker | 

Theorem 2,6. An algebra St with a Boolean orthogonality is a strongly irredundant i 

orthosubdirect product if and only if f]{G{M)',M is maximal in ^{ll)]=o). | 

In this case 21 is a strongly irredundant orthosubdirect product of {21/6^^: M is maximal j 

in ^( 21 )} where {Sf^tMis maximal in ^( 21 )} is any set of congruences of HI such that 
f]Oj^=(j)and]<iQTd^-Mfor all maximalpolarsM. 

Proof. Suppose that 21 is a strongly irredundant orthosubdirect product of ' 

{2I;i: l^A). Let {0}?^P6^(iT2t;i). Because of the way the orthogonality is defined on 
nAx, ker Ci^^gP for some p^A. Thus, since the subdirect product is strongly irre¬ 
dundant, Pfld 5 ^{ 0 }. It now follows from Propositions 2.1 and 2.5 that the set of 
maximal polars in J (21) is {ker C;i: i 6 d}. Since 21 is a subdirect product of {2I;i: 2 e d}, 
n0;=co where A:=y(fl^) if and only if th(x)=e^(y). Clearly 0 (ker ex)g6x for nil 
2 Cd, so n 0 (ker 

Conversely, suppose that {0^: M is maximal in § (21)} is a set of congruences of | 

21 such that 00^=^) and ker (Im=M for all maximal polars M, Then 21 is a sub- ■ 

direct product of { 21 / 0 M: Af is a maximal in ^( 21 )}. 

If xiy, then xnunya.i={ 0 } and so or y^-^gM for each maximal 

polar M. Thus, 1^0(0^) or jbO(0m) for each maximal polar M. Now suppose 
that, for each maximal polar M, either xsO(00 or 7 = 0 ( 00 . Then AinJ-ny-ric ^ 

c n (M: Af is maximal in ^(2l)}={0}. Thus, xly and so 21 is an orthosubdirect 
product of (2l/0;^f: M is maximal in ^(21)}. Finally, Proposition 2.4 (b) implies that 
this subdirect product is strongly irredundant. 

Let 21 be a strongly irredundant orthosubdirect product of {2I;i: 26 d). The 
above proof shows that ker is a maximal polar and it follows that xn-i- fly-'-n £ 

Sker implies that x 6 kere;i ory^kere;!, for each y^d. Thus, the desired algebraic 
relation holds between the Boolean orthogonality on 21 and the “trivial” orthogo- ; 
naIityonthefoctors 2 I;i. f 

Now suppose that d is a semiprime ring. The relation l defined by x l y if and 
only if xdy={0} is a Boolean orthogonality, the polars are just the annihilator ideals 
andx:'‘-'-ny-^-^=(xdy)^-‘- for allx,y 6 d.If every annihilatoridealofd, except A itself, 
is contained in a maximal annihilator ideal, then ^ (A) is atomic and so d is a strongly 
irredundant orthosubdirect product of a set of factor rings {Alf : 26 d). Each of the 
rings Ajlx is prime because xAygf implies (]y^^={xAy)^-^gIx which implies ^ 
that X0X or 76 ^. Thus we obtain a theorem of Levy [10,12]: an associative ring 
d is a strongly irredundant subdirect product of prime rings if and only if d is semi- 
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prime and every annihilator ideal of d, except d itself, is contained in a maximal 
annihilator ideal. 

The following two concepts are required for the next theorem. 

A subset S of elements of an algebra 21 with a Boolean orthogonality is orthogo- 

M/ifvitforalh,/6<S',S7^t. , , , p w a 

Any set of congruences 26d} on an algebra 21 defines a relation on A 
as follows: x^,^y if and only if xeker fx or x=y{\IJx) for each 26d, It is straightfor¬ 
ward to check that s,/, is a partial order when fljih :26 d}=®. 


Theorem 2,7, An algebra 21 with a Boolean orthogonality is an orthodirect pro¬ 
duct if and only if there is a set of congruences { 0 m : M is maxiind in J( 2 I)} such that 
n0M=c<^. kerQu^^Nand (fl 0 m) oQj^^iforeachmaximalpolarNandeveryorthogonal 

subset of A has a least upper bound with respect to the partial order ^ g . 

Proof. Suppose that 21 is an orthodirect product of {21^: 26 d}. As in the proof 
of Theorem 2.6, {ker C;.: 26 A] is the set of maximal polars of 21. For each 2 6 d define 
0,by x=y(0,) if and only if c,(x)=C;i(y). Then (10,= 0 ) and for each j 6 d, 
ker0^=ker(?^and( fl 0^) o0^=i[12,Proposition 1.4,page 66 ], Letis:= {n^ :^65}bean 

orthogonal subset of A. For each 26 d, either ex{aA=0for all ^65 or there is a unique 
0=0(2) such that ex{apn))^Q. Define s 6 d by e;i(s)=0 if ex{ap)=Q for al i? 6 B and 
ex{s)=ex{ais[x) otherwise. The element s is well-defined and is clearly the least upper 
bound of/C with respect to Si fl. 

Conversely, suppose that {0 m : M is maximal m ^(21)} is a set of congruences 
satisfying the conditions given'in the statement of the theorem.^ Since 0(M):S0 m tor 
all maximal polars M, f]9{M)=0). Thus, by Theorem 2.6, 21 is a strongly uredun¬ 
dant orthosubdirect product of {2 Im=^ is maximal in ^(21)}. Moreover, if 
bmu and fl 6 d satisfy {M: Cm(^) 5^%(«)} is finite,then 66 d [12, Proposition 

’ Lt xfllAu' For each maximal polar A define x^^nA^ hy eff(x^)=e^(x) and 
eJx^)=0 if MM Since {M: eM(x«)^eM(0)} is finite, / 6 d. Also jx": Ais a 
maximal polar} is an orthogonal set. Let s^A be the least upper bound of this set 
with respect to ^g, Ifx’^M then x^ ker 0 ^, and so x =v( 0 w) because x ^gS. 
Thus eJx)^eJx^)=eJs) for all maximal polars N such that x ?^0. Now sup- 
ieJIiM by .,(b )=0 and for 

Lee (M: eM^e„(s)} is Me, bU Clearly x«s.l> for all ™al polars Jlf 
and so si,i. It follows that e,(s)=0 and so x=s(A. Thus /l=DdMandthe proof 

When SI is a weakly regular algebra there is only one choice for the set of cong- 
rueiices IL '■ fiF is a maximal polar}, so in this case the partial order is denoted simply 
hy . Moreover, for weakly regular algebras with a Boolean orthogonality the partial 
order S may be defined intrinsically [ 6 , Proposition 2.1]. For instance, if 21 is a mul¬ 
tioperator group, then x^y if and only if xly-x. The results of Asian [ ], Cha- 

CRON [3], andMYUNGaiid Jimenez [11] can be deduced from Theorem 2.7. These and 

other applications of 2.7 are discussed in [ 6 ]. 
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PROOF OF JACKSON’S THEOREM FOR 
DIFFERENTIABLE FUNCTIONS. II 

By 

K.B.SRIVASTAVA (Lucknow) 


1. It was the purpose of Kis— Vertesi [2] to give a proof of Tinian’s approxi¬ 
mation theorem for continuous functions by an interpolatory algebraic polynomial 
constructed on the basis of an identity proved by A. H. Turecki [4]. One question, 
however remained: How does the derivative of the polynomial behave comparing 
with the derivative of the function or what about the approximation of differentiable 
functions by these polynomials? It is the sole aim of this paper to partially give an¬ 
swer to the above problem by somewhat modifying the definition of the polynomial, 

2. To begin with, we, in brief, describe the actual form of the polynomial Let 
-l^x^l, x;=cos t 

(2.1) 4. = cos4„ 

(We shall write ^ instead of/c« for simplicity.) 

Then for / belonging to C^l-l, 1]={/6C[-1,1]: 1]}, we define 

the polynomial 

(2.3) 4,(/, ^) = i 2 {Xk) hix) (s=0> 1)> 


.A. |yo(j^) = Wo(0, 

^ ‘lt;j(x) = %(0+«-fc(0v k = 1, It, 

( 2 . 5 ) 14(0 = 411 ( 0 - 31^(4 

sin ^^(1-4) 

For our polynomial is the same as that of Vertesi—K is [2]. For we shall 
prove the following. 

Theorem. Letf£C^^^[- 1, 1], Then for any natural numbern, we have for-l^x^ 1 


\LM>xhfix)\^-~(Or[- 


\Lnx{Yx)-f{x)\^Ci(0} 


here (oA-) denotes the modulus of continuity off'. 
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It is remarkable that the estimates for the derivative of the polynomial in the 
case of 5=0 can be easily obtained. 

3. For the proof of the theorem we require a lemma which is essentially con¬ 
tained in [2], The technique of the proof is similar to that of [2], 

Lemma. ForO^t^n, 


where sin j /2 

Proof of the Theorem. We have from the identity 2 (0=1 (see [2]), 

(3.2) /(j)-4i(/.4= iw*)-/W-(.v-i»)/'(4)]».«= 2m(t) 

*:=0 fc=_„ 

where 

(3.3) gk ^/(cos t )-/(cos 4 )-(cos t-cos 4 )/'(cos 4 ). 

We define 7 by 




Since the functions involved are 27r-periodic, the increase or decrease of the numbers 
k in multiples of 2«+1 does not affect them so we can write 

j+)i 

fix)-L,a{f,x)=^ 2 gkhit)- 

h=>j-~n 

Now break the sum into four parts 

(3.5) /W-4t(/.*) = SAW+'i 2 a»)+ 

k^^J-n 

j'+w j+n 

2 ^/tl?(0"3 2 Skl-W) - 

k=J+l k=J-~H 

k^j 

We will frequently use 

(3.6) /(M)”/(0 = («-0f(0+O(|w-ri®/'(l«-H)) 
which is easy to establish. 

Using (16), (3,3) and the estimates for (t) we can show that 



Similarly ifwe make use of 


M I4(0ls^, 
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we obtain 

14(01^2^’ (kT^j, i = |/c-j|). 

So we find that 

j+« 

(3,9) \Si\ ^32 ^ Q 2" |cos ^“cos 4 |my-.(|cos /-cos /^l) 4(/) g 

fc“j—rt ' 

k^J 



For Sz and S 3 , the tools used in [2] are well-applicable. In short, for the sake of 
completeness, we have, 

•^2 = 4 2 gJKO = 42 {Sk[^l{t)+lUi{t)]Hgkn-gk) 4+i}. 

Let 

(3.I0) Si=:Si+Sl 

For St using the lemma and (3,6) we have at once 

(3-11) |sasc.t-u),,fil, 

n ^ U) 

Now, 

(3-12) Ift+i-gJ ^ [cos 4-cos/;,+i|©;,(|cos 4 -cos 4 „|)-|- 
Hh |cos /-cos tkn\<^r ( 1 ^^® 4 +il)’ 

Combining (3.12), (3,9) and the estimates for (cos 4 - cos 4 + 1 ) and (cos / -cos 4 ^. 1 ), 
we easily obtain 

(3.13) rasC.,tco,,[|-|. 

Taking (3,13), (3.11), (3,9) and (3.7) together, we have (A). 

To prove the second part, let us write, using the identity ( 3 . 3 ) 

(3.14) 

k =0 

+ {x-Xk)fiXk)] v'k(x) + 2 (f(Xk) -fix)} Vk(x). 

kmO 

The estimate for tlie second sum is analogous to [ 2 ]. 


2 


Acta Maihenaiica Acadmiae Scientiarum Hungarlcat 38 , 1981 




K. B. SRIVASTAVA: PROOF OF JACKSON’S THEOREM 


For the first sum, using the method of the previous proof we obtain, 


k=-2umixd-(x-xmxMix)- 


id 




d J+» d ^ •/+" d 

2 s4(S-^ 2 e4(iS = !MH,H,. 

Sin t k=j+i dt sm t k=i-n dt 

k^J 

The estimates for 1^ and are analogous if we keep in mind that |sin «/|s«|sin t|. 
To estimate ki and ks using here again the above methods, we can write 

+ST, ° 

For kz making use of the second part of the lemma, we have 


l^iai = CuCO;- “ . 


In a similar way we can obtain estimates for /fa if we use (3.13) and the estimates for 
other quantities in suitable form, 

Thus we have 


\mxhnxuc,(o, ~ . 
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SUBGROUPS OF SEMIFREE GROUPS 

A. BAUDISCH (Berlin) 


1. Introduction 

Wc call a group semifree iff it has a presentation with defining relations [a, b] ~ 1 
between the defining generators only. In [1] it is proved: 

Theorem 1,1. Every Abelian subgroup of a semifree group is free-Abelian. 

Our main result in this paper is 

Theorem 1.2. Let u and v be elements of a semifree group. Then [u, v]^\ implies 
that {u, v] is a basis of a free group. 

To prove Theorem 1.2 cancellation arguments as firstly developed by Nielsen 
are used. 

Corollary 1.3. Every subgroup of a semifree group generated by two elements is 
semifree. 

Furthermore, it will be shown that Corollary 1.3 is not true for subgroups gene¬ 
rated by three elements. The counterexample group that is a subgroup of a semifree 
group has the property that every Abelian subgroup is free-Abelian, 

We are greatly indebted to H. G. Bothe for his interest and helpful suggestions. 


2. Basic facts on semifree groups 

The results stated in this section are proved in [1]. 

Let A be a set. A wordover A is a finite sequence al^a‘^\..cfp, where ai^A and 
0 are integers. Let e be the empty word. .a*" is reducediEdi^eai.^.^. 

If J? is a set of words, we use {A, R) to denote the group FIN, where F is the free 
group with basis A and N is the normal closure of R in F. Then a group is semifree 
iff it has a presentation [A, R) where RQ {[a,b]:a, b^A). 

We use elements of A (letters) and words over A to denote elements of (A, R), 
Obviously, for every ui{A, R) there is some reduced word in the coset of u. 
Two words u and v represent the same element of the semifree group (i, R) iff we 
can carry M into v applying a finite number of the following transformations: 

(Rl) Replace dlK.-cBiaa-^ 

(R2) If replace in by o*'+*(+i and delete it if a,-|- 

+«i+i”0. 

(R3) Replace ajifby aji... 

2 * 
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!=ai^. is a minimal form for«iff b is minimal We call n the length l{u) of u. 

Minimal forms are reduced. 

Lemma 2.1. Ifu=4K..cf; andu-bl\..bi^ is a minimal form of u, then m^n 
and it is possible to get b{K.,blpfrom applying (R2) and (R3) only. 

Lemma 2.1 immediately implies 

Lemma 2.2. Let aiK..cf„''and blK,.bi»'be minimal forms of u. Then 

(i) n=m and it is possible to transform one minimal form into the other using 
(R3) only. 

(ii) {a^A: a=aifor some z}= [aiA\ a-bjor somei). 

By Lemma 2.2 (ii) it is possible to speak about the letters of u. Let ..dfp be a 
minimal form of u and a be a letter of u. By Lemma 2.2 (i) the following definitions 
are correct: 

The a-sequence of m is the sequence where a*b=a(b is the >th o-power 

If [a,b]^\, we can similarly define the {a, 6}-sequence clK..cl^ of w where 
is the >th occurrence of a power of a or h in aj^, ajl”. 

Furthermore, if [a, b]^lmA[b, c]^l and alias a minimal form...a*,..b'’ ...c^..., 
it is possible to say “b'’ lies between a“ and “b^ is on the right of a*”, and so on, 
since by Lemma 2.2 (i) this is true in every minimal form of ii, 

We make the following convention: u^WiW 2 ...w„ is a minimal form means that 
the W(’s are minimal forms and the concatenation of the wfs is a minimal form of u. 
We suppose that WiT^eif there is no other assumption. 

a is ei first (last) letter of power a of w iff m has a minimal form a*M' (resp. u'a% 

u is cyclic reduced iff u has no minimal form a^u'a^ with a<0<]3 or j?<0<a. 

We are now interested in the cancellation of some letter a in products m. 

Lemma 2.3. (i) Semifree groups are torsion free. 

(ii) Let a be a first (last) letter of power a of u, and let c be any natural >0. 
If there is some b with [a,b]^l in u, then a is a first (last) letter of power a of u\ 
Otherwise a is a first (last) letter of power a>eof u\ u and if contain the same letters. 

If a\..ayn is the c-sequence of u, is the a-sequence of v, and a\.. 
...cfnah..,afm or is the a-sequence of uv, then we say that there is 

no full cancellation of an a-power between w and a. 

Lemma 2,4. If a“i...a“" is the a-sequence of u and aK..a^m is the a-sequence of v 
and «„ then there is no full cancellation of an a-power between u and v, 

If B is any subset of a group G,’then Gp (B) is used to denote the subgroup of G 
generated by B, The following lemma is easliy proved. 

Lemma 2.5. If (A, R) is semifree and BQA> then Gp (5)=(5, Rf), where R^^ 
==Rf]{[a>b]'.a,b^B}. 

Let If be any subset of a semifree group (i, R) and C be the set of letters that 
occur in some element of W. W is called to be connected iff for every a,b^C there are 
q,..., such that [a, cJf^I, [cj, Ci+il^^l for l^/cn, and [c„, b]?^!, Then If is 
connected iff the graph (C, q) is connected where q (a, b) iff [a, b] 1 for a, b 6 C. 
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JV is Strongly connected iff wlfw“^is connected for every w that contains letters of 
Conly. 

Lemma 2.6. IfiA^R) is semifree and A~ [j A; with [q, ad^l for 001, 
a0j,i?ij,theniA,R)= 0 Gp(^,). 

isis/i 


3. Nielsen transformations 

Let G be any group. An elementary Nielsen transformation works on vectors 
(Mj, Ma,...) where 00 . It is one of the following transformations; 

(Tl) Replace some W; by 

(T2) Replace some Wj by uyUj where i. 

(T3) Delete some iq where Wj= 1 . 

A finite product of such transformations is a Nielsen transformation; it is regular 
if there is no factor of type (T3), and singular otherwise. (The definitions above are 
taken from [3].) 

Lemma 3.1. Every regular Nielsen transformation has an inverse. 

Lemma 3.2. //(q,..., w„) is carried in (q, ...,vj by a Nielsen transformation, 
then Ui, ...,u„andvi,..., v,„ generate the same subgroup. 

Lemma 3.3. If [ui ,..., ufi is a basis of a free subgroup FofG and it is carried in 
(q,..., v,„) by a regular Nielsen transformation, then n=m and (q ,vj is a basis 
ofF. 

Lemma 3.4. u and v generate a cyclic subgroup of G iff it is possible to apply a sin¬ 
gular Nielsen transformation on {u, v). 

To check freeness we use the following well-known 

Lemma 3.5. Let Wj,..., m„ be elements of G. Then (u ^,..., u„) is a basis for a free 
subgroup of G iff w{ui,u0l for every reduced work w{xi ,..., a:„). 


4. The main proof 

Theorem 4.1. Let u and v be elements of a semifree group G={A, R) such that 
{u, v} is strongly connected. If u and v do not generate a cyclic subgroup, then {u, v) is 
a basis of a free subgroup. 

By Lemma 2.5 we can assume 

(1) The letters occurring in u or v are axactly the elements of A. 

By a transformation on (u, v) a finite product of elementary Nielsen transfor¬ 
mations and inner automorphisms is meant. Such a transformation is regular iff there 
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is no factor of type'(T3), and singular otherwise. Since' tf and j; ,do not generate a 
cyclic subgroup of G, Lemma 3.4 implies 

(2) All possible transformations of (m, «;) are regular. 

If (T is a regular transformation on (u, v), then Gp (ii, v) is free with basis («, v) 
iff Gp (ff («), cr (v)) is free with basis a{v)). 

This follows from Lemmas 3.1 and 3.3. Using Lemma 3.5 for a suitable trans¬ 
formation (7 it will be shown that Gp {a{u\ ff{v)) is free with basis c{v)). By 
(2) G is regular and, therefore, as stated above, Gp (w, v) is free with basis _(m, v). 

Remark that regular Nielsen transformations and inner automorphisms “com¬ 
mute”. Therefore, if {u,w) is strongly connected, then by (!) and (2) is 

strongly connected for every regular transformation g. Using a suitable regular trans¬ 
formation, (1), (2), and Lemma 2.5 again, we can suppose 

(3) For every transformation o', A is the set of letters occurring in g{u) or g{v), 
A is connected. 

Case 1. There exist some letter a^A and a transformation g such that g{u)= 
~ahia^ and G{v)-a'>v*a^ are minimal forms, where li and v' contain letters that do 
not commute with aJ+y^^O, and the exponents 

a, /?, y, S need not differ from 0. 

By Lemmas 3,5,2,3, and 2,4 Gp (g(u), g(v}) is free with basis (g(u), g(v)). 

Case 2. There exist some transformation g and some letter a such that g{u)= 
=fu', a is not a letter of u' and g{v), and every letter of u' commutes with a (resp. u 
and V are exchanged). Assume that G{u)=a!‘u'. By (3) there is some letter d of g{v) 
with [a, d]^l. By assumption d is not a letter of g{u). By Lemma 2.3 (ii) every G{uy 
contains a and not d and every G{vy contains d and not a. If Xg) is any non¬ 
trivial reduced Word then the {fl, d}-sequence of w((r{w), cr(iy)) is the concatenation 
of the fl-sequences of the o-(M)-powers in w and the ^/-sequences of the o-(^;)-powers 
in w, Lemma 3.5 implies the assertion. 

Case 3. Not Case 1, not Case 2, and there is some letter a^A and a transforma¬ 
tion c such that a is not a letter of both a (w) and uf?;). 

We show by induction on 2(cr(M))+/l(ff (r?)): 

(4) If a and a fulfil the condition of Case 3, then there is some w such that a is 
not a letter of both iw(«)ir“^ and wg{v)w~\ and .wG{t{)w~^ and wg{v)w~'^ are 
cyclic reduced, 

Assume that g{u) and g{v) are not both cyclic reduced and a is an element of 
g{u). We consider the more difficult case when g{u) has a minimal form 
with «, j9>0 or a, ^-=:0. Since the condition of Case 1 is not fulfilled ^(v) has w, 1. o. g. 
a minimal form (fd or ch\ where c commutes with every letter of w''' (y =:0 is pos¬ 
sible). First we suppose g{v)=c%'. Then C 7 ^a, because c is ait element of (7(u). This 
implies that a is not a letter of r^G(vy. Furthermore 

2(c“V(«) c*)-|-/l(c"®ff(ii) c*) ~ l{u'c*) < 

< 2(cVc-0+i(eV) == A((7(u))+A((r(4 
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The assertion follows from the induction hypothesis. If g(v)=c¥, where c commutes 
with every letter of v\ then implies Cfia, Therefore c“®ff(?))c® does not contain 
a for every y. We have 

L{c-«cr(M)c«)+l(r®(r(z;)c®) = 

< = 1((t(w))+2(o-(p)). 

The assertion follows as above from the induction hypothesis. 

The situation of Case 3 implies furthermore: 

(5) There are letters a and h'm A such that [a, 1 and either a is not in g{v) 

and b is in g{v) or a is not in g{u) and Hs in u(w). 

To prove (5) assume that Case 3 is given and a is an element of g{u). We get a and 
b with (5) since the following procedure must break off. Suppose that the letters 
afi-a ,Ofc are chosen such that 

(50 {flo, flj is connected, every is an element of g{u) hut not an element 
of g{v), and every commutes with all elements of cr(v). 

_ Since {g{u), cr(?>)} is connected, there exist some c in a{u) or in g(v) and some 
J with Ogjg/c and [aj, c]?^l. By (50 c is not an element of g(v). Then either c and 
some letter of g(v) fulfil (5) or a„,c satisfy (50- Since {^(m), a(^;)}is connected, 
the letters of g(u) cannot satisfy (50, therefore the procedure breaks off, and we get 
some a, b with (5). 

Applying at first (4) and then (5), and using u instead of wg{u)w~'^ and v instead 
of wa{v)\r'^ for convenience, we can suppose w. 1. o. g. 

(6) There is some letter a in a that is not a letter of v and some letter binv such 
that [a, bjyil.u and v are cyclic reduced. 

To verify the condition of Lemma 3.5 we show the following: 

(7) For every nontrivial reduced word h’(x:i, x^) the a-sequence of wfu, v) is the 
concatenation of the a-sequences of u in w (w, v). 

Firstly, we consider the case that w{xi, x^) contains positive (negative, resp.) 
powers of.% only. For w(xi, x^)=x'l (7) is true since u is cyclic reduced and by the 
conditions “not Case 1” and “not Case 2”, a cannot be a first and a last letter of u 
at the same time. If (7) were false, there would be some subword so that the 
last «-power of can “touch” the first a-power of«' after some applications of (R2) 
and (R3) (Lemma 2.1), Since (7) is fulfilled for 4 we can suppose y=8=l (-1, resp.). 
If there is one a-power in u only, let u=Uia% be a minimal form of u. Then for every 
letter c of iq, [a, c]=1, by assumption. We can replace (m, v) by {ufhv^Ui , = 

= {a‘^{u^v‘ui),u{Hui) using a suitable transformation. Bur ff(H)=a*(M 3 W*%) and 
(j(^))= fulfil the condition of Case 2, a contradiction. 

Otherwise, there is some minimal form UiOf^u^a^u^ of u, where a does not occur 
in Ml and Wg, As above [a, c]=l for every letter c ofu^v^u^. There is some transfor¬ 
mation T such that T(M)=MFUw^Mi=a®W 2 (M 3 «j*Mi)a^ and x{v)=Uihui. a does hot 
occur in uihui^u^hui contains b of (6) by Lemma 4,2 below, and in Ma(Mai’*Mi) 
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there is some d with [a, d^l, since such a is in ti^, and [a, c]=1 for every c of %. 

Therefore we have Case 1, a contradiction. 

Now let w(xi, Xa) be any nontrivial reduced word. We find a minimal form 
Wife, X 2 )xfiW 2 fe, X 2 )x^^..xfefe(xi, Xs) of wfe, Xj) wherc: 

(i) Xi is a last letter of W(fe, Xj) for 1 ^z</. 

(ii) Xi is a first letter of Wjfe, Xj) for l<z^/. 

(iii) There are either only positive or only negative powers of Xi in Wjfe, x^) 
forl^z^/. 

(iv) If the powers of Xi are positive in W;, then the powers of Xi in Wi^i are nega¬ 
tive (l sz</). If the powers of Xi are negative in Wi, then the powers of Xi are posi¬ 
tive in Wj+i (l^z</). 

Let us consider Wi{u,d)v^Wi+i{u,v). Then Wife,X 2 )=W(fe, Xa)xJ, 
W|+ife, X 2 )=xfei+afe, Xa) with l(wyfe, X 2 ))>A(wjfe, Xa)) for/=/; i-l-l. Assume 
w. 1. 0 . g. y >0>d. {5 >0>y is similar.) Let r be a minimal form, where a is not 
a letter of r, and every power in r occurs in every minimal form of u on the right of a“, 
Since (7) holds for W;(«, v) and Wi+i{u, v\ we get Wjfe v)~Wi{u^ v)a‘‘r, Wj+ife v)- 
v). Now it is suffcient to show that rv^r^ contains the letter h of 
assumption (6). This follows from 

Lemma 4.2. Assume that the letter b occurs in a mrd y, and y is cyclic reduced. 
Then b is a letter ofryr~'^for every r. 

Proof. The lemma will be proved by induction on A(r). If there is any cancella¬ 
tion of a full power of b in ryr"\ assume w. 1. o. g. that y=sb^y' and r=r'b~h~^ are 
minimal forms, where s does not contain b and s~e is possible. Then ryr-'^= 
=r'{y'sb^y-^. Since y is cyclic reduced, there is no cancellation in {y'sb^\ Ms a 
letter of {ys¥\ and (/sb^) is cyclic reduced. Since A(rOcA(/'), byinductionhypoth- 
msryr~^=r'(/sb^)r'~^coLt&mb.O.RI>. 

Case 4. Not Case 1 and for every transformation cr, each of ff{u) and ff{v) con¬ 
tains al! letters of i. 

Let a be any element of A. Define A„(w) to be the length of the a-sequence of w. 
By the assumption above we have l„((Tfe)>0 and A„(<t(?;))> 0 for every transfor¬ 
mation cr. Now we take a in such a way that l„((7(w))-|-A„(ff(i;)) is minimal. For con¬ 
venience we use«instead of (tOO and instead of o'(??). Therefore 

(8) Afl0z)+A„(4)) is minimal with respect to transformations. 

We need 

(9) A„(xx)“2Afl(x) for every x6 {m, 23 , M 

To prove (9) assume w. 1. o. g. x-u. Firstly consider A„(x)=l and X„{xx)<2kyx). 
There is some minimal form zu^ of x, where every letter of Wg is on the right of 
fl® in every minimal form of m, every letter of Ui is on the left of a* in every minimal 
form of w, and every letter of z commutes with a. Then Aa(MM)=l implies 
uyuui=a‘‘z does not contain every letter of A, a contradiction to the assumption 
of Case 4. 

Now suppose A„(m)^2 and Aa(ufz)<2A„(M). Similarly as above you get a minimal 
form %a® Waa^wF^ of u. Then Uihu^~a\aK Since we are not in Case 1 and every 
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letter of A occurs in u{hux, w.l.o.g. aV is a minimal form of u{hui. It follows 
a contradiction to (8). 

Let us assume that there is at most consolidation but not full cancellation of 
a-powers. That means: 

(10) For every x, yi {«, v, 23~^} with x^y-"^ either 

(i) A,(xy)=A„(x)+A,(y)or 

(11) x=Wia*W 2 , }'=M3ia%3 are minimal forms, where a is not a letter of Wi and 

(10) and Afl(«), A,(23)>1 imply that h3(w,i 3)?^1 for any nontrivial reduced 

M3(Xi, Xa). 

It remains to settle the case when (w.l.o.g.) u® is the only a-power in u. If for 
every x, yi {«, 2 ), w'^} (10) (i) is true, then there is nothing to do. Otherwise, by (9) 
w.l,o.g. 2 zand 2 ;satisfy( 10 )(ii). 

Applying w.l.o.g. u-al^Wi, v=ahi are minimal forms of u and 23. 

Then a is not a last letter of w, since otherwise [a, c]= 1 for every letter c of u and by 
the assumption of Case 4 for every e^A. This would be a contradiction because A is 
connected. Similarly, a is not a last letter of 23 if 2 ^( 23 )=1. If A«(23)>1, then a is not a 
last letter of 23, too. Otherwise, we would have minimal forms■M=fl*M32, v=ahia\ 
where by (10) a, j?, Then the condition of Case 1 is fulfilled, 

a contradiction, 

Therefore, l„{uv)=kyvuyiM+K{y If A,(m23">A„(m)+A«( 2;), the asser¬ 
tion follows. Otherwise, A„(Mr^)=A„(u) and we get a contradiction in the follo¬ 
wing way: 

If A„(23)=1, then where every letter of z commutes with a. If cr is the 

transformation with g{u)=u, a{v)=uvy the assumption of Case 4 is violated, a 
contradiction. 

If Afl(23)>l, then we have a minimal form uv~^==a‘>w'a-^. By k„{uv~'^)=la{v), 
If the conditions of Case 1 are fulfilled for u and uv~'^ (remember that 
If a=y, then 

A„(fl-”(«r>*)+A,(a-“wa“) = 

< A„(Mri) A„(23) -h A„(u). 

This contradicts (8). 

Contrary to (10) it remains to suppose that there are x, yi {«, 23, 

X 9 ^y"'^ with minimal forms x=Wi/iV 2 ) where Wi does not contain the 

letter a and Wi=c is possible. By (9), x^y. Applying wfh .,Wi we can assume w.l.o.g. 

(11) w=£(*m' and 23-u®23', where G is not a first letter of m', 23 '. 

Then A,(m), A„(23)>1, because otherwise A„(M-'^23)4-Aa(M)<Aa(M)+A„(23) or 
Aa(M“^2;)+A„(23)<A„(M)-f A,( 23 ), a contradiction to (8). 

We have A„(mi3 )=A„(23 m)=A,(m)+A«(23 ). By A,(M)fe2, A,(2;)^2 there are minimal 
forms u=ifuxahi 2 and v~a\a'^c^, where a is not a letter of Wg and v^, every power 
in Ma occurs in every minimal form of u on the right of every power in occurs in 
every minimal form of 23 on the right of (3^ and Ua, 2 J 2 ?^e. 
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Assume wi.o.g. ^{h)^4(w). By (8), la{irh), )iaiv~hi)^X,(u)^2. 

If or then full cancellation of o-powers is only possible in products 
irh. (Remark that implies the existence of some letter d in with 
[a, d] 7 i 1 by the construction of 24 and v^.) 

wh has a minimal form iqhr^^zahq^ since XX^rhy^lM §2. We can write 
every nontrivial word win, v) as a product with Wi^^irh, or Wi=v~hi, or 

Wi^{u,v,ir\v-^] and Wi-u implies Wi^r/v-\wi~v implies Wi.^9iu-'\ w,=w“i 
implies and implies Then there is no full cancellation of an 
fl-power between h'; and H'ih. It follows w(!r, v)?^e, If ^md/i-y, we prove 

(12) and 2„(«"^i;)>A„0/). 

By (8) m-^ has a normal form Then would imply 

i«{fl'*(mri)u*)+/l,(«"“(<) il,(im'"b+i„(n) g A„(w)+A„(n), 
contrary to (8). 

has a minimal form ir^v-iqUrhahi,. by (8), and /?=y. Then 
Afl(i(’'^u)g 4 ( 2 r) would imply 

2„(a^!!22r^t!u^^(r^)+2„(«'*UoW/:hr-") < 2,(2/ "‘rl+^Od 2,(u)-f 2,(u), 

a contradiction to (8). 

(12) implies 

(13) 2,(A'j/)>max (1 ,(.y), )Jy)) for every x, .rf {//, v, ir\ /r^} with 

If 2 hasaminimalformr,|//*Mv/*i!rjj...r(„ja«w*,, where a«i) is the 

//-sequence of z and /•„=/», /t=c is possible, deline ///(:) to be the subword //«ui if 
l-2k+l ud m{z)=d‘hri^(fkn\U~2k. 

Let w=zlK,.z‘,i' with Zi^{u, u|, {I,-™!} be any nontrivial reduced word. Then 

by (13) the subwords in{z,) will not he cancelled in w. That means if m{z,)-cfk+i, 
m(zi) remains in w, if m(z^=aXkr,^a^kH, only consolidation of a*/c and o^m is 
possible. Hence Wi/4. Q.E.D. 


5. Consequences 

Theorem 1.2. Xe/ u, v be elements of a seinifree group (A, R). Then [u, u]?^l 
implies that {ti,v] is a basis of Cl free subgroup of rank 2. 

Proof. Applying a suitable inner automorphi.sm we can suppose: 

I For every w that contains letters of u and v only the same letters as in u and v 
' ^ I occur in and wyir h 

By Lemma 2.5 it is possible to assume that A is the .set of letters in u and v. If A is 
connected, then by (*) {u,v} is strongly connected and the assertion follows from 
Theorem 4.1. 

Otherwise, (j Ai with k>l, every /h is connected, and [flj, «;]=! for 

„ia)aA 

Ui^Ai and aj^Aj with iA^J. Then {A,R)- © Op (At) by Lemma 2.6, Let w= 
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and v:=ViV^...Vic be minimal forms with Mi,y; 6 Gp(dj). Since [u,v]-A, 
there must be' some j with [uj, Vj] 7 ih Since A is the set of all letters in u and v, by 
Lemma 2.2 (ii) Aj is the set of all letters of Uj and Vj. Therefore, {uj, is strongly 
connected by (f). Applying Theorem 4.1 the assertion follows. Q.E.D. 

Further consequences of Theorem 4.1 are the results of [1]. 

Theorem 5.1. Let % v be elements of a semifree group {A, R). Then [u, v]=l iff 
there are elements iv, W;, and integers , jS; (1 ^ «) such that: 

(i) If ithen every letter of Wi commutes with every letter ofwj , 

(ii) Every W; is connected, 

(iii) t/=Wi// w’^iw-'^andv=w Jf wfwh 

iSiSn * l^iSK 

Theorem 1.1. Every Abelian subgroup of a semifree group is free-Abelian. 


6. Counterexamples 

Unfortunately, it is not possible to sharpen Theorem 1.2. We need the following 
result of Baumslag: 

Theorem 6.1 (Baumslag [2]). For all elements u, v, w of a free group it holds: 
[u, v ]=w V 1 with n S 1 implies n=l. 

lEEomub.l Let G be the semifree group 

i{a,b,c}, {[a,c]}) 0 ({x,)’,z}, {[y,z]}) 
and Gj be Gp ({nx, by, cz}). Then Gj is not semifree. 

Proof, Since [ax, cz]=[x,z]^l and [by, cz]~[b, c]?^!, G^ is not Abelian and 
therefore not cyclic. Furthermore, [x, z], [b, c] 6 Gi, [[x, z], [b, c]]=l, but[x, z], [b, c] 
do not generate a cyclic subgroup of G. Then Gp ({[x, z], [b, c]}) is not a cyclic 
subgroup of Gi and therefore G^ is not free. By Theorem 1.2, it is not possible to gene¬ 
rate Gi by fewer than three elements. 

Assume that G^ is semifree. The facts above imply Gi-({mi, u^, uf\, R), where R 
contains one or two [//;, Wj]. Then w.l.o.g. either 

(i) Gi = Gp({Mi})©(Gp({Mg})-»Gp({« 3 })) 

or 

(ii) Gi = Gp({«i})*(Gp({«2})©Gp({ti3})). 

Case (i), Let nx^ri^i, by=/' 25 a. c^=hh with rieOpd/q}) and ^j 6 Gp({« 2 })* 
fGpdwgjjfor lg/^3. Sinceax, by, cz do not pairwise commute, jj 1 for lg/s3. 
As a subgroup of the free group Gp ({wa}) *Gp ({wj}), G<i=Qp ({xi, s^, jj}) is a free 
subgroup of G. Then [[st,sf\, [ 52 ,^ 3 ]]=! implies the existence of some ueGa and 
some integers n, m with [s^, 53 ]=a"' and [^ 2 , Sz]-v\ By the Theorem 6.1 of Baumslag 
|w|™l and |/j|=L If k, Ss]=h, .S 3 ], then [%, SiS^^hl and therefore [cz,ax{by)-^]= 
~ 1, a contradiction by the definition of G, If [j^, h]~^> then [x, y]=[flx, cz]= 

“[ji, 53 ]=[ 52 , 53 ]''^=[by,cz]"^=^[b,c]"h a contradiction. Therefore, the only pos¬ 
sibility of Gi to be semifree is 
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Case (ii). Consider [[x, z], [ 6 , c]]=l and [x, z], [b, c]^G^. By Theorem 5.1 there 
are v,w and intergers /z,ra,na, Wg,« 3 , W 3 such that [x,z]-w!;''w“ and [b,c]= 
where % is a letter of v or [x, and [b, cl=wMr <3 w-h 

W.l.o.g. we can suppose w~e. Otherwise, apply the inner automorphism w“h,.w 

ofCj. . , _ . . , 

The first case above is impossible because otherwise v would be a nontrivial 
common element of the subgroups Gp ({x, y, z]) and Gp {{a, b, c}) of G. 

If [x,z]=uf4^ and assume that u^^r^s^ and Us=hSs with 

nCGp ({x, j;, z}) and ^i^Gp ({«, b, c}). Since [x, z] 6 Gp ({x, y, z}), it follows sl^sl^=e 
and [x, By h, ui^l we have h, h]=l. Therefore and by Theorem 1.1 

Gp {{ra, /-g}) is free-Abelian of rank at most two. If there is some r with and 
then [x, 2 ] “r'"a+^ 3 , By Lemma 2,3 r is an element of the free group Gp ({x,z}). 
By the Theorem of Baumslag (6.1) [x, z]=r or [x, z]=r\ Therefore, Gp ({[x, z]})= 
=Gp({r 2 ,r 3 }), Otherwise, is a basis of free-Abelian group. Since [b,c]= 
and /|'*>/•^=l, it follows But this contradicts [b, 

Analogously, we can show that Gp {{[b, e]})=Gp ({xg, ^ 3 }). Therefore, Gp ({wa})© 
©Gp ({«!,})£[Gi, Cl], It follows that Gi/[Gj,, Gj] is a cyclic group. This contradicts 
the fact that rank {Gi/[Gi, Gi])=3. Q.E.D. 
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ON THE DISCREPANCY OF SEQUENCES (an-) 

By 

J. SCHOIBENGEIER(Wien) 


If (x„) is a sequence of real numbers in [0,1) and Q denotes the characteristic 

1 ^ 

function of the set A, we denote by ((x„)) the term sup 

:*6[0,1) 

I N 

by^«((U«)) the term sup ^ 2 Q*,/)) W“(F«) 

OSCK/Jgl n=l 


IT 2 Qo.*)(x„)-x and 

n=l I 

and call it the discrepancy 


of the sequence (x„). 

It is well known and one can easily prove that i))5((x„))gDjv((x„))s2Z)]^((x„)). 
Now let /: [l,«')->-R be differentiable with monotone derivative. Let 
limry(0=lim(t/(t))“^=0. Then it is known that if (x„)=(/(n)) modi 

Sj((x„))= 0 (iV-V(Y)+(iV/yA))-y as Y-- (see [ 2 ] or [3]). Furthermore 
lim A(f'(A)i)N((x „))>0 (see [ 2 ]), 

iV-^o= I 

From this we deduce, if/(x)=ax'' and 0 <( 7 ^ a?^0,theni);^((x„))=O(A7“-) 

and this estimate cannot be sharpened, ^ 

We shall calculate the terms 


ffiMKW). MN'Dl((x,)) and U^’D,{{x,)] 

P-roa N-t-m N-t-oa 


in the case 


a> 0 , 0 <c;<y or if a> 0 , a^fQ and tr 


1 

2' 


These calculations will be easy. 

Furthermore we shall calculate the term hm iV'-i)|((x„)) in the case a>0, 

c(2= 1 for some and a- i and hm iV-i)j5((x„)) if lg?s4. These calcula- 
q I 


tions will he somewhat more complicated. 

In the case <cr<l we can show that the best known estimation i>^,((x„))= 
=0(JV-“^)is nof sharp. 


A(.'£a Mathemallca Academiae Scienilarum Hmgaricae ss, lOSl 
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1. An auxiliary result 

Let {x} be the fractional part of the real number x. 

Proposition 1. Let f: [1, he continuous and increasing in the strict sense. 
Letxm \],m^mdf{lHx^M.Then 

-C2C-Ht+4))+C|,.)({/(i)))([/-‘([/(0)+*)]-Cz(/-'(Wi)]+*)))- 
Proof. Evidently 

2 Qo,»)({/(^)}) " 2 2j^ik,k+x){if(^)) " 

nai I(eZ)i=l 

Now split this sum into three sums of the form/(l)“X</c</(l),/(l)^/c^/(iV)-x 
and f{N)-x<tSfiN) and observe that if m and n arc integers, m^n, a and b are 
real numbers, a<b such that h >}ri and n tsr/, then 

card([fl. b)n[m, n]nz) = []nin(h,/i)]-[max(o,m)]+C'z(niax(fl, m))~C(„„.„)nz(^ 

From this the proposition follows at once. 

We get the following 

Corollary 1. Letf: [1,«°)-^R be continuous and increasing in the strict sense. 
Let lim/(0=“) a:€[ 0,1] andiV^N. Then 

iQ.4{/(4= 2„ ([/-V'=+*)l-[/-Ht)l+c.c/-«)- 

11=1 J[l)SkciJ{N) 

The 0<onstant does not depend on x. 

Lemma 1. Let x6[0,l]i u6(0,l)i a>0. Then we get 

agitoiW'l'' « / va/ ; 

+ 0 (iV^"‘*''+l) for 
The 0-constmt does not depend on x. 
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Proof. We have 

0 zff [a / 

where the 0-constant does not depend on x. Furthermore, if j? 5 ^ -1, 
r pD+i re 

s=i p + I 2 

Hence 

2 «"'^‘'((lc+x)F''-fe'/^) = 

- xNHm)~W-^ (i(x-l-x') -x{ar}j+0(iW-'"+1). 

Because of 

= {N‘’U"\x-{xN'’})Y^ = 

we get the result. 

2. The discrepancy of the sequence {an") mod 1,0<cr<'-^, a>0 

Proposition 2. Let 0 <:c 7 <-^,x€[ 0 ,l],a> 0 . Then the following estimation holds 
forN->-’^: 

Af'd ic„(K})-j:) = 

The O’Constant does not depend on X. 

This follows immediately from Corollary 1 and Lemma 1. 

Corollary 2. Let 0<£r< a>0 and (x„)=(a/f) mod 1. Then 

(1) 2aurO^W==max({«r}(l-{ar}),j 

+ 0 (JW‘^-^) as 

( 2 ) 2mN%{{x„)) = j+ 0{P^~^) as N-^^. 

Proof. We consider for any fixed z, 0^z< 1 the function 

/;[0,11^R, /(i) = |3((I+Jt)-«-(i-2)Cn»)W. 
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We note that/is continuous, 

mxj{x) = \ 2 (l-z) and mm/W = ia(l-a)-l. ■ 
Therefore and because of 

2«iriV'D,»(W) = 2max (| max| mm/(x)|)+0(Ar>'->) 

the result in (1) follows with by Proposition 2. 

Furthermore, by Proposition 2 

2=/W-/(y) 

and therefore 

2»ffri)«(W) = 2max([ m_K ^(/(j)-/M)|, |^^m'n^^(/(x)-/(,))|)+ 
+0(iV‘'->) = 

Corollary 3. Let 0<cr< ~, a>0, (x„)=(a«") mod 1. 

JI”™»(W)=8S7- 

This follows immediately from Corollary 2. 

Hence the constants 1 and 2 in the general inequality Dl{{x„))^\ •i)jv((x„))^ 
^2 • i)|((x„)) cannot be improved. 


3. A note on the discrepancy of the sequence {an'^) mod 1, a >• 0, y < tr < 1 


Propositions. Leta>0W-i<or<l. Then lim W"''i)«((xj)=0. 

2 N-*oa ' ' 

Proof, Let y^O. Then the set {((a-W+#‘')fcgN|0gy^y} is equi-uniformly 
distributed mod 1 (see [1]), Therefore 

limiV-" 2 

agftaaiV'' 

uniformly with respect to x€[0,1]. This together with Corollary 1 and Lemma 1 leads 
to the statement made above. One could easily sharpen the estimate DJ{x„))= 
=0{N^-^) to: for explicitly calculable e>0: Df,({x„))=OiN'’-^-’‘). 

Problem. Find the best possible e>0. 
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4. The discrepancy of the sequence (a/«) mod 1 for ooO, Q 
Proposition 4, Let a>0 and x6[0,l]. Then 

“ fN [“2 Qo,;v) ({« fn}) -xj = x(l + x) - 2x(a iN} ~ 

™2(x-{a|/i^})Qo,,,({al/]v})4-~ 2 ({a-^/cV{a-“(fc+x)^} + 

+ Cz(a-'/cV Cz(«"'(/c+x)'))-bO(W 

where the 0-constant does not depend on x. 

This follows immediately from Corollary 1 and Lemma 1. 

Corollary 4. Let a>0 and x6[0,1], Q. Then the following estimate holds for 

jV-i-oo: 

-2(*-{»|W})C„,.,({«)/]V})+0(l) 

uniformly with respect to x. 

Proof. This follows from the fact that the set 
is equi-uniformly distributed mod 1, Therefore 

uniformly with respect to x6 [0,1]. Now use Proposition 4, 

Corollary 5. Leta>% (x„)=(« fn )mod 1. Then 

(1) «)Wi);{(xO) = max({«/V}(l-{a|W}), A-{(i/S}{I-{a|/V})j+ 

P) <«lWi),((4 = 1+0(1), 

The proof is the same as in Corollary 2. 

Corollary 6, Let a>0, Q, (x„)=(afn) mod 1. Then 

and 
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5. A note on the case (x„) ^ (a ]/«) mod 1, where a > 0, Q 

This case seems to be more complicated. We only prove the following proposi¬ 
tion we shall need later: 

Propositions. iero{>0,a^=~, w^ereg.c.d, (p,^)=l, q^l. let ah the grea¬ 
test integer with Then we get, with 1]: 

(1) if or g.c.d. (?‘,s)=l, s&l and s^q, then 


«1^ (I iQo..)({«l^})-^) = x(1+;c)-24)/W}- 

? *p^l I P J 

(2) if x-^, g,c.d. {r, j)=1, s^ 1, s% then 

“ i Cm({»/V})-*) = *(i+*)-2*{«iW}- 

In both cases the 0-constant does not depend on x. 


Proof, We have 




(1) If Q then there is at most one k£Z with r^ik+xfeX, Therefore 

uniformly with respect to x. If and s% thenthereis no itCZ with a-%Hx)%Z. 


For otherwise jj £2 and therefore s\r^ which would imply s\q. Furthermore 
^*“12 skrq + r^q and therefore j®|j. Now the result follows from Proposition 4. 
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(2) Now let s^\ q. Then pl(j/c+r)^ if and only if ^sHr; hence (i-\Hx)KZ 

fl| 

if and only if ^sk+r. This together with g.c.d. | s', - = 1 yields to the fact 
flj V a/ 

uniformly with respect to x (in fact there is only a finite number of x with the required 
properties). 

Furthermore , 


fNi^ksain P''=rl P 




= 7 2 = 7 2 (7}+0(w-‘'‘) 

P fctsO Ip S J P j=o v P J 


because of g.c.d. (^,p)=g.c.d. p,W=l The result follows from Proposition 4 again. 


6 . The discrepancy of the sequence (afn) mod 1 for coO, a"^ 6 N 
Let us introduce the abbreviation 

%(x):=a)^(~icM({«l^})-4 

Wedefine for qm^^ by if ?s0(4), q^4, h=^- 

if q=1(4), if ^=2(4) and i// 5 =|+-“-^if qs3(4). We prove 

the following 

Proposition 6 . JL^l a > 0 , for some ^ 6 N, {x„) ~ («/») mod 1. Then 

Proof. Let Eg =s 2 for (?s0(4), q^4i 84 =!; 8 g!= 0 for qsl(4); e,= 1 for ^=2,3(4). 
Furthermore let 

'■,= [ 1 ( 1 -^)], N„ = qP+(q-i;)K+r, 
for and Xji^{afWx}. Then it is easily seen that Q. We get 
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by expanding the square-root into a power series. Furthermore for l^k^K 
{2kqxK-^qxl} = l'~{2{K-k)qxK}. 

Because ofK~[a )/]^'] and Proposition 5(1) we get; 


i, -ifi-is 

Jf ' 4r q 


+o(«:-‘) 


with at most 0 (1) exceptions for k, l^ksL This results in the fact that 




Now use and 

4 I q^r q 2(714 I q) I 


4 1 qV' q 2?l4r q) i 

Lemma 2. Let ICN, l^w, b^K, g.c.d.(«,h)=l, |0|<1 and 0^Q, Then 
Gk\ K ,, „ bIjK-m] /ml), 




+ 2 Pfr 2 T 
>«<} 

where the 0-constant is absolute. 

The proof is a straightforward application of well known ideas so that we can 
omit it. 

Lemma 3. Let l^m, b^K, aSN, g.c.d.(fl,6)=l, |0|<1 andQiQ. Then 


el_(l.|e|)£^sgnfl4+0(l). 


K~m 

y ■ 

\ak 


z 

[T‘ 

^bKl 
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Proof. Leti^ 


,^=-y . Then we get; 


1) bmu(A,e) (ak). 

= -UA~B)-tsgn(A~B) 2 \^h 

^ ie=imin(A,B)+l t 0 J 

5 ft|i-E|/1 jL\ 

S-y(^-.B)-fsgn(/t-.B) 2 [j(l-sgn(i-^))+sgn(^^.S)-^j = 

= - j(. 4 -i)+ii'(sgn(i- 5 )-l)M-^|+|-(. 4 -i)‘+ 0 (l) = 

= y(W-J)>-|i-S|)+ 0 (I)s-i+ 0 (l) 
because of |y4-JJ|^l. Now use Lemma 2. 

Lemma 4, Let N,q,n^'^, lg«^N, m= |/l, ^:=j|/^, 
g.c.d.(a,h)=l, 0$Q (znz/10|<1. ^ 

(.)//«VK»rA> 0 .faM>^|l+S 8 n«- 2 {^}|. 

(2) If ^b^q\a^ and fl<0, then 0=-l+O(J['"4 
Proof. First we note that there is at most one n which lies between 

1+™. Therefore, if 0>O (BcO), 4bhq is the smallest (largest) integer which is 

greater (smaller) than and wliicli is divisible by 4 b^q. 

Hence, if ^b^q{a\ 4b^nq=Wqt, where 


It follows that 


' = [ 4 fc] 4 ('+'^«- 

-fl> = 2J>?(l+8gn0)-4!)>{{4^} 


■Y = \bbfnq~~a\ ~ (2l)l/2?+a)-^|26^9(l+sgn0)-4h'i^|^|. 
Now (m+1) /ng-and because of 


q 2bq^2bqK 2hq^^ 
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I^ . Therefore 


and 


2b 

Now let us assume that Ab^a^ and 0<O, Then Abhq=-Ab^qt, where 
and Therefore 

\2binq-a\^{2bi7qHYHb\ 

Now ~<m+2 and y«^<(wH-l)?, such that|! >(w+2)~h Hence m=K-\ 
2bq ^ 

or w=ii^ and the result follows. 

Lemma 5. Let N,q,n,a&l, m=^- , ” 

whered^Q,\B\^l-Then 


, ifnq^aij 




m%+ois:-^ 


Proof. Beajse of - aif, tlere is nothing to prove if 2 ?|«. Therefore we may 

assume that 2q\a. Then [^]=^- Hence there exists an e, |g|S? such that a= 
~2qmA-qArB, 

We set ^?=1 in Lemma 3. Then we get: 

fciHiiKfiim* 


1 1 p3 


-2mA-K 
2qK ' 


'^:A{e,K,q,m,e). 


IfsgnMsgn(is:-2wVweget 
so that we are done. 

Therefore we may assume that sgn 0=sgn(jSi-2M). Then we get 


l+sgnfl- 2 |“^|: if Aq\a^ \or 0 > 0 


. 4 ^(w+l) 
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by Lemma 4. If Aq\a^, then 

so that we are done. Therefore we may assume that 4${fll Now 


and therefore 


^ el+i(I+sgn 9)-0(X-) 


A{e, K, n, m, j)s 9)jx 

(l+sp9)^-{l+l+g|=:i,(,«,4 

(1) Let ^=0(4). Then e?^0. 

(la) Let ^7^4. Then 




(l+,p0)|.{^+|}| 

SO that we are done in the case |8| ^3. If |8|=1 we get 


If |fi|=2 we get 




(lb) Let q=A. Then 


4 q Aq^ 2q' 




5(4,0,8)^y~^i/r4 if |e|&3. 


=1. 


^(4,0,e) = i-l-l(l+i(l + sgn0) 


(Hsgn0)l.{}+i^}^, 


(1+Sgn0)y™| 


'2 " 16 32 


If|e|=2weget 

J!(4,tf,.)=|-T^4(i4(i+.pe)) 

(2) Let^=l(4).Then 

(l+!p9)Y-{|+|+i}|st(r, if c>S 


Therefore we may assume that e^c j. If 8=0(2) we get 
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If8sl(2)\veget 


11 in 6== 


(3) Let^s2(4).Tlien 

% 0,8) g |(1+sgn0)~-{i^ 

Therefore we may assume that le]^ 1. If fi=0, then 


if 82^2. 




:l.then 


(4) Let gs3(4). Then 


1+1-2 

4^g M 




5(9.«. 8 ) = T+ 7 -^-^ ('+ 1 ^’ l^‘ 

so that we are done in the case e® ^ ^. Therefore we may assume that 8^^- 
If8=O(2)and0>Oweget 


If 0< Owe get 


If 8=1(2) then 


n ^ 1 1 

f, 0, 8)S-74'-7T"T" yTT" ^rv 

' ’ ^ 4 g 4g^ 2g 14 4g) ’ 


Lemma 6. Let g,n,MN, n^N such that x~ j/HiQ. ^=[]/ 

i{2fe9*+9^’} S *,+0(Jf-‘) 


Proof. Let/w= 




. Then 


2{2lc5;c+p2j= 2 {2/cl/n4 

■ ' Ik-l- 
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Now we use Dirichlet’s theorem: there are natural numbers a and b with g.c.d. {a, b)=\, 
l^b^K such that 2 /«^=: y+2 for some 0, |0|<1,0^Q. Because of Lemma 
3 we get 

2 {2gkx4-gx^} & y-|"(l -|0|)^^^sgn 0. 

First we assume that b^2. Then 




+a-l«l)4:#i-s|+4+T4r+4rSi|', it 9^4 orif bmi 


2 bqK - i 2q iqK 2 bq-" 

Hence we may assume that ^=4 and b=2 (resp.=3), Then 4b^g^a^ and m= 


2 bg. 


. There is an s^Z such that a=2bqmj-bg+B and | 8 |^h^. Furthermore 


We have to prove that 


2 bq 




_L 2^2 

8 46^17^ 81) ■“ 8 h “ 128 ‘ 


This is trivial if s^Sh-yii^ so that we may assume that s^<W-jb\ that is 


|8|s2(resp. |8|Sl). Now 


('+' 8 ”«)|-{Ty+ 


and 85 ^ 0 , If 0=2 we get VS 77 and therefore 
n 64 


8' 

160^ 


3__^ 1 |^^_3_^ 1 15 , 

8 40^^2 + 85“8i, ~ 8 4-64^16“8*64^'^^’ 

If 0=3 we geta 2 and therefore 

0 144 

1 2—l 2_M 1 2,j.2 JL<,^ 

8"402^=“‘^80 80 ” 8 “"64.9''' 24 "8.144 

If 0=1 we get x=|™|+0(ii:"^). Furthermore 

K K-m rn//') 

2{2kgx+gA- 2 T 
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SO that we can use Lemma 5 to get the result. 

Theorem 1. Let © 5 = 

(/,.0(4),,^4;4 ,/ S=4;=/F(i+’) if ,.,(4);=yF(|+i-^) 
-/?=2(4);r?(|+jJ-T)rj.3(4). 

Proof. It is enough to prove that cOffix)\^\jfq if jc€[0,l] by Proposition 6 . First 
we prove Let a~j=,K= j/^. If we get by Propositions.* 

(D^ix) = /¥}- 2 (x-{« fN}) Q„.,)({o! fN))+ 

2 {2kqx+qx^}i-0{K~^) ^ 
q k=i 

^x{l-x)-\-^-~ 2l{^^kx+x^q}+0{K-^). 

? qj^ fc=i 

(Off is continuous from the left. Let {y ^,... ,yj={{«|/«}|lg«^iv}, where y,<y,+i 
for Then yi=0 (if N^q), Because of the fact that C0]v|(y<,yj+i] ist 

monotone decreasing we get: 

sup mjv(x)6{ M (Oif(x)\l^n^N}. 
aeio.U ■' 

Let for l^i^t Uf be the number of «’s, l^n^N, such that lafn}-yi. Then u,=l 
for and Furthermore 

and 

Therefore 

By Proposition 6 

sup a)^(x) > lim 

*e[o,i] . ,' Ai'^o+o q \K 
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Therefore 

sup cujv(x)${ lim ci)jy(x)| 2 si^t} = 

03*Sl \i;-^y ,+0 

= {%({“ )^)+o(i:-')|i s»a JV, {«)^4Q}. 

Now we can use Lemma 6 . 

Let us prove (Off{x)^ By Proposition 5 and what has been said above 

This yields the theorem above. 

Proposition 7. Letq^l:i,l^q^i Then 


where (u,= 
iq 



Proof. At the end of the proof of Theorem 1 we showed that (Ofi{x)^ - 



Furthermore, if Kg==qP for I€N, we see from Proposition 6 that 


(Off^ix) = x(l+x)-2x+i-™ I {Ikqxiqx^} g ™. 

qqrikt^l q 

Therefore |(ajv^(x)Ig- and Hm Furthermore for each JV, 

q n~K>o q 

lim C 0 iv(x)~-, so that hm « /A Dl{(o,)^~. 

*-+ 0+0 q ff^oo q 


Conjecture. Proposition 7 is valid at least in the case g'=5 too (and perhaps in 
some further cases ?= 6 ,...). But if?=10, we conjecture that lim|/lDj;(mg)=^. 


Remark, The guess of the result of Theorem 1 was essentially facilitated by nu¬ 
merical computations. In this connection the author is particularly grateful to E. Ditt¬ 
rich and W. Pechlaner, who carried out these calculations. 
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ON FINITELY PROJECTED MODULAR LAHICES 

By 

E.T. SCHMIDT (Budapest) 

1. Introduction 

Let K be a variety of lattices. A lattice L in K is called finitely K-projected (see 
A. Day [1]) if for any surjection/: in K there is a finite sublattice of A whose 

image under/is I; i.e. if L is the epimorpMc image of a finite projective lattice in K. 
Let M be the variety of all modular lattices. In this paper we give a necessary condi¬ 
tion for a lattice L to be finitely M-projected. 


2. Results 

In order to formulate our theorems we need some definitions. We call an ordered 
five-tuple (a, x, y, z, u) of elements from a modular lattice a diamond if these elements 
form a copy of with v and u as the bottom and the top elements, respectively. If 
alb and cjd are quotients in a lattice we write alb/cid and we say that afb transposes 
up to cjd if ahd-b and a^d=c, In this case we also say that cjd transposes down 
to fl/h, written cjd\alb. We also say that ajb and cjdm transposed intervals. 
The quotients afb, cjd are said to be projective — in symbol ajb cjd — if there 
exists a sequence of quotients #=no/^o, nA, ...,ajb„=cjd such that a^jb^ and 
are transposed intervals for every k=Q, 1, A siiblattice K of L 

is called an isometric sublattice if a prime quotient in K is a prime quotient in I. 

Let (v, X, y, z, u) be an isometric diamond of 16 M. Let y be a double-irreducible 
element. Then V=L\{y] is a sublattice. In [3] we have proved that if xjv and zjv 
are projective in U then L is not splitting modular, i.e. not finitely M-projected. 

Theorem 1. Let (a, x,y, z, w) be an isometric diamond of a finitely M-projected 
lattice L such that y is meet-irreducible and tfv^u implies t-u. Then L'-L\y* is 
a sublattice of L, where y*-{f, tfiv-y}, and the quotients xjv and zjv are not projec¬ 
tive in the subiattice L\ 

The diamond Di={vi,Xi,yi,z^, tq) is said to be translate up to the diamond 
D^-{v^, Xj, Ja, Zg, iq) if one of the quotients %/Xi, ufy^, Uijzi transposes up to one 
of the quotients x^jv^^ yz/v^, z^jv^ and we write Di/Dg. In this situation we also say 
that translate down to D^, written D,f\Di. Then means that either 

Di/DjOrDxXDa. 

A sequence Dq,Di, is called a diamond circle ([2]) if the following are 
satisfied: 

(i) n^4 

(ii) X .2 and hold for every/6Z„. 
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Let Ba be the variety generated by all modular lattices of breadth two. 

Theorem 2. Let I he a finite modular lattice of breadth two. IfL is finitely B^-pro- 
jected then L does not contain a diamond circle or a subkttice isomorphic to M^. 

As a corollary of Theorem 2 from a result of A. Mitschke and R. Wille [2] we 
get that in a finitely Ba-projected lattice every prime quotient is stable. 

3. Function lattices 

Let L be a lattice and F be a partially ordered set. denotes the lattice of all or¬ 
derpreserving maps of R to i partially ordered by f^g if and only if/(x)^g(;r) for 
each x^P. L^ is called a function lattice. If a^L then a denotes the corresponding 
constant mapping, i.e. d{x)~a for each x^P. The constant mappings form a sublat¬ 
tice of which is isomorphic to X; we identify X with this sublattice. If ajb is a prime 
quotient of X then the corresponding quotient alJb^^dl'S of X^ is isomorphic to 2^, 
where 2 denotes the two element lattice, We have therefore a natural isomorpWsm 
s '.f-yaljh. Take all quotients afib of X^ where alb runs over all prime quotients of 
X. All these generate a sublattice X[2^] of X^ This L[f] is a subdirect power of X. 
Take an arbitrary congruence relation 9 of 2^ then 6 can be extended to i[2^].^ 

If X is finite then X[2^] is locally finite. In this paper X denotes the chain o)^ 
^{0,1,2,...}. Then 

4. Proof of Theorem I 

Let ajb and cjd hQ projective puotients of a finite lattice X. We can assume that 
the corresponding sequence of transposed intervals alternate up and down, i.e. 

(1) alb = afbo/ailbi\aA/-aA = cjd 

or conversely. 

Let ¥ be a lattice and assume there is a surjection /; there are elements 

b'o, a[, b[,¥„ in M such that fia'd^aMA and a'A, aUijbUi are 
transposed for every i then we say that (1) has an inverse in The inverse of (1) 
is the sequence a'JbQ/^ilK\-''KIK‘ Let X be finitely projected in a variety KgM. 
Then contains a finite sublattice M' whose image nnder/is X. We define a sequ¬ 
ence of elements in M' which gives the inverse of (1). Let aj (i=0,2,4,...) be the 
least element of whose image under/is Aj. Similarly b'l 0=1,3,...) is the greatest 
element of M' such that fib'^=bi. Further we set V!i^aQhb[,a[=a'fdbifb[-b[Ar 
flg=a 2 Vh 3 ,. Then it is easy to see that 

ciAAA\aA/A/b:r 

We have therefore 

Lemma 1. Let f-.M-^L be a surjection onto a finite lattice L in a variety K gM. 
If there is a projectiuity in X which has no inverse in M then L is not finitely ^-projected. 

Let (u, X, y, z, ti) be an isometric diamond of the finitely M-projected (or Ba -pro¬ 
jected) modular lattice such that y is meet-irreducible and tjv=u implies r=w. Then 
we prove that X'=X\/ is a sublattice, where /={«; flVu=.p}. Let b^c^y , i.e. 
hVcVu=y. Then v^bMvmy (resp. v^cjv^y) implies that bVv (resp. cVu) is either 
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V or y {yjv is a prime quotient), hVu=cVu=u would imply hVc Vu=u hence we have 
byv=y or cVu=y, i.e. one of b and c is in /. On the other hand we assume that. 
dhe^y*, d, e{y* and dKek covered by </and e. Then y is covered by djy, Hdjy^u 
then {d\ly)h=^y, which is a contradiction to the meet-irreducibility of y. We have, 
therefore y\ld=y\le=u. Then vyd=v\l(dfe)fd==yyd=u which yields by our 
assumption that d=u. Similarly e~u, i.e. dhe=u which is a contradiction to 
dhe^y*. 

First we take the extension i=X'[2“] of Xfi Then xjv in A is isomorphic to 1 
i.e.x/u is the following chain 

X = Xo>Xi>-X2>-... >u. 

Similarly zjv is the chain z=Za>z^>-Zi>...^v. Set Wo=XiVz„, Wi=^xfJzi...Wk= 
-hAh> The elements Wo, Wj,u with the elements of the principal ideal 
(u] form a sublattice C. 

Let X* be the subdirect product of two copies of D-l+o)*, containing all 
{a,b]iDXD for which a^b. Then the elements Wo=(0,0), wj;=(-l,-1),... 

u'=(-oo, -co) form a sublattice of B* isomorphic to X. We denote the element 
(-M,0)by/. 

Let us take the principal ideal (y] of X. Then v is a dual atom of this ideal. If 
is the extension of (j;] by 2“ then the quotient yjv is isomorphic to 1+ cn*. 

The ideal y'fi' of B* is isomorphic to the dual ideal [y/u) of Let B be the 
Hall-Dilworth lattice obtained by gluing together B* and 5+ identifying the corres¬ 
ponding elements under the isomorphism yy^yjv. (See Fig. 1) In X+ the exten- 



Fli.l 

sion (i;][2®] is the principal ideal generated by v. This principal ideal with the ele¬ 
ments iTo, wj,... form a sublattice C of B isomorphic to C(ei). 
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We have two lattices A and B with isomorphic sublattices C^C (we can as¬ 
sume that A and S are disjoint.) Then the set M=iU5 (U denotes the set-theoretical 
join) with C and C' identified can be made into a poset by defining a^b if and only 
if one of the following conditions is satisfied: 

(ija^Mni; 

(iii) in A, in B where q and Cj are corresponding elements under the 

isomorphism CsiC'; 

(iv) in B and q^b in A where q, q are corresponding elements. 

We will prove that Mis a modular lattice, the lattice obtained by gluing together 
A and B by C^C as illustrated in Fig. 2. 

B 


Fig. 2 

Lemma 2. M is a modular lattice, and L is an epimorphic image of M. 

Proof. First we prove that M is a lattice, i.e. every two elements a, b^M have 
a least upper bound and a greatest lower bound. We can assume that a^A, biB and 

aMC‘ 

If t is an arbitrary element of such that Wo then it is easy to show that there 
exists a least upper bound C. Similarly t is the greatest lower bound which exists for 
every t^A. For the sublattice C' of B, I and t exist for every tiB. 

If a, 5e{W(|, ...} then or conversely. Les us assume that mb. Then 

a, b^A, and if aVb denotes the join of a and 5 in ^ then this element is obviously the 
supremum of a and b in M. If a does not exist, then aVb is the least upper bound of a 
and b. Similarly we can prove the existence of flVb if d6{wo, Wi, b^v'. In the 
case am b^v' the join of a and b is the same as in (nj. Similarly we can prove the 
existence of ^ . 

It can be easily shown that the lattices A and B have the following two properties: 

{*) if fl, b^A (resp. a, b^B) and a^b, a=b, a-k then a=h, 

(**) ifc^C, C,M6i(or«£B)then u^c impies wVc|C«Vc=^c; and similarly 
implies C, mAc=:6', 




Acta Mathematlca Aaademiae Scientiaruni HungaricoB 3S, Ml 


ON FINITELY PROJECTED MODULAR LATTICES 


49 


Let us assume that M is not modular, i.e, that M contains a pentagon with the 
elements Q<s<r<h 0<t<i. We distinguish several cases. A and B are modular 
lattices, hence, r, a, t^A and r, s, t^B are impossible. 

(a) r^A, riB, s, t^B (or symmetrically changing A and B). Then rU, s^B, r>s 
imply the existence of a such that Since i=sytm we have a 
such that r<Ca^/. Set t'=c^^t, then tWj=(c 2 At)V^=CaA(rVs)=C 2 . B is modular 
therefore c^=s. Then CiVA=c and condition (**) yields t'm, i.e. which is im¬ 
possible. 

(b) r, siA, tiB, r, s, t^ C (or conversely r, s^B, t£A). We have three different 
possibilities. 

(bj) 0, HB. Then i^B implies i=fVr=sVt. Similarly 0^^ implies 0~rht=sht. 
By (f) we can assume f>l Then sV(M0=fA(sV0=r hence by we’get 
f=f At, i.e. a contradiction. 

(1)2) i^B then i=fVt=sVt, 0=Mt=jAt. Let t'=/Ar then by (f *) 
r=f,i.e. /'Vt'=sV/'=f. Hence we have a pentagon 0, s, r, f, f satisfying 0, s, r, rU, 
t'^B. Therefore we have to consider the following situation. 

(ba) 0, i^A. Then and 0=r At-j'At. By the modularity of A we get 

and by (* #) we get that 0, t, sM, rM, i is a pentagon. Let ri=(rAi) f, 
sfsht) t then the same argument yields that t, }\, /, Hs a pentagon. This satis¬ 

fies condition (b). 

Let 0 be a congruence relation of 1 defined by xsy, x?iy iff x:, Then 
A has a congruence relation 0^ such that for every prime quotient ajh of I the restric¬ 
tion of 01 to the quotient # (which denotes the quotient of A corresponding to a/b) is 
the image of 0 by the isomorphism That implies that the restriction of 0i 

to the subchain {iVq, Wi ,..., a} contains two classes {wq, Wj, .,.}and {a}. 

Let dA be a congruence relation of 5* defined by: x=y(^i), if and only if 
either x, y>iv[ for some i or v'<x, ym'- Finally we have a congruence relation #2 
on 5+ such that for every prime quotient alb of (y] the restriction of to # is the 
image of 0 by The transitive extension 026 Con(B) of d'lUd'a has the following 
properties: (1) The restriction of 02 to the subchain {wo,w [,..., a'} contains two 
classes, wj,...} and {a''}. (2) The restriction of 0 to (a'] is the restriction of #2 to 
(a]. Let 0CCon(M) be the transitive extension of 0i and 0a to M. Then 0|^=0i, 
015=02, ^/0i^ZA and 5/02 is the lattice (y] adjoined with a new unit element u. 
Thus we get that M/0 is isomorphic to L which proves Lemma 2. 

The lattice M has the sublattice illustrated on Fig. 3. 



Fig. 3 
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Let US assume 
the projectivity 


that there is a projectivity n: zjv-^xlv in L\ We have further in L 
Q\xlv/uls\zlv. 


The product nog of this two functions is a projectivity xjv^xlu. This projectivity 
has no inverse in M, since the inverse of g is the projectivity 

e':xi/v/Wo/y'\zlv, , 


and Xi<;v. Applying Lemma 1 we get that L cannot he finitely M-projected. This 
contradiction proves our Theorem. 


5. Proof of Theorem 2 

It is easy to show that if L is a breadth two lattice then the lattice M constructed 
above is of breadth two. Hence Theorem 1 remains valid in the variety Let I be a 
finitely Bg-projected lattice. 

Let (v, X, y, z, u) be an isometric diamond where y is meet-kreducible. rVu-w, 
Mm would imply that {wAr, x^t, yAt, x,y, u, n} form an eight element Boolean 
algebra which is a contradiction to the assumption that L is of breadth two. We have 
therefore that rVn=Mimplies Mm. By Theorem 1 we get that in L'=L\y* the quotients 
xjv and zjv are not projective. 

Suppose now that L contains a sublattice, say (v, x, y, z, t, u), isomorphic to 
with V and u as bottom and top elements, respectively. We can assume that this is an 
isometric sublattice and L does not contain an other sublattice {v', x',y', z', t\ u') 
isomorphic to Mi such that i.e. the given sublattice is “maximarh We prove 
that one of the elements x, y, z, t is meet-irreducible. If x, y, z, t are all reducible, 
then we have elements m > x:, h > y, c >- z, t and all these elements are different from 

M. Set i'=flVM, /=bVM, z'=cVm, t'^d^lu. Then x'yu, y>u, z'yumdfyu. 
L is of breadth two hence x', y', z', f are different and (m, x\ y\ z\ t', x'V/) form a 
sublattice isomorphic to Mi, This contradiction proves that one of the elements is 
meet-irreducible, 

Let 2)o=(Mfl,Xo,yo3 2o,«o) and he diamonds such that 

where Mo/zq and x^jv are transposed intervals. We prove that if Xo,yo> 



Fig, 4 
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yi> h are all meet-reducible elements, then we can change Do to D^, Dj to Dj such 
that DJ/Dj and the bottom of Dj is the top of . 

Indeed, if Xq, yo are reducible then we have two elements a, b and fl>- Xo, b>-yo, 
<MMo, b?^Mo. We choose an element CjZo-cc^Zi. Then x'^^-aAlu^, 

4~c\/^ generate a diamond DJ, where mS=Mo and Mo^x^VyJ. Similarly if Xj, yj, z^ 
are meet-irreducible we get a diamond Dj=(ui,xi, vi,z{,u'A and {See 
Fig. 4.) 

Let Xi=Mj^VmJ. Then Xi >-Mi. Since L is of breadth two, x'lcii{, i.e. {v[, Xj, 
is a diamond and Dg/DJ. Using this procedure we get from a given 
diamond circle Dg, D^,..., in finite steps an other diamond circle which con¬ 
tains a diamond with a meet-irreducible element. 

If L contains a sublattice isomorphic to Mi or a diamond circle then we can 
assume that this Mi resp. the diamonds in the circle are isometric. In both cases we 
have an isometric diamond (a, x, y, z, it) where y is meet-irreducible and x/v, zjv are 
projective quotients in the sublattice L' =L\y* which is a contradiction to the assump¬ 
tion that L is finitely Bg-projected. 
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SEMICENTRALIZING AUTOMORPHISMS 
OF PRIME RINGS 

By 

A. KAYAand C, KOC (Ankara) 


Let R be an associative ring and T an automorphism of R. Tis called a commut¬ 
ing automorphism of R if xT{x) = Tix)x for all x in R, and it is called a semicommut- 
mg automorphism if either xT{x)^T{x)x or xT{x)=-T{x)x is satisfied for each x 
in R. In [1] L. 0. Chung and J. Luh have shown that every semicommuting auto¬ 
morphism of a prime ring is commuting provided that R has either characteristic 
dififerent from 3 or non-zero centre and thus they proved the commutativity of prime 
rings having nontrivial semicommuting automorphism except in the indicated cases. 

On the other hand, in [3] J. H. Mayne has called Tcentralizing if xTix) - T{x)xeZ 
for all xiR, where Z is the centre of R, and he has proved that any prime ring with 
a nontrivial centralizing automorphism is commutative. Now, call T semicentraliz- 
mg if either xT{x)-Tix)x or xT{x)-\~Tix)x is in Z for all Then, we shall 
show that every semicentralizing (hence every semicommuting) automorphism of 
a prime ring is in fact commuting. 

As to notations, we set [x, yl^xy-ja, (x,y)=xy-|-yx for x,ya; and for the 
sake of simplicity, we shall write r(x)=x', R^ = {xiR\xx'-x'xiZ], R_ ={x^ i?|xx'+ 

TXXtZ|. 

We need two lemmas. 

Lemma Let R be any ring and T a semicentralizing automorphism of R. If x 
ancly are in (resp. in R^), then x-l-j is in R^ (resp, in R-) if and only ifx-y is in 
R.^ (resp.inR.). 

Proof. Consider x, . Then the following implications are immediate, 
b+j, x'+/]a e [xj^+y, x']& oil, 

The same argument can be repeated by replacing [, ] by (,) for the statement 
concerning i?_. 

Lemma 2. Let Rbe a prime ring and T a semicentralizing automorphism of R. 

Proof. In the case of char (i?)=2 semicentralizing automorphisms are centraliz¬ 
ing and thus by [3; Theorem] they are commuting automorphisms. So in the sequel 
we shall assume that char 2, Since we get 

[/»/] = [yZ+Zy, y] ==0 = [/y+y/,/] = [y, 
which gives that 

(1) = and y'^y = y/\ 
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Since „ 

[/+]', /H/] = [}'./] = [-3^> -/] - [f-yj^-y] 

is not contained in 2, neither .y^+,v nor>’--v is in R.^. So, y^iy and:i^®-j; are in i?„ 
and by Lemma 1 

™piies (.vHjO+(/“"y) = 

and hence y^^R-. Thus, =2/}’^^62, that is, y'^y'K'Z- 

Since .v^.vf /?+, using (1) we obtain 

[y+y]yv'H/] = 2y,/]=0. 

The fact that char {Ry^l together with (1) implies that [f, >’']==0, so we 

have /yLv,/]=0. 

Now, y'Y is an element in the centre of the prime ring R and [p, thus 
yy=0, as required. 

We are ready to prove our theorem. 

Theorem. Let Rhe a prime ring and T a aemkentralizing automorphism of R, 
Then T is a commuting automorphism. 

Proof. Consider the element xf -|->’\ where .t6 R and y f i?.,, , Then 
or, using Lemma 2, 

xyh'yHfx'y'^±ix'y'hyY/W) == , 

Postmultiplication by gives 

( 2 ) xy'^x'y'Yy^x' - cy'L 
Similarly, considering a:/~ y we obtain 

(3) xyH'y'^-yH'y''^~Ciy^ , 

for some q in Z. If Cj, then from (2) and (3) one obtains lyh'y'^=^{c-c^y^^ and 
preraultiplicating this by y'^ gives (c-Ci)y'^=0, that is /=0. If c=q, then from (2) 
and (3) we get 2i'lvy"‘s=0, that is, Since R is prime we obtain /=0. Thus, 

(4) if 7 P+, then / = 0. 

Next, we shall show that if j"=0 for all j’ p where«is a fixed integer greater 
than 1 , then y~^=0 for all j'P+. 

In fact, for any xp and7P+consider If X'v""y , then 

(5) = 0, 
if not, then 

(x7""^-y)+(x7""py) = 2x7"'‘^ei?+ 
and 

=-2pP„ 
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will imply, by Lemma 1, that either xf-^-y^R^ or xy"-^+y(R^. . Thus, 

(xy"-^~y)'‘ = (x7''-y~7(x/-y“p.„ = 0 

(xy'-py)" = (x/"y+y(xp''"y-p.„4./~yx/-i) = Q. 

fo both cases, multiplying through by on the left we obtain (xv''‘'^)''+^=0 
Combining this and (5) we see that (x/-y+i=0 for all xp. 

Now, using Lemma 1.1 in [2] we conclude that Consequently, from (4) 
we see that R-R^ , and hence Tis a commuting automorphism. 

As an immediate consequence of this theorem and Lemma 1 in [1] we obtain the 
following result generalizing [1; Theorems 1,2] and [3; Theorem]. 

Corollary. A prime ring possessing a nontrivial semicentralizing automorphism 
IS a commutative integral domain. In particular, a prime ring possessing a nontrivial 
seimcommuting automorphism is a commutative integral domain 
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ON THE SUPERSOLVABILITY OF FINITE GROUPS. I 

By 

M. ASAAD (Cairo) 


1. Introduction 

It was proved by J. Buckley [1] that if C? is a finite group of odd order in which 
every minimal subgroup is normal then G is supersolvable. 

In [2], Robert W. van der Waall showed that this result is a direct corollary 
of a theorem of Doerk; see [3], A subgroup H of Cr is called pronormal in G if for x 
in G, His conjugate to in (//, if*). It is known that a subgroup Ho! G is normal 
in G iff it is both subnormal and pronorraal in G (Exercise 6, p. 14 of [4]). An imme¬ 
diate consequence of this and Doerk’s Theorem is tire following generalization of 
Buckley’s result. 

Theorem A. IfG is a finite group of odd order n in which every minimal subgroup 
is pronormal in G, then G is supersolvable. 

A familiar consequence of the supersolvability of G is that G possesses a normal 
subgroup H of order p, where p is the largest prime in n{G], such that G/H is super- 
solvable (p. 159 of [5]). 

We shall prove the following result. 

Theorem B. Let Gbe a finite group. If there exists a normal subgroup H such 
that GjH is supersolvable, {\H\, 2)=1, and every minimal subgroup of H is pronormal 
in G, then G is supersolvable. 

Theorem B is false if the assumption {\H\, 2) ~ 1 is omitted. This is easily seem by 
examination of SL(2,3). 

The following generalization of Ito’s Theorem (Theorem 5.3 b), p. 283 of [7]) 
follows at once from Theorem B. 

Corollary. Let Gbe a finite group. Let G' be the commutator subgroup of G. 
If{\G'l 2)=1 and every minimal subgroup of G' is pronormal in G, then G' is nilpotent. 

Our notation is standard. AH groups in this paper are finite. 


2. Known results 

For completeness we state the following known results; 

Theorem 1 (Doerk, p. 721 of [7]). Let Gbe a non-supersolvabk group, all of whose 
proper subgroups are supersolvable. Then 

{i) G contains one and only one normal Sylow subgroup P. 

(ii) P/(P(P) is a minimal normal subgroup of Gl^{P) and Pl^{P) is not cyclic. 

(iii) P is of exponent p if p >2. 
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Theorem 2 (Schur—Zassenhaus, p. 221 of [4]), Let Ebea normal Hall subgroup 
of G. Then Gpossesses a subgroup K which is a complement to H in G. 

Theorem 3 (Exercise 7.2.22, p. 159 of [6]). If G/H and GJK are supersobable, 
then G/EKK is supersolmble. 

Theorem 4 (p. 173 of [4]). If G=^H<P{G) for some subgroup H of G, then H=G. 

Theorem 5 (Tate, p. 431 of [7]; see also [8]), Let P be a Sylow p-subgroup of G. 
Let H be a normal subgroup of G, If EkP^S P{P), then H possesses a normal p-comple- 
ment 

Theorem 6 (Huppert, p. 713 of [7]). G is supersobable iff G{^{G) is supersobable, 
3, Proof of Theorem B 

Suppose the theorem false and let G be a counterexample of minimal order. Let 
K be any proper subgroup of G, If ME, then K is supersolvable b'y Theorem A. 
If K$E> set G^=KE. If Gi<G, then Gi is supersolvable by our choice of G. Since Gi 
is supersolvable, so is L Hence tve may assume that Gi=G~KH. Clearly G/H^ 
^KjKhE. It is immediate that 1 satisfies the conditions of the theorem. Hence Kis 
supersolvable by our choice of G. Therefore all proper subgroups of G are supersoL 
vable. By Theorem 1 (i), G then contains precisely one normal Sylow subgroup P. 
Set Hi~EhP. Clearly Hi<G. We argue that i/iT^l. By Theorem 2, G possesses 
a subgroup if which is a complement to P in G. Since GjPs^ K, we conclude that G/P 
is supersolvable. Theorem 3 tells us that C?/HAP is supersolvable, Hence if 
AP=I, then G would be supersolvable, a contradiction. Thus E^^l Theorem 1 (ii) 
implies that H,HP)=P or H^HP)=HPl lfH,0iP)=P, then E, ^P by Theorem 
4. Since P is of odd order, then P==Qi{P)={y\y’’=ljiP) by Theorem 1 (iii). 
Obviously every minimal subgroup of P is subnormal in G. SincePgiT, every mini¬ 
mal subgroup of P is then pronormal in G. Now Exercise 6, p. 14 of [4] implies that 
every minimal subgroup of P is normal in G and consequently P=QffP)~Z{P), 
i. e. P is an elementary abelian p-group. Plence P is the minimal normal subgroup 
of G and consequently \P\=p, a contradiction. Hence we may assume that 
H^0(P)=§(P). Theorem 5 implies that if possesses a normal p-complement, i.e. 
H=^HiL, L is a normal subgroup of H and (|JTi|, |I,|)=1. We argue that Lt^I 
Suppose false. Then H=E,^${P). Since (7/H/<P(P)/H^G/(|)(P), and G/H is 
supersolvable, then GjPiP) is supersolvable. Since ^{P)^tp{G) and GI§{P) is 
supersolvable then GjPiG) is supersolvable. Now Theorem 6 implies that G is 
supersolvable, a contradiction. Thus LtH Since I char Hand H<G, then Z<iC?. 
Set G=G/L and let H be the image of H in 0. Clearly Let N be any 

subgroup of order p in H. Let N be the inverse image of N in H. Thsn-ML, 
where M is a subgroup of orderin E. Hence Mis pronormal in G, Obviously Mis 
subnormal m G, Applying Exercise 6, p. 14 of [4] once again, it follows that M<G 
andconsequ_ently W Since G/R^GIH and every minimal subgroup of E is 
normal in G, then G=^G/L supersolvable by our choice of G, Now Theorems 
mpiies that G/PAT=(? is supersolvable, contrary to our choice of G. Theorem B 
IS thus proved, 
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A REMARK ON STRICT RADICAL CLASSES 
OF GROUPS 

By 

B.J. GARDNER (Hobart) 


A radical class is strict if the radical of every object A contains every radical 
subobject of A or, equivalently, if all subobjects of semisimple objects are serai-simple. 
Strict radical classes were first discussed by Kurosh [2], in connection with groups. 
Subsequently, Tsalenko [4] has noted that the collection of strict radical classes of 
groups is a proper class, so that, in a sense, such radical classes are plentiful. It turns 
out, however, that they are never hereditary. 

Theorem. Let be a hereditary radical class of groups. The following con¬ 
ditions are equivalent. 

(i) Mis strict; 

(ii) M is closed under formation of free products; 

(iii) J is the class of all groups. 

Proof. (i)=>(ii) : If 6, HiM then (denoting their free product by we have 

(ii)=j-(iii): Let« be any cardinal number. Then M contains groups G, If with 
1(?|, \H\m. Let [G,H]h the subgroup of generated by {g%"Vr^|ge(?, h^H}. 
Then [(r, H] is freely generated by {ghg-'^h^^g^G, h^H} and [(?, H}<G*II (see [1], 
p. 196, Problems 23,24). Since G*im and M is hereditary, M contains a free group 
of rank and therefore all groups of cardinality ga. 

Obviously (iii)=>-(i). Q.e.d. 

_ We note, by way of contrast, that there are highly non-trivial hereditary strict 
radicals of associative rings, e.g. the generalized nil radical and the upper radicals 
defined by semi-simple radical classes (though Stewart [3] has proved that the only 
strongly hereditary strict radical properties in this context are defined in terms of^ 
additive groups of rings). 
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ESSENTIALLY CLOSED CLASSES OF RINGS 
AND UPPER RADICALS 


By 

H. J, le ROUX (Bloemfontein), G. A. P. HEYMAN (Bloemfontein) 
and T.L JENKINS* (Laramie) 


iu [u nuYMAN diiQ Koos denned the essential cover X of a class Ji to be the 
// - extensions of i% belonging to Jt. Ji is called essentially closed 

If Every class JI has a unique essential closure, i.e, a smallest essentially 
closed class containinff.if if q Uoi-a,i, t —;\.. • ^ 


« a Class ui|semij prime rings it was shown 

to Ib (weakly) special if and only i[J/ is essentially closed. In addition, if, is the 

a P"rtl>er, it was shown that the upper 

results were generalized by Anoebson and Wiegandt in [I). They showed 
that in the context of weakly special classes it is sufficient to require only regularity 
instead of hereffitariness. Moreover, their results were valid for alternatiye as well 
as associative rings. 

In this paper we generalize some of the results of Anderson and Wiegandt 
Moreover we also extend most of the results obtained in [1] and [6] to classes contain¬ 
ing all zero rings. All rings to be considered will be associative and the major know¬ 
ledge of radical tiieory required for our purposes is contained in [4] and [8. For a 

S respectively^ ^ ^ ^ ^ ^ 

We will be needing the following well-known results. 

Proposition 1 // 0^B<R and B is not essential in R, then there exists an ideal 
LOJR such that RjC contains an essential ideal isomorphic to B, [5] 

Proposition 2, If I<R where I is a semiprime ring, then P~L=L v^here I* 
A mdli denote the annihilator, right annihilator and the left annihilator of I in R res¬ 
pectively, and [2] ■’ 

Corollary I Jfl<R where 1 is a semiprime ring, then we can show in the same 
way asm Proposition!, that 

(/+/*)/rc:.7/(/nr)-/<!.]?//*. 

3. let ie a class of semiprime rings. If C<B<R such that 
BjC^Ji, then C<iR. [2] 
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Proposition 4. A ring Kmaps homomorpMcdly onto a nonzero subdirectly irre¬ 
ducible ring with nilpotent core if and only if there exists and ideal C in K such that 
CVC.[2] 

Proposition 5. Let J be an arbitrary weakly special class. Then the radical 
is hypernilpotent and for an arbitrary A the radical SjfA) coincides with the intersec¬ 
tion of all ideals T, of A such that A,=AIT, is a nonzero ring from the class M . Con- 
versely, every hypernilpotent radical is the upper radical defined for some weakly spe¬ 
cial class of rings. [1] 

The following definitions will be needed. 

Definition 1. A class 1 of rings is said to be left regular if every nonzero left 
ideal of a ring of J'has a nonzero homomorphic image in J'. 

Definition 2. A class Jl of rings is called an a-class if every nonzero ideal of 
a ring of i/ has a nonzero accessible subring which can be mapped onto a nonzero 

ring ini/. ^ 

Since a regular class of rings is also an a-class, we can now generalize Theorem 
1 [1] of Anderson and Wiegandt for a-classes in part (a) of the next theorem. 

Theorem 1, (a) If Jl is an a-class of rings thenM^ is also an a-class of rings. 

(b) Let J be any regular class of rings containing all the zero rings, then is a 
regular class containing ail the zero rings, 

(c) IfJl is a left regular class of semiprime rings, then Jli is a left regular class of 
semiprime rings. 

Proof, (a) Let and Or^l<iR. There exists EiJ such that E<’R. 

Hence is an ideal of both / and E. EiJl implies that there is a nonzero 

accessible subring of D such that i)„ can be mapped onto a nonzero ring in M. 

Clearly D„<.., • <iD<i/so that D„ is an accessible subring of I, andhence.^'ft is an 
a-class of rings. 

(b) Since it is clear that Jl^ contains all the zero rings. It suffices to j 

show thati/i is regular. Let If /has a nonzero ideal J with Jt^P, then ^ 

by Proposition 4, 1 can be mapped onto a subdirectly irreducible ring, say //?,_ with 

a heart i//P which is a zero ring. Furthermore with HIP^ J and i//P essential in 
IIP, it follows that //P 6 A and therefore regular. We may therefore assume that i 

/is hereditarily idempotent. There exists an essential ideal L in R, Lf.Jlan6. lOL^sO. ■' 

Since If]L<Uji, there exists a homomorphic image {IClLljK^^O of lOL which 
is in.1. Furthermore, lOL being an ideal of A is hereditarily idempotent and so K<I. i 

Hence, /can be mapped onto //Xwhich contains (/fll)/^ J'as an ideal. If {I(^L)iK | 

is essential in fK, then and we are done. If (lOLljK is not essential in IjK, i 

Proposition 1 implies that tlmre is a homomorphic image of IjK containing an essen- | 

tial ideal isomorphic to (/fl L)lKiJ. Therefore / has a nonzero homomorphic image | 

. 1 

(c) It is easily verified that Jl^ consists of semiprime rings so that it is sufficient > 

to show that J'fc is left regular. Let / be any nonzero left ideal of R^Ji^- ^ f 

essential ideal LiJ. If I(]L=0, then LI~Q so that IgLl From Proposition 2 it 
follows that 1=0 which is against our assumption. So IClLj^O, /ni<i/ and IC]L 

is a left ideal of L^£. Since M is a left regular class of rings there exists K<ir\L 
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such that Oa{IL\L)IK^J, Proposition 3 implies that K<iL Then 07 ^{If]L)IK<IIK. 
We can now complete the proof in a similar way as in (b) of the theorem. 

The following theorem gives conditions on the class J' forj^=. 

Theorem 2. (a) IfJ is a class of idempotent rings, thenM^={Mfi^. 

(b) If Jt is any class containing all the zero rings and if £ satisfies the extension 
property, then £,^={JQi,. 

Proof, (a) We always have tM£,^g{£,X. Suppose Then there 

exists a ring R^ {£jX but R^£,^.Rhtis an essential ideal Ji£i, and I< • J with p£. 
Since I is idempotent it follows that 1<R. It is easy to see that I< •/? which implies 
Rfjita a contradiction. So £kH>^h)k' 

(b) As in (a) we suppose that g (J',,) and Ri (4t)tbut i? f . This means that 

(*) if E<i‘Rth.m EiJ. 

There is an ideal I of R such that I< • R, £, With have a /<i • / 
and JiM.^ Since J^QJ where 4 is the ideal generated by J in R, it follows that 
(/|+/)// is a zero ring, (/|?i0) and hence in J'. (If /|=0, it is easily verified that R 
has an essential ideal, i.e. 4, m£). With Ji£ vsAM satisfying the extension proper¬ 
ty, we have Following the same argument we can conclude that 

if we consider /ji/(/K+/). It is easily verified that -i? since /<i •/,/<! -i? and 
/S/fi. This however is a contradiction with (f). We conclude that J'j=(.//4)fe. 

In [1], Anderson and Wiegandt ask if the essential cover of a regular class of 
serai (prime) rings is essentially closed. A partial answer to this question is found 
in the following theorem. 

Theorem 3. Let £ be a regular class of semiprime rings such thatJ is subdirectly 
closed. Then£=£^ if and only if £ is the semisimple class of a hereditary radical 

Proof. The proof follows immediately by using Theorem 3 and Proposition 
4of[l]. 

Corollary 2. Let £ be a regular class of semiprime rings such that £^ is sub¬ 
directly closed. Then i4==(A)/t tf ts the semisimple class of a hered¬ 

itary radical 

The following example illustrates that a class i of rings need not be regular to 

havei-4* 

Example. Let i be the class of all quasi-seraiprime rings, (cf. [3]), that is rings 
R for which RAR=0 where A<R, implies A=0. Letnow R^S and R< • S. Suppose 
that SAS=0 where zl<i5'. Then R(A flR)RS S(A f]R)S^ SAS=0 and since 
^ni?=0. Then, because of the essentiality of R in 5, A=0 so that Hence 
. 2 = 4 . It was however shown in [3] that 

^i={R\R cannot be mapped homomorphically onto a nonzero ring in M] 

is not a radical class, so that i cannot be regular. 

In order to extend and sharpen the results of Theorem 2 in [1], we need the fol¬ 
lowing tliree theorems. 
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Theorem 4, If J is a regular class of rings containing no or all nonzero zero rings, 
then^Si is hereditary. 

Proof. IfJ contains no nonzero zero rings we can regard.# as a class of semi¬ 
prime rings. Forif 07 ^/<ii?^J'and/"= 0 with/''‘‘V 0 , then is a nonzero zero 
ring, which, in view of the fact thati/ is regular, is a contradiction. We now show that 
in this case'^jfjt is hereditary. If not, there exists a ring containing a nonzero 
ideal A f • Then A has some nonzero image A iK and since Ajl is & semiprime 

ring, AI1<RIL We may therefore, without loss of generality, assume that AiJ,^. 
Then there exists 07^/<i >A such that l^Ji. Considering 4, we know that Il<R. 
Let K be any ideal of R such that 11<K=0. Now we have {Iji[]KfQIir\K=0, 
and hence nilpotcnt. Since J' is regular, by Theorem 1 (b) so is and there¬ 

fore Iji[]K<A^J,. yields 401=0. Thus by 1(]KQIr(]K=Q and /< • .4 it follows 
that i'=0 and hence Ip<‘R. If we have Rid^, a contradiction. If lUd, 
it has an image OAlRjhd. Once again, since 4/? is a semiprime ring, we have 
4/P<iJ?/?, If lilP< >RIP, we have RlPHi, a contradiction and if ^/P is not 
essential in P/P, we can find a homomorphic image (P/P)/(i^/P) si?/f of R contain¬ 
ing an isomorphic copy of 4/P as essential ideal. Then P/ie which once again 
is a contradiction. So t J'j is hereditary indeed, 

Suppose then that M contains all zero rings and that is not hereditary. 
Then A-<R^di where AiUi so that there exists L<A such that AjUJ^. In 
addition assume that an arbitrary homomorphic image / of A contains a nilpotent 
essential ideal. Then A has an ideal for otherwise A would be hereditarily idem- 
potent and all its images would be hereditarily idempotent, Thus IrAIr, so by 
Proposition 5 R can be mapped homomorphically onto a subdirectly irreducible 
ring RIQ with heart HjQ, which is a zero ring. Since HjQ< ^RjQ it follows that 
RIQ^dk. But R^^’d.dk which is homomoj'phically closed. Thus no homomorphic 
image of A can have a nilpotent essential ideal. We conclude then that AjL is a se¬ 
miprime ring for if P/I is a nilpotent ideal of AjL there exists a homomorphic image 
{AIL)l{KIL)cnAIK of AjL containing an isomorphic copy of P/I as essential ideal, 
and thus a homomorphic image of A containing a nilpotent essential ideal, a contra¬ 
diction. 

Since I<i^<iP and AjL is semiprime we have that L<iR and zl/I<qp/I, so 
again we may assume that A id^. By assumption, A then has an essential ideal Ad. 
We then have Jr£J^Jr and let us assume the last containment is proper. Then 
JrIJIa^O and thus is a zero ring in ^ and is an ideal of P/4. If Pjj/4 is essential 
in P/4 then RjJlid^, a contradiction, for Ri^d], which is homomorphically clo¬ 
sed. If it is not essential then there exists a homomorphic image of P/4 containing 
as essential ideal an isomorphic copy of 4/4 this image is again in dk 

contradicting Ri^dp Thus assuming PE4 to be a proper containment is false and 
so I<]p. Now Jid.\tJ<>R then again Rkd^^, a contradiction. If J is not essential 
in P there is again a homomorphic image of P containing as essential ideal an iso¬ 
morphic copy of /, placing this image indk and hence a homomorphic image of P 
in dj(f contradicting R0ldi. Thus'^#4 is hereditary, completing the proof. 

Theorem 5. Let d be a regular class of rings containing no or all nonzero zero 
rings. Then if and only if ^d is hereditary. 

Proof. One way is clear since <lldi, is always hereditary. Now suppose XM^d 
is hereditary and let Rid^. By definition of#4) P has an essential ideal 76#'. There- 

Acta Maihematka Academke Sdentiarum llunijaricus SS, Ml 


RINGS AND UPPER RADICALS 


fore leS^d and since4!'.// is hereditary, %Ji{l)~imJiR). hence 

/n^.#(P)=0, and since /<i -P, we have that4'/J'(P)=0, so that RiMi. Hence 
digS%d, so thattj EfJ'jt. The reverse inclusion is always true, hence 
which was to be proved. 

It is interesting to remark that the previous two theorems imply f =% [{J^] - 
=... -^d" provided^J'^ is either supernilpotent or subidempotent. 

Theorem 6 . Let d be a regular class of rings containing no or all nonzero zero 
rings. Then for every ring R, <?^djfR)= fl Q, where R/Q^id^. 

Proof, lid does not contain nonzero zero rings, then as in Theorem 4 one can 
show that J is a class of semiprime rings. Then for any ring P, %dfR)^ f]f where 
Rjh^dki the proof of which runs the same as the one given for Proposition 5 in [7], 

Suppose then that.# contains all zero rings and let {g J be the set of all ideals of 
an arbitrary ring P such that RjQ.Uh -It is clear thatt#/j(P)g fig* always holds, 
so supposedJ;^(P)c ng,=/. The hereditariness off#4 then implies tIiat'^J';t(/)= 
^Jf]^dk{R)cJ so that J is not Therefore it can be mapped homomor¬ 

phically onto a nonzero ringin 4 , If/has an ideal P^^PHhm also Pr?^PI Further- 
l®t us now choose an element p6Pij but p$P|. We then construct 
the ideal U maximal relative to PI &U,p^U, Following the proof of Proposition 4 in 
[2] we conclude that P/1/64, so U must he one of the g/s. Since /= ng« it follows 
that /c [/, However p I U whereas p6/. This contradiction implies that / is heredi¬ 
tarily idempotent and hence cannot be mapped homomorphically onto a ring having 
a zero ring as essential ideal. But then the nonzero map /// say, which / has to have 
in4j ts semiprime (being hereditarily idempotent). Hence by Corollary 1, we have 

[///+(///)*]/{///)*- ////[(.///)n{//7)i- ///< .p///(///)^ 

But /// has an essential ideal Kjlfd and, being hereditarily idempotent, P//< 
<(P//)/(///)L Since Kjlk essential in ///, it is also essential in (P//)/(///)* so that 

(P//)/(///)*64- 

We now construct in a similar way as in Proposition 1 [7], the ideal 
Q~{aiR\aJQI and JaQl}. With results available from [7] we have that g<iP, 
gn/=/and P/g^(P//)/(///)L Then RjQ^d^, so must he one of the g/s, hence 
/eg. However /=ng«=(ngjng=/ng=7c/, which is a contradiction. The 
proof is therefore complete. 

With the aid of the previous tliree theorems we can now extend Theorem 7 [6] 
to allow J" to contain all zero rings and sharpen their results by replacing.#" with4. 

Theorem 7. Let d be a regular class of rings containing no or all nonzero zero 
rings. Thefollowing statements are equivalent: 

(i) %d is hereditary 

{ii)d£S^d 

(iii) 

(iv) %d has the intersection property relative to dj, 

(v) <^.#n4=0. 

Proof. All of the implications above, with the exception of (iii)=>(iv), can be 
proved by the same raetliods that was used in Theorem 7 of [6] and Theorem 2 of [1], 
The implication (iii)s:^(iv) follows from Theorem 6. 
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RADICALS OF RINGS AND SUBRINGS 

By 

R. F. ROSSA (State University) 


1. Introduction. In this paper we examine the relationship between radicals of 
nonassociatiye rings and their subrings in certain special situations. The main result 
of Section 2 is based upon the notion of H-relation introduced in [5]. Suppose If is a 
class of nonassociative rings (perhaps, indeed, all associative) which is closed under 
homomorphic images and hereditary to subrings. A relation a on If is called an 
H-relation if the following three properties are satisfied: 

(1) LffA implies that I is a subring of A. 

(2) If LgA and is a homomorphism of A, then (p{L)(j<P{A). 

(3) If LuA and J<iA, then LOM. 

A number of examples are given in [5] and [10], among them being either an ideal, left 
ideal, subring, quasi-ideal or bi-ideal of the containing ring. The paper [5] for the 
most part gives applications of this concept to the lower radical construction. 
R. Wiegandt [10] studies the relationship between scmisimple classes and H-rela- 
tions. 

Let P be a radical. An ideal I of a ring A is called a ^?-ideal (as in [8]) if P(A/I)= 
=0. If cr is an H-relation, P is said to be u-hereditary if UAiP implies LiP. The 
main result of Section 2 then gives a relationship between ?P-ideals of a ring A and 
^P-ideals of its u-subrings when P is cr-hereditary. Some applications of this result 
are given. 

For one of these applications some discussion of polynomials is needed. For a 
set Q, a nonassociative ring R is called an i3-ring if there are operations QxR-^R 
and RxQ~>-R which distribute over addition in R, Monomials are strings consisting 
of elements of Q, a formal element 1 and nonassociating, noncommuting indetermi- 
nates Xj, with parentheses indicating the order of multiplication. A monomial must 
contain either some Xj or 1. 0 may be a subring of R (usually its centre or some other 
associative, commutative ring over which R is an algebra) or may contain special 
symbols denoting either involutions or automorphisms of R. The monomial h, 
hi Q, is identified with /il and \h. A polynomial is a formal sum of monomials, Apoly- 
nomial/is completely homogeneous if/ is homogeneous in each Xj. The height of 
a monomial is its degree minus the number of indeterminates occurring in it, and the 
height of a polynomial is the maximal height of its monomials. Given /(xj,..., xj, 
we can linearize on Xj as follows; 

-‘J a:„,+i) “/(xi, ...,XjTx„,+i, ...,xj- 

“■y/Tl, ..., Xj .A'„,)-/(Xi, X,„+i, ..., xj. 
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In particular Ajf has lower height than /, For any polynomial / and ring R, let 

(/) denote the additive subgroup of R generated by all/'Oi,.... /•„,) with ..., 

6 . We can now define the concept we need, that of an i?-stable polynomial/, by induc¬ 
tion on height as follows: 

(1) All multilinear polynomials are A-stable. 

(2) If/is completely homogeneous, then/is A-stable if dj/is stable for every,/. 

(3) If/is not completely homogeneous then /is i?-stable if when/is written 
as a sum/i-f...+/ of completely homogeneous polynomials with minimal 
k, then /„ is A-stable and A+ (/,)<A+ (/) for 1 <ii<k, 

ii-stable identities pass to central extensions and in particular the polynomial ring 
R [X]. For a discussion of these concepts and their uses in the theory of polynomial 
identities of nonassociative rings, see Rowen [7]. These concepts are used in Section 
2 to obtain sufficient conditions for the semisimpHcity of the centre Z of a nonassocia¬ 
tive ring R to imply the semisiniplicity of R (relative to a radical P). 

In the third section we study a property of W-radicals in associative rings. A ra¬ 
dical P is an ^radical if it is left strong, left hereditary and supernilpotent. This 
notion was introduced by Sands [8] and has also been studied by Jaegermann 
and Sands [3] and Wiegandt [9]. Mere we study conditions under which the P-radi- 
cality or P-semisimplicity passes between a ring A and subring containing a right 
ideal of A. 

2, A theorem on ff-hercditai'y radicals and some applicatioes. If P is a radical 
class, we denote its. semisimple class by 

SP={A£ W: A has no nonzero ideal in P}. 

Theorem 1 . Let a be m B.-rektion on W,P a o-hereditary radical. Let Ri W and 
suppose RioR, Bi<Ri and P/Pi^AP. Let B be an ideal of R maximal with respect 
to B[]RSB^. Then RjBiSP. 

Proof. If P(P/,P)=A/P?^0 then BcA and so ACiRi is not contained in .Pj by 
the maximality of P. Then AClRidA and so {Af]Ri-yB)IBaAIB by properties (3) 
and (2) of H-relations. Hence {Af\Ri+B)IB^P since P is ci-hereditary, so that 
{AnRi)liAnRif]B)^P. {Af]Ri)l{Af\B) is a homomorphic image of this last ring, 
so that (AnPi+Pi)/Pis(AnPi)/(AnPinPi)-(AnPi)/(AnPi)-/^ is a P-ideal 
of R^Bi. This contradiction finishes the proof. 

We can now see that the condition of Theorem 1 characterizes cr-hereditary 
radical classes. 

Theorem 2. Let a be an ti-relatm and P a radical. Suppose that for all Bi<RinR 
such that RfBi^SP and all ideals B<R maximal with respect to BHRiQB^ we have 
RjBiSP.Then Pisa-hereditary. 

Proof. Let P£P, RioR, Rp/^R. Suppose Pj/P and so let Q 9 ^RfBi£SP. By 
Zorn’s lemma there is an ideal B of R maximal with respect to PH Pi S Pi. But then 
,P/P6PP by hypothesis, and since P/P6P we have P=P, so that Pi=Pi, a contra¬ 
diction. 

For the applications, we need the concept of a centrally admissible nonassocia¬ 
tive ring used by Rowen in [7], Let P be a nonassociative Ting with identity and 
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Z=Z(R) its centre, the subring of P consisting of all elements of P that associate 
and commute with every element of P. Let A he a commuting, associating indetermi¬ 
nate over Z. Then R^zZ[X]=R[X] is the polynomial ring over P. The nonassociative 
ring P IS centrally admissible if it satisfies the following conditions; 

(1) The intersection of the maximal ideals of P[A] is 0. 

(2) Given a set {M;: z6/} of maximal ideals of R[X] such that f) Mi^O, there 

exists A such that for any P[A]/n {Afj: A} satisfies a central polynomial 
and n{ilPi:T//}=0. 

Theorem 3 [7, Theorem 3,3]. IfR is centrally admissible then every nonzero ideal 
of R has nonzero intersection with Z(P). 

Theorem 4. Suppose P is a radical hereditary to subrings which are associative 
and commutative. Let Rbe a centrally admissible nonassociative ring with identity with 
centre Z and suppose ZiSP. Then R^SP. 

Proof. By Theorem 3 every nonzero ideal of P has nonzero intersection with Z. 
Let B be any ideal of P maximal with respect to Pnz=0; thus P must be 0. There¬ 
fore RjB-R^SP by Theorem 1, which applies since o-=^‘is a commutative, asso¬ 
ciative subring of” is an H-relation. 

Clearly this result is valid in the category of 13-rings (in [7] the definition of 
centrally admissible ring and Theorem 3 are stated for 13-rings). Let B denote the 
Brown-McCoy radical, thatis, P(P) is the intersection of the maximal ideals of P. 

Theorem 5 [7, Theorem 3.4]. Jfa nonassociative ring R with identity is prime with 
R-stable central polynomial and P(P[A])=0, then R is centrally admissible. 

Corollary 6. Let P be a radical hereditary to associative, commutative subrings. 
If a nonassociative ring R with identity is prime with R-stable central polvnomial 
BiR[X])=OandZ^SP,thenR^SP. 

Proof, This is immediate from Theorems 4 and 5. 

3. Subrings containing right Meals. In this section we restrict our attention to 
the class of associative rings and to W-radicals in this universal class. We require 
three theorems proved by other authors, and we state them here for convenience. 

Theorem 7 [1, Theorem 1.1]. Let Sbea ring with identity \,Aa right ideal of S 
such that SA=S and R a subring of S containing A. Then there exists a positive integer 
n and an idempotent e6P„ such that S^eR„e, where P„ denotes the nXn matrix ring 
over R. 

Theorem 8 [2, Theorem 1.9]. If N is a normal radical property and e=e^ is an 
idempotent in R, then N{eRe)^eNiR)e=N{R)f]eRe. 

Theorem 9 [4, Theorem 6]. IfP is a radical class which is right or left hereditary 
and right or left strong, then P{Ri,)-P{R\for each ring R and each positive integer n. 

We can now prove: 

Theorem 10. Let S be an associative ring with identity l,Aa right ideal of S such 
that SA=S and R a subring, containing 1, of S. Suppose RdA. Let P be an H-radical 
Then R is P-radical iff S is P-radical, and R is P-semisimple iff S is P-semisimple. 
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Proof. Since i? d .4, by Theorem 7 there exists an integer n> 1 and an idempotent 
e^R„ such that By Theorem 8, since every iV-radical is normal, P(5)= 

=P(eR„e)=eF(R,)e=P{R„)mne=P{R,i}f\S. By Theorem 9 this equals P(R)„f]S. 
Suppose R^P. Then by Theorem 9, R„^P and so P{S)=R„r\P=S. 

Next suppose S^P. Then P{S)=PiR)„f]S=ePiR)„e=eR,e. Hence PiR)=R 
and so R^P. 

Suppose now that P{S)=0. Then P{S)-P(RX(]S=eP{R\e~Q. In particular, 
since .S', P(ii)=0. 

Finally, suppose P(R)~0. Then PiS)=P(R)„r\S~0. This completes the proof. 

A right ideal i of 5" is called semimaximal if ^ is a finite intersection of maximal 
right ideals of S. If i is a semimaximal right ideal of S, then there exists a right ideal 
A'^A such that SA'=S and I(A')=I(A) where 1(A) is the idealizer of A in S, by 
[6, Proposition 1.7]. Hence we have the 

Corollary 11 Let S be an associative ring with identity and A a semimaximal 
right ideal with idealizer 1(A). Let P be an N-radical Then S is P^radical iff 1(A) 
is P-radical, and S is P-semisimple iff 1(A) is P'^semisimple. 

Clearly this corollary can be extended to the situation in which we form a sequence 
of” subrings each of which is the idealizer of a semimaximal 
right ideal of its"predecessor, as in [6, page 60] where any ring occurring in such 
a sequence is called an iterated idealizer obtained from S. 
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SEMISIMPLE AND TORSIONFREE CLASSES 

By 

L, C. A. van LEEUWEN (Groningen) and R. WIEGANDT (Budapest) 


1. Prelimmaries 

The present note can be considered as a continuation of the paper [4]. It is the 
purpose of this paper to investigate the interrelations among properties satisfied by 
semisimple and torsionfree classes. By doing so, we shall obtain numerous charac¬ 
terizations ofsemisiple classes and torsionfree classes. Thus, for instance, semisimple 
classes are characterized by conditions (A*), (bj), (c) and (5) or by (A*), (b*) and 
(E), or by (B*), (G) and (g); further, a class is a torsionfree class if and only if it satis¬ 
fies conditions (b*), (E) and (L). Dualizing some of our results also radical classes 
will be characterized. 

In what follows we shall work in a universal class A of rings (that is, A is a non¬ 
empty hereditary and homomorphically closed class). A subclass C of A will be always 
supposed to be an abstract class (that is, closed under isomorphisms and containing 
the one-element ring 0). A ring will always mean a not necessarily associative ring. 
All results are valid also for multioperator groups (so e.g. for near-rings), but for the 
sake of simplicity we shall speak only of rings. 

As far as associative and alternative rings are concerned, there the semisimple 
classes are exactly the torsionfree classes, and much stronger results can be obtained 
(cf.[l],[3L[6]andI7]). 

Semisimple classes and torsionfree classes were treated recently in [2], [4] and 
[5]. For the fundamental definitions and properties of radical and semisimple classes 
we refer to [8], though we shall recall some definitions used in this paper. 

We define the usual upper radical operator f and semisimple operator ^ acting 
on classes C as follows: 

%C-{Aik\ A has no nonzero homomorphic image in C}, 

^'’0={iC A:/(has no nonzero ideal in C}. 

As is welHcnown, if the class C is a regular class (that is, it satisfies condition 
(A*)), thenfC is a radical class and if C is a radical class, then SAC is a semisimple 
class. Moreover, let us remark that the class f C is always homomorphically closed 
and if C is homomorphically closed, then^^C is closed under subdirect sums in the 
following sense; if A is a subdirect sum ofyC-rings, then Ai9^C, 

Also, let us associate to any subclass Cg A and to any ring A6A the ideals 

c(4) = 2(4<A:;,ec) 

tt 

and 

(jS}C=C\a.<A.mr:i- 

« , 

We shall adopt the following conditions using the numbering from [4] each of 
them satisfied by semisimple classes. 
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(A*) C is a regular class, that is, if A^C, then every nonzero ideal of A has a 
nonzero homomorphic image in C. 

(B*) If every nonzero ideal of a ring A has a nonzero homomorphic image in the 
class C, then also A^C 

(b’*') C is closed under subdirect sums (in the sense as indicated above), equiva¬ 
lently AI{A)C£C for every A^A. 

(b|) C has the coinductive property, that is, if Jig,.. 22,., is a descending 
chain of ideals of a ring A such that each Ajl^^C, then also AjCiln^C, 

(c) C is closed under extensions, that is, if I<A^A, liC and Ajl^C, then also 
AeC. 

(e^^) ((^)C)C=(a()C for every ring Ai6A(or equivalently: (A)C0lC). 

(2*) f C(A)=(A)C for every ring A 6 A, 

(4) ((A)C)C<ii for every ring A. 

We shall frequently refer to the following conditions satisfied by seniisimple 
classes. 

(D) If (i)C=0, then (A)m=0 (that is, AmC). 

(E) IfAmQ then (i)C=0 (that is, {A)mc^0 implies (A)C=0). 

A reformulation of (B*) and (A'"^), respectively, is 

(F) If(i)m=0,thenA£C 

(G) If i^C, then (A)5^4'^C=0. 

Further properties of semisimple classes are 

(ci) for any ring A and for any ideal A of A which is minimal with respect 
to Aim. 

(f) If A/56C and A/CCC, then also Appl C)EC. 

(5) If B<A and B is minimal with respect to AjB^C and and C is minimal 

with respect to Bim, then C<A. 


2. Seniisimple classes 

Let us recall that a subclass S of A is called a smisimpk dm if and onlv if S 
satisfies conditions (A*) and (B*). 

Theorem l.Fora subclass S of A the following conditions are equivaknu 

I S is a semisimpk class. 

II S satisfies conhions (A*), {h*),{c) and (4). 

III S satisfies conditions (A*), {h*)Md(p^), 

IV. S satisfies conditions (A*), (bj) and (ef). 

Proof. I^II is the assertion of [4] Theorem 10 and Is=^ni is Mlitz’ Theorem 4,2 

. Gsing (bj) and Zorn’s lemma, it is clear that every ring A has an ideal K 
which IS minimal with respect to the property Ajm. Moreover, by (ef) also Km 
holds. Let I be any ideal of A such that A/leS. Then 

Kimi)-^{K+1)I1<AII^S 

Wfe Applying (A‘) it Mows that KKmi) has a nomero homomorphic image 
B m S, provided that KI{KOl)-^0. This is, however, impossible, for B is also a homo¬ 


morphic image of Km. Thus ^=in/holds implying J-/. Hence K\$ the unique 
ideal which is minimal with respect to A/f€S and consequently K=(A)S holds. 
1=(A)S implies immediately the validity of (b'-*^) and (e"^’)' 

IWIV. The validity of (bj) follows from (b*). Using (b*) it follows that i(:=(A)S 
is the unique ideal which is minimal with respect to the property AfK^S. Since the 
class S is a semisimple class (cf. [4] Theorem 10), in view of [4] Proposition 7 or [5] 
Theorem 1 the class S satisfies condition (2*). Thus K=(A)S=fS(A)m holds 
establishing (e*), Q.e.d, 

^ Next, we are going to prove interrelations among conditions occurring in charac¬ 
terizations of seinisimple classes. 

Proposition IA class C satisfies condition (b^) if and only ifC satisfies (ht) 
ami (f). 

Proof. The necessity is trivial. 

Assume that the class C satisfies (b|)) and (f) and let us consider a subdirect sum 
A= 2 (^«‘ belonging to A. Then there exist ideals L aiA, of A such that 

0!l;A 

A^Aim and f] 4=0. Using (bo) and Zorn’s lemma, A contains an ideal K 

such Hint AjKfiC and K is minimal with respect to this property. Let us consider an 
ideal L of A such that Ajm. Applying (f) we get Ajmmc. Hence the choice of 
K implies KfX, and so also KQ f) 4=0 holds. Thus AfC follows and (b*) is ful- 

filled. Q.e.d. 

Proposition 2. In a class C the validity of (5) andih*) imply that of {4). 

Proof. By (bQ the ideal B=(A)C is the unique minimal ideal of A such that 
A/yieC. By the same reason C=(B)C is the unique minimal ideal of B such that 
JJ/C6C. Hence (5) yields 

((A)C)C=:(P)C = C<A 
which means the validity of (4). Q.e.d. 

Proposition 3. (b*) and (4) imply (5). 

Proof. By (b*) the ideal B={A)C is the unique one which is minimal with resp¬ 
ect to A/B^C, and the corresponding assertion applies for C~{B)C<B. Hence using 
(4) we get 

C = (B)C = ((A)C)C<A 
proving the validity of (5). Q.e.d. 

Proposition 4. If a class C satisfies conditions (A*), (bj), (c) and (5), then also 
{h*) is satisfied, 

^ Proof. Using Zorn’s lemma and (bj) in any ring A there exists an ideal B which is 
minimal with respect to AjB^C. Similarly there is an ideal U of B being minimal 
with respect to P/C6C, By (5) we have Co A and so the isomorphism 
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and (c) yields that AjC^Q. Hence C follows. Thus 5=C and B has no nonzero 
homomorphic image in C and so (B)C~B is valid. 

Let D denote any ideal of A such that AjD^C. Since 

BI{Br\D)^{BA-D)lD<AID^C, 

condition (A*) implies that BI{Bf]D) has a nonzero homomorphic image K in C, 
provided that 5/(501)) 5 ^ 0 .1 is, however, also a homomorphic image of 5, hence 
5:=0 implying 5/(5ni))=0. Thus B^D and also 5g(i)Cg5hoId. Hence it follows 
AI{A)C=AIBiC proving the validity of (b*). Q.e.d. 

Theorem 2. The following conditions are characterizing the semisimpie classes: 
Y.S satisfies {A%iht)Mif)and{4). 

VI. S satisfies (A*), (bj), (c) and (5), 

Proof. The equivalence V^I follows from Proposition 1.11=^VI is a conse¬ 
quence of Propositions 1 and 3, meanwhile VI=>II follows from Propositions 4 and 
2.Q.e.d. 

Proposition 5. For any subclass C of A, any A^A and any I<A the inclusion 

(A//)C3((A)C+/)// 

holds. Moreover, ifig (j)C, then equality holds, that is {A)C/I~ (A//)C. 

Proof.. Let aU, be the ideals of A such that AjL^iQ. We have 

((4C+;)//=((n 4)+/)//g n (4+/)//= 

= n((4+/)V)£ n(4V:-fSi/.)=owc, 

since (A//)/(i//)6Cholds if and only if A/i6C {IgL). If now Ig{A)C, that is, ICL 
ho ds tor all aH then in the above proof instead of inclusion obviously equality 
holds and we get (A)C//=(A//)C. ^ ^ ^ 

Corollary. For any two subclasses C, D of A the inclusion 

(AI{A)B)Cg{{A)C+{A)J))liA)I) 

holds, Moreover, if CQJ),thQn 

(A/(A)D)C = (A)C/(A)D 

(tnd, in particular, {AI{A)C)C~0 hold. 

(i) AI(A)Ci^‘^C for every ring A^A, 

&)^C(A)g(A)C foreveryringAFA. 

haveSiclrT,Il!‘h“f5 we 
have (A/(AJCJC~0, an application of (D) yields AI{A)C^&’m Thus © holds. 
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AMme thyalidityof ® Then.</(i)Chasnonon^ Let K^-0 

foliiwf “f Otumc. Since the clas.t «C is homomorphically closed, it 

[k+(a) c)!iA) c Ki{Kr]{A) cjetc. 

iri'affSiSjaa- -» 

Propo.sition 7. Condition (D) is equivalent to (A*^). 

Proof. Let us consider a class C satisfying (D) and a ring A^C. Now (A)C=0 
holds, and so (1^) implies Aije/'tC. Hence A has no nonzero ideal m%C, thatis every 
nonzero ideal of A has a nonzero homomorphic image in C. ^ 

so we^gr“ T*'™ CS«C holds and 

K(A)£(A)MCg(A)C = 0. 

Hence A^St^'W holds proving (D). Q.e.d. 

cte/c0) in my 

“I* ."r ^A)C=0. Now by (2*) we get«CM)= 

-MC.=0 and so A has no nonzero«C-i(leal. Thus Ainc holds and (Dllssa is- 

fled. Hence by Proposition 7 also (A*) is fulfilled. 

f (2*) we have 

(zl)C“^//C(/()eW for every ring A, and so (e*) holds. 

(2 V(4) follows from (e*)=^(4). Q.e.d. 

Proposition 9. A subclass C satisfies (2Q if and only if C satisfies (A*) and (e*). 

Proof. The necessity follows from Proposition 8. 

arZZlTrl' 'f of 6 (« and 7 we have 

£f C(l) hoMs%'eT ™ “““ 

VII. S satisfies (2*) and (b*). 

VIII. S^n/i:y^M(D),(b*)G«/(e'‘). 

IX. S satisfies {D),{h%(p) and (4). 

Proof, The equivalence VII was shown in [4] Theorem 11. The other asser- 
bons^are immediate consequences of Theorem 1,11 and III and of Proposition 7. 

Proposition 10. In any class C condition (2Q or (e) implies 
&mg^iiC{Al 

md hence also the validity of {E) follows. 
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Proof. The implication (2*)^(i) is trivial. The validity of (e*) means {A)C0C. 
partillar, thentC(i)=0, so (i)C=0 holds and {E)is established. 

Q.e.d. 

Proposition 11. /« any class C the following equimlence holds: {2*)<w{A*) and (E). 

Proof The necessity follows from Propositions 8 and 10. 

Assume (A") and (E). Since by (A*) the class is a radical class and hence by 
(cl the ring Aj‘^C(A) has no nonzero ideal m.K, that is, Applying 

El we get UWC(A))C=0, and so in view of the Corollary of Proposition 5 we have 
(ic^fC(i). By Propositions 6 and 7 (A*) is equivalent to ^C{A)g[A)C for all 
AiL Hence (i)C=^C(^) is valid proving (2*). Q.e.d. 

Theorem 3. VII and Proposition 11 yield immediately 
Theorem 4. A subclass S ofk is a semisimple class if and only if 

X. S satisfies and {E), 

Characterization X sharpens Mlitz’ Theorem 4.2 in [5] inasmuch as (e*) implies 
(E) by Proposition 10. 

Proposition 12, Condition (F) is equivalent to 

(i) AI{A)MCiCfor every ring AiL 

Proof. (F)^(i) is trivial in view of the Corollary of Proposition 5. 

Proposition 13. Condition (E) is equivalent to 
{i) (A)CgiA)^^C for every ring A^A, 
and condition (D) is equivalent to 

(ii) {A)y^/C g (A)C for every ring A6 A. 

Proof Assume the validity of (E). By the Corollary of Proposition 5 we have 
(AI{A)mC)mC=Q andso (E) yields (A/(X)«)C=0, and hence the Corollary 
of Proposition 5 implies (i)C£(i)WC. 

(i)=^{E) is trivial. 

The proof of the second equivalence is similar. Q.e.d. 

Proposition 14. The following implication holds: (B*)=>'(E). 

Proof. Trivially (B‘Q means that and by Proposition 13 (i) (B^) im- 

plics (E). ^ ■ X A r< 

Let us remark that (E) does not imply (B*), since (A)C=0 does not imply AiL 

in 


Theorem 5. A further characterization of a semisimple class S is the following: 
XI. S satisfies {iy) and {¥), 

The statement follows from Proposition 7. Q.e.d. 


3. Torsionfree classes 

(1) (/)C g (^)C for every ideal 1 of any ring ^ f A, 

(L) If (A)C=0, then (/)C=0 for every ideal 1 of any A€A. 

Proposition 15. Conditions {&*) and{b*) imply (L). 

Proposition 16. Cmlition iVVnwlies 
(i)(/)Cg/n(/l)C ^ 

for any ideal I of any ring A^A, moreover, (i) implies (L).' 

Proposition 17. Condition (L) implies (A*). 

nitio!T/?C-7 Bif ^ has no nonzero homomorphic image in C. then by defi¬ 

nition (/)€--/. But AiC gives (A)C=0, so (L) implies /=(/)C=0. Hence every 
nonzero ideal of A has a nonzero homomorphic image in C and (A*) holds. Q.e.d. 

» 

^^=0 holds and by (L) also 
ftopl^tionb Q.a '' statementfollois from 

Proposition 19. Conditions (h*) and (L) imply (H) Thus for anv suhrlm^ c 

misfyinmconmm(.nmd(L)me,ui:aknt ’ ^ 

PiioOF, By (b*) we lmwJ/(A)C(C. Hence in yiew of the Corollary of Proposition 
5 we have (.</U)C)C=0 and so (L) and (b*) imply 

//(/n(d)C)^(/+(i)C)/(d)C6C 

for any ideal/of d. Hence we get (/)Cg/na)C that is, (;)CC(4c 

The second assertion follows from Proposition 16. Q.e.d. 

A hereditaiy semisimple class is called a torsionfree classic!. [2] and 141). Hence 
a class F is a torsionfree class if and only ?/F satisfies conditions (a*) and (B*). 

In view of Propositions 7,12,17,18 and 19 we get immediately the following 

^^bfduiing condition (A*) and (D), respectively, by either (a*), or 
(i 1 or ^in the eight characterizations I-VI mdX-Xl, one gets characterizations 
oj torsionfree classes. 

Let us remark that by Propositions 7,9 and 12 the addition of (a*) (or (1*) or 
(p, respectively), to VII-IX will not yield other characterization of torsionfree 
classes than those listed in Theorem 6. 
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4. Remarks concerning radical classes 

In the context of characterizing semisiraple classes, it is worth mentioning that 
the dual conditions of III, IV and X give new characterizations of radical classes by 
relatively weak conditions. . j-,- 

First of all, let us observe that the categorically dual condition to (e*) is condition 
(e) RU/I(X))=0 for every (or equivalently; i/R(X)6^R). ^ 

Usually fadical classes are defined as classes R satisfying the following three 
conditions: (e) and 

(a) R is homomorphically closed. 

In characterizing radical classes we shall make use of the following conditions. 
(A) If X^R, then every nonzero homomorphic image of A has a nonzero 

idealinR. , . i • 

(bo) R has the inductive property, that is, if 4 i ...£/« i... is an ascending chain 
of R-ideals of a ring A, then also IJ /((€ R holds. 

(e,) AIK^^t holds for any ring Aik and for any maximal R-ideal K of A. 
Obviously, conditions (A), (a), (b), (bo) and (e^) are dual to those written with 
asterisk. 

Theorem 7, The following four conditions are equivalent for a subclass R of A; 

I. R is a radical class, 

II. R satisfies conditions (A), (b) and (e). 

III. R satisfies conditions (k), (bo) and (ei). 

IV. R satisfies conditions (a), (bo) and (ci). 

Proof. The implications I=^II and II=>-in are trivial. 

III=^IV. Assume that the class R is not homomorphically closed. Then there is a 
ring ^eR having a factor ring A//(JR. By (A) the ring A//has a nonzero ideal in R. 
Hence by (bo) and by Zorn’s lemma there exists a maximal R-ideal Kjl of Ajl Using 
(ei)weget 

On the other hand by (A) the ring AjK, as a homomorphic image of A, has a nonzero 
ideal in R and consequently holds. This contradiction proves that R is a 

homomorphically closed. 

IV=^I: By (bo) and by Zorn’s lemma any ring A has a maximal R-ideal K, Let I 
be any R-ideal of A. Using (a) we have (X+/)/Xs//(i:n/)eR. Since by (e^ {K’\-I)IK< 
aAlK^^^R holds, it follows (iC-!-/)/X=0. Hence IQK for every R-ideal / of A. 
Consequently R(i)=is: is valid implying the validity of (b) and (e). Q.e.d. 

Theorem 8. A subclass R ofk is a radical class if and only if R satisfies conditions 
{A),(^and 

{M){fA£%&’R,then'R{A)=A. 

Proof. Evidently the above conditions are necessary. 

For the sufficiency let us remind that (A) implies R (cf. [4] Proposition 1). 
Furthermore, (E) and (b) yield readily f.^’RSR. Hence R=f ^^R holds. 
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We claim that the class satisfies (A*). Let be an ideal of a ring A^^R, 
If 7 has no nonzero homomorphic image in^R, then we have /e^.^R=R. This is, 
however, impossible, so (A*) holds. Thus the class R=WR is a radical class. 

Acknowledgement, The authors are indebted to R. Mlitz for his criticism and 
valuable remarks. 
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yGTOflMBOCTi KBAflPATYPHblX $OPMyjl PAyCCA- 
BKOBH H HEyCTOflqHBOCTb CXOflHMOCTH B 
CPEflHEM HHTEPnOMqHOHHOrO OPOIIECCA 
JIAFPAHSCA nPH PACBIHPEHHH MATPHIJbl YBJIOB 
HHTEPnOJIHPOBAHHB 

Ji,. JI. EEPMAH (JleHHi-irpafl) 


1. Ha npaKTHKC npH pemcHHH pasjiHHiiwx saflan CBfflaHHwx c MHiepnoMpHeii 
HJiH c MexaHHHCCKHMH KBaflpaTypaMH Morfla npHxoAHTca ic HasecTHbiM yajian 
AoSaBJim b icanecTBe yajioB aaflaHHBie ^HKCHpOBaHnwe tohkh. Ha nepBBm 
Mosei noKasaxBM, bto ot laicoro paciuHpeHM MaxpHiibi ysjioB yjiyMniaexca 
cxoflHMOcxi. npoiiecca. OfluaKo axo M 02 <ex Gbixb h hc xax, npocxoxbi pac- 
CMOXpHM CHCXeMy ySJIOB 


= = cos 


2(a-fe)+l 


Koxopaa nojiyiaexcH hs CHcxeMw ysjioB 11, JI. HeGLimeBa 
or, _ 1 

(2) 4"^ = cos-^;r, /c = l,n=:i,2,... 


J^o6aBI[eHIteM b KaaeciBe ysjiOB tobck x=±l. B [1] 6bijio flOKasaiio, bxo HHxep- 
nojwpHOHHbiii npoE[ecc 3pMHTa~<I>eHepa, nocxpoeHHtiM npn Maxpupe yanoB (1) 
ABB (|)yHKpHH/(4=l:>c|, pacxoAHxcsi npH a:=0, 3xox peayjibxax HeoraflaHHLiH, 
h6o corjiacHo KjiaccHxecKOMy pesyjibxaxy JI. Oeiiepa [2] npoBecc SpMHxa— 
^eiiepa, nocxpocHHbii pa JiioSoii nenpepbiBHOH b [-1,1] ^yHicpHH npn ysjiax 
HeSbiuieBa (2), paBHOMepHO cxopxca k axoS ^yHpHH b [-1,1]. Hosace Gbijio 
PKasano [3], hto npH fix)=x^ h yajiax (1) npopecc 3pMm—^eiiepa pacxo- 
AHxcfl Bciop B (-1,1). B cHjiy yKaaaHHbix oxpHpaxejibHbix peayjibxaxoB bobhh- 
Kaiox cJicBiyioiUHe Bonpocbi. 

1) %o npoHcxopT c KBapaxypHHMH f opMyjiaMH xmia Taycca—H ko6h npH 
pacuiHpeHHH MaxpHpbi ysjiOB HHxepnoMpoBaHM h coxpaHCHHH Beca? 

2) CoxpaMexM jih HSBecxHajt xeopeMa 3ppma—Typana—flioxaxa [4], [5] 
npH pacLUHpeHHH Maxpmiibi ysjioB HHxepnojiHposaHM h coxpaHeHHH Beca? 

3) CxoAHXcji JIH HHxepnoJiBUHOHHo-KBaflpaxypHbiH npopecc, nocxpoeirebm pa 
Jiio6oli (|)yHKUHH HenpepbiBHOH b [-1,1] npH pacmapepoH cHcxcMe ysjioB (1)? 
B Hacxonmeil pa6oTe pioTca OTBexM Ha nocxaBJieHHwe Bonpocbi. 

2. IlycTb aaaaHW xobkh o6o3HaHHM 

(jiyHPMeHxaPHbie noPHOMH Jlarparaca cxeneiH (n-l), nocxpoeHHwe pa axnx 
xoneic. ByACM roBopiiTb, bxo KBa/ipaxypHaa ^opwyjia [6] 

1 „ 1 
(3) fmp(x)ix«ZAl">f(x‘A 4"’= Jip{x)p(x)dx. 



6 * 
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;i;. ji. BEPMAH 


Tima raycca~;iK 06 H, em m {4%i ™H)Tca KopMMH opxoroHajiBHoro 
noMHOMa ciencHH n aeca p{x). 

TeopeMa 1. Uycmh - Kopm opmozonammo no/imoMaeeca p[x) 

u — npomsomm mourn us [-1,1], om/iimbie om moneR Tozda 

Keadpmypnan ^opuyna raycca-Mo6u no ysMM {h}Ui ^ eecoM pix) mnadaem 
c madpamypmu ^opMymu no ysmu c meu m eecoM p{x). 

3to cbohctbo icBaflpaxypHbix (|)opMyji Faycca—^ ico6h ecxecxBeHHO HaaBiBaxt 
CBOHCTBOM yCTOHHHBOCTH HpH paCHIHpeHHH CHCTCMBI ySJIOB. AOKasaXejIbCXBa 

xeopeMM 1 Hyma cnejiyiomaB ^ 

Teopena 2. JJah mozo umo6bi ^opjayjia (3) 6bm ^opmyAou muna Faycca 
HkoBu neodxodiiMO u docmamomo, umo6bi ebmoAimucb pasencmea 

jA(x)pix)dx^i fh(x)p(x)dx. OSiSB. litsn. 

-3. "I 

floKasaxejiBCXBO xeopeMH 1. OyHflaMeHTaJii,Hbie homhombi Jlarpanaca 
l(x) paciuHpeHHOH CHCTCMBI ysjiOB saflaioxcit o^Hoii h 3 cjieflyio^HX flsyx (l)op- 
Myji: 

HJIH 

l(x) = 

i=l 

r^e g{x)} - (fiyHAaMeHxajiBHbie nojiHHOMbi JIarpaH)Ka cxeneiiH n-l, coox- 
BexcTByioinHe yBJiaM {xj}"-!, a4{A:) —^lyiwaMeHxajibBiBie nojinHOMBi JlarpaHaca 
cxeneHH n-l, cooxBexcxByioiUHe ysjiaM HoaxoMy Koa^mpieHXBi 

pacniHpeHHOH KBaflpaxypHOH ^opMyjibi cooxBexcByioiBiHe yajiaM paBHBi 

HyjiK), h5o 

1 ^ 

= —n I 

-1 

nocKOJiBicy L,(x) — MHoroMJien cxeneHH n-1. Ms (4) cjieAyex, axo K 03 $$HAHeHT 
J[ paClUHpeHHOH KBaAP^-TypHOH (j)0pMyjIM, COOTBexCTByiOIAHIt ysjiy Xj paBBH 

no3TOMycorjiacHoxeopeMe2 i, =Ai, rAe^,-/-Tbii[K03(M)HAHeHXKBaApaxypH0M 

iopMyjJbi (3) no ysMM Hthk, KBaApaxypnaa (j)opM.yjia (3) no yanaM 
{xJ-Li coBnaAaex c KBaApaxypnoii (^opwyAOH (3) no yajiaM 9Jl. 

3. TeopeMa 3. Jlyc/m x)} - uiimepnoAmuoHHbi& nponecc JIazpmoica, 
nocmpoemibiiinpupacuiupennoti cucmoMeysAoo (1) Me6bme8a. Cyuiecmeyiom mOKue 
jienpepbieime (^ymuuu d/in mmopbix 

^ ^Ix 
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9xy xeopeMy cjieAyex cpaBHHXt. c xeopeMOH SpAeuia-TypaHa-—Illoxaia 

(4) , [5] coraacHO icoxopoH am jiioSoh 

1 

Ikn fp(x)lf(x)-L„(f,x)]^dx = 0. 

3AecB L„(f>x) — MHxepnojiHAHOHHLiH MHoroHJieH JIarpaHHca cxeneHH «-l, 
nocTpoeHHBia no KopHHM opxoroiiajiLHoro noMHOMa cxeneHH n Beca p(x). 

floKaaaxejibcxBo xeopeMbi 3. Hojio )khm ||/-g||= f {f-gfpdx\ . 
ToxAa ^-*1 ’ 

(5) l|I.(/)-i.(/)ll-ll/-i.(/)ll a U-lm a ll£,(/)-i,C/')ll+ll/-4(/)ll, 

XAe L„{f) — nojiHHOM Jlarpanxca cxeneHH k- 1, nocxpoeHHBiH npH yanax (2). 
CoraacHO xeopeMC SpAema—Typana—Illoxaxa |1/-4(/)l|=o(l), n-*^. MoaxoMy 
HepaBeHcxBa (5) npHHHMaioT bha: 

(6) l|I.(/)-t.a)l|-»(i)s||/-A,(/)ll*l|£.(/)-4Cflll+»(i). 

PaAH npocToxbi 6yAeM caHxaxB, hto n ~ Mexuoe hhcjio h /(x) —HexexHaa (jiyiiKAra. 
ToxAa nexKO BMAeTt, hto 



(8) l/(i)-4(/, Dlfj-oii) S If-IM S im-LM i)|^i+o(i). 

” 2 

Msbccxho [7], Hxo npH ysjiax (2) 2 14"’(1)N— M «• HoaioMy cornacHo xeopeMe 

Banaxa—DIxeHHxayaa cymecTByiox xaKHe HexexHbie HenpepBiBiiBie ^yHKAHH aji» 
KOTOpBix iiiu 1)1=00. OxcioAa h H3 (8) cjicAyex xeopeMa 3. 

4, ByACM npoAccc MexaHHxecKHX KsaApaxyp 


jfix)dx^ 

4 fc=i 

1 

HaBBIBaXBHHXepnOJIHAHOHHO-KBaApaXypHBIM, eCAH A[”^= J (x) dx, XAe {l^‘\x)} 

■-1 

— ^yHAaMeHxaABHBie noAHiioMBi Jlarpanxca tohck 

TeopeMa 4. Upupacmupeiimu oucmtm ysAoo Heduuma (1) m K03(f^uifueH- 
mbi Al"^ UHmepnOAsiiptoHHo-KmdpamypHozo npoi^ecca, sa ucRAmemeM nepeozo u 
nocAebmzo, noAosicumeAbmie, A^"^ u Aji'h npu n>2 ompuifameAbmie. 
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JI, EEPMAH 


^oKasaiejibCTDO, MsBecTHO [8], aio npi ysjiax ^SbiiiieBa 


H ""i (2fc-l)7t 

4(cos0) = -[l+2 2 cos/'OiCos/'Sj, ^k=^~~2n~' 


rioaxoMy npH yaaax (1) 


“ n sin^ 


4=/(h2| 


cos4cosr0 sin®0J. IJpoflOJiraM (})yHKaHK) g{6)=sinH, 


0^0^71 Ha cerMeHT [-ti, 0] aeiHEiM o 6 pa 30 M^H npHMeraM ic 4 paBCHCiBO Hap- 
cesajiH, TorAa nocjie npociaix npeo6pa30BaHHH, noayanM, hto 


** = I “ 4s*- 


, ecjiH n - HeawHoe h m -^, cmh n - Heraoe. Ha (10) bm* 


^4,4±41+6fi 


IL15 7 ' U5 27) ' U5 63)' '4m' 


Ciajio Obitb, 4>0, ^=1,2, HoaioMy h 3 (9) cjieayeT, axo h 

-1,2,, n. )\m KpaHHHX bhccji /lf% A^i Jierico nojiyxHXB paBCHCTBa 


21 b + 1 n-U’ 


npH n xexHOM h 


4U+2 n»2)’ 


npH n HeaexHOM. Hxax, npH Bcex «>2, Hj''^<0. AHaJiorHaHE.iMH paccyamennaMH, 
noAyxHM Hxo HpH «>2, H3 xeopeMBi 4 h paseHCXB (11), (12) cjieAyex, 

HTO npH n>2 BBinoiHsexca HepaBenciBO 


«<=i 

n+l 

h 6 o 2 4"^=2. IIosxoMy HMcex Mccxo 

Teopena 5. HjmepnoMiiuomo-KeadpamypHbM npoijecc, nocmpoemmu npupac- 
luupeimoii Mampme ysAoe ’VeSumeea (1), cxodumcn kn m6ou HenpepbiewU ^yuic- 

IfUU. 
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CONCERNING BRICKS 

By 

B. BOSBACH (Kassel) 


0. In [5] the Structure of bricks is exposed and it is shown that every brick 
,f=(^, 0) arises from some /-group cone by defining on some [1, c] 

a*h ;= b:a:=lUba~h 

Additionally it turned out in [5] that every /-group cone can be extended in a canon¬ 
ical manner to a brick by adjunction of complements. 

Hence the theory of bricks proves to be closely related with the theory of /-groups 
since given a cone ‘i’, f can be extended to an /-group by adjunction of inverses 
whereas can be extended to a brick by adjunction of complements such that in 
both cases there are a lot of structure invariants (cf. [4]). , 

_ Let us consider now a boolean algebra § and let us regard =>■ as f. Then J 
satisfies all equations of a symmetric brick (i.e. a brick with a ^b=b:a) with respect 
to=>and 0 and it was shown in [4] that a boolean algebra considered as implication 
algebra (cf. [1]) is nothing else but a general brick which satisfies a^{b*c)={a*b)* 

Therefore contributions to the theory of bricks are contributions to the theory of 
/"groups as well as to the theory of boolean algebras and above all theorems of 
/-group theory have a brick version which concerns boolean algebras, too, and theo¬ 
rems of boolean algebra may have a brick version which concerns the theory of 
/-groups. Especially it may kppen that similar theorems of both theories have a 
unifying brick version. In spite of this, in general it will not be sufficient to copy a well 
known result although there are propositions of this type. 

The aim of this paper is therefore to show by some selected theorems how brick 
theory works. Fortliis reason we restrict ourselves to symmetric bricks which, for the 
sake of convenience, we shall call bricks throughout this paper. 

We start by describing bricks as boolean like structures called complemented 
semigroups here. It will turn out that these semigroups are complementary, too, 
and hence the theory of bricks can be regarded as a theory of special complementary 
semigroups. 

In the next section some representation theorems are stated which in the boolean 
case provide Stone’s celebrated characterizations of boolean algebras as boolean rings 
and boolean spaces, respectively. 

Complete bricks are investigated in Section 3. Starting from [4] we can give some 
structure theorems concerning cubes of type where S := [0,1] gR with respect to 
0*6 max (0, b-d). Finally we then investigate the subbricks of i which we shall 
call cubes. Cubes will be characterized in Section 4 by means of ideal theory, of topo- 
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logy and of measure functions sucli that we obtain classical results concerning 

/-groups and boolean algebras, respectively. . . 

As a final remark we want to emphasize that the origin of this paper lies m the 
author’s work about divisibility and residuation. Nevertheless, a second approach 
should be mentioned here. This approach goes back to Iseki’s work concerning BCK- 
algebras For given a bounded BCK-algebra this § turns out to be a brick (cf. 
[23 16]) In spite of this we would like to suggest the short denotion BRICK since 
it reflects the special situation given in the ¥ where the carrier of a brick forms 
a “brick” and since according to a funny observation due to A. Day every BRICK- 

algebraisalsoaB(RI)CK-algebra. i• .u 

About the main results of this note the author gave several lectures during the 
period from 1977 to 1979, among others at the mathematical institutes of the 
T U Munich, the Hungarian Academy of Sciences, the T. U. Vienna and at the 
Obeiwolfach conferences on semigroup theory and universal algebra. 
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Proof. (CSl) follows by a ob=(b *{a *0)) *0=(fl *(/) #0)) *0=b oa and 
ao{boe) ~ ao((c^^(H0))i^0) = (flf((ci^(fe*0))*0)f0)^tf0 = (fl*(c*(6f0)))*0 = 
= (c*(H(fl*0)))*0 = eo(hofl), 

(CS2) follows from 

fl 0 fl'= (fl * ((fl f 0) *0)) f 0 == (fl f ((0 * a)) * 0 = (a * a) JC-O = 0. 

(CSS) follows from 

aoO = (0*(af0))*0 = (a5t:-(0f0))f 0 = 0. 

(CS4) follows from 

aol =(l*(uf0))*0 = (fli‘0)*0 = a. 

(CSS) follows from 


1. Axiomatic aspects 

The goal of this section is an investigation of some systems of equations which 

describe bricks from different points of view. _ 

(1.1) An algebra ^:=(R 0)is called a brick if it satisfies the axioms: 

(BSl) iam)*b=^b 

(BS2) aMb‘*c) = b^{a*c) 

(BS3) {(i$b)^b = {b*a)m 

(BSO) = 

since this definition implies {a*G)*0={0m)MMaM)m~a whence axiom 
(BRO) of [5] is satisfied. 

Thus a brick can be considered as an algebra of type (2,0) and it can be 
considered as a generalization of Abbot’s implication algebra [1]. From this point 
of view we are led to possibilities of consideration which arise from the facts that a 
brick carries a natural multiplication and complementation on the one hand, and a 
natural dualism on the other hand. Thus we can describe a brick as a semigroup with 
complements as well as a generalized boolean algebra which is done by the theorems 
below. 

(1.2) Let § he a brick. Define flo/):"(/)f(fl#0))*0 and a'l^a ^O, Then § 


satisfies 

(CSl) 

ao{boc) = bo(z!oc) 

(CS2) 

aoa' = 0 

(CS3) 

floO =0 

(CS4) 

ao0'~a 

(CS5) 

ao[aoh')' =-ho{aoa')'. 
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ao{ao by = a 0 [{{b' * {a * 0)) * 0) 0) = c o (a (N * 0)) = a o (a •* b) = 

= ((afh)*(fl*0))*0 = ((i)*a)*(N0))*0 = i)o(6oa0fi 
Now we show 

(1.3) Let *,',0) be an algebra of type (2,1,0) which satisfies the 
equations (CSl) through (CSS). Then S forms a symmetric brick under 0 and the opera¬ 
tion a ^b\={aoby. 

Proof. Obviously we have aob-boamd putting 0' =: 1 we obtain 0''=1 oT=0 
and hereby 

a" = 1 0 (1 0 aj = a 0 (a 0 1')' = a o (a o 0)' = a o 0' = n. 

This yields (BSl) by 

(a * a) * h = {{a o aJ o bj = (O' o bj = b" = b, 

(BS2)by 

n * (b * c) = (fl 0 (H c)')' = (a 0 ((h 0 c')')')'= 

= (a 0 (b 0 c'))' = (b 0 (a 0 c'))'= h * (fl * c), 

(BS3)by 

{a*b)*b = [{aobyo bj-[{boajoay ~{b*a)*a, 
and axiom (BSO) by 

Of fl = (0oa0' = 0' = (aofly = a*fl. 

Let us define now for the sake of typical denotion ' 

(1.4) By a complemented semigroup we mean an algebra (S, o,',0) which 
satisfies the axioms (CSl) through (CSS). 

Then we can state the main result of this section as follows: 

(1.5) Let §bea brick. Define a oh and a' as above. Then B forms a complemented 
semigroup under o and'. Let ^ be a complemented semigroup. Define f and 0 
as above. Then C forms a brick W{^) under 0 and *. Finally construct J('^(f)) and 

Then the equations ^=§{^{Fi))and^i='^[§{^'f) hold. 
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Proof. All we have to show is the validity of the claimed equations. 

(a) Let us start from a brick We denote the operations of by * and 

D. Then we obtain 

a'^b - (a ohy = {{b' * (a * 0)) * 0)' = ({{b * 0) f (a f 0)) * 0)' = 

= {b * 0) (a ^0) = a * {[b *0)-*0)-ci*b 
and ^—cioci'—{ci*^^‘b) —0. 

(b) Let us start now from a complemented semigroup We denote the opera¬ 
tions ofby 0 and+. Then we obtain 

noh = (&*-(fl*0))-*0 = (t)o(flo0yyf0 = ((fl*hy)' = floi^ 

As was^pobted ouUn [4], the theory of bricks is closely related to the theory 
of /-groups, since every brick can be canonically embedded into some /-group cone 
■md every /-group cone can be canonically embedded into some brick. 

‘ On the other hand, it turned out above that the operator' is involutorial which 
yields that the definitions b\=a ob and ahb'.-id oh')' make every brick a self¬ 
dual algebra (5, V, A, ')■ . i i i u i ■ i 

Thus a brick can be considered as a non-idempotent boolean algebra which, 

bv definition, satisfies the laws of de Morgan. , , . 

Hence for the sake of completeness it seems to be desirable to have a special 
name and a typical selfdual system of axioms for these structures, whence we suggest 
to call them dual bricks and to define them by the description : 

(1.6) Let A,0 be an algebra of type_(2,2,1). Then we cally? a dual 

brick if it satisfies the equations of a brick as well with respect to A and ' as with 
respect to V and' and if, in addition, de Morgan’s rules are satisfied. 

Obviously by our definition aAa' plays the role of the unit with respect to V 
and a^a' plays the role of the unit with respect to A since we obtain by de Morgan’s 
laws the eWion av(bm^ci7(ibAb')')'=civ(b'7br^u and the dual hereof. 

We finish this section by some remarks concerning complementary semigroups. 
First of all by (1.5) we have the result that every complemented semigroup is also 
a complementary semigroup. On the other hand we obtain a generalization of 
Glivenko’s theorem that the closed elements of a bounded brouwerian semilattice 

form a boolean lattice as is shown by 

(1.7) Let {S,‘>*)be an abelian complementary semigroup and let c be an arbitrary 

element ofS. Then the elements a,:^aform a symmetric brick under ■ 

Proof We have to show that the set of all a, is closed under and that this set 
satisfies But a,*bM(^u)*{bu)-:b{a*c)u, Hence 

all we have to show is the second equation which follows by 

(a, * h,) * h, = ((fl * c) #(6 *c)) *(h * c) = 

= ((fl «)# (((h f c) * c) ■* c)) *(((/> f c) * c) *c) = 

= (((h * c)^iJ c) * ((fl * c)* c)) 5i-(((h * c) * c) * c) = (he *<:*£)* 
since the last term function is symmetric in fl and h. 
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2. Concerning representations of bricks 


In this section we shall give two representation theorems for arbitrary bricks 
which in the classical case of boolean algebras coincide with Stone’s representation 
theorems and which are based on well known theorems due to Jalfard and Keimel. 

For convenience we shall call Pl-ring every commutative ring f with unit in 
which all finitely generated ideals are principal ideals. Moreover we shall call divi¬ 
sibility semigroup of ^ the semigroup § of principal ideals off. 

It follows as a first result; 

(2.1) In a Pl-integral domain each quotient ideal {a):{b) is a principal ideal 

Proof. {a,b)~{d) implies b\ax=>b\{a, b)x=>b\dx=^ibld)\x from which follows 

Next we obtain: 

(2.2) Let M be as above and let c be different from 0. Then the principal ideals 
of 0fl{c)=:Mfform a brick under 

(fl)(5) = (^)) and (a)'= (c):(d,c). 

Proof, (i) (a,c)^{t)=>t=ax-\-cy^l=dx==!^l\aha\l=^{d)={l). 

(ii) h|c implies 

h\dx=^by ~ dx^c\ax-by^cu-pby ^ax^b\ax=>b\dl 

Hence we obtain (5);(fl)=(h/d) whereby the divisibility semigroup 9^ of f ^ forms 
a complementary semigroup under • and:. Moreover we have nearly at once the 
formula (5, 5)=((fi):(5)):(5). Thus even forms a brick under • and'. 

Suppose now f to be a brick and assume ‘^(f) to be the /-group cone associa¬ 
ted with Then it is well known by a theorem due to Jaffard that 'g’(f) can be re¬ 
presented by some abelian /-group cone (cf. [17]). Applying the method of [12] we shall 
now construct a commutative ring whose divisibility semigroup is isomorphic to f. 

(2.3) Let § be a brick. Then there exists a Pl-ring f such that {B, •) is a subsemi- 
proup of (7?, •) and such that § is isomorphic to the dmsibiiity semigroup 9of M. 


Proof. We start from the sums s=ai+ai^...i-a„{a0) considered as elements 
of the group ring of )) over the two element field and define d(a) :=fli fl Ua H... 
.,. . Then according to [12] we obtain d{a)0)=d{4). 

We now have to construct a special Pl-ring. For this reason we consider the set 
7 of all elements of the form 




with ainfl 2 n..,nn„=l”hinh 2 n...ni,,, and a='.d{a). We call an s every element 
of this kind with d{e)~ 1. It follows that that this set is closed under multiplication 
and addition whence 7 forms an integral domain in which obviously {a&^={bsi) i& 
equivalent to a=b, Therefore cp : a -+•(«) is an isomorphism from {0} to the divisibility 
semigroup of / and moreover we may assume that J5 is a subset of 7. 
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We have to show now that /is a Pl-ring. But this follows easily since k^) - 
= {a, bMaHh)’ (a*b,b*a)={a fl b) (1) by construction. 

Now we can finish our proof by results obtained above. 

Consider where c is the element 0 of Then (p induces an isomorphism 
between the divisibility semi^oup of//(c) and For this follows by the facts 

(i) is a function 

(ii) ,(a)==(flnc)foralln6C(n 

since (aHe) has a generator of the form clic+yc which implies the existence of a 
generator of the form aicand hence the equation {a)~{cif]c^ as claimed above. 

(iii) (p is a homomorphism ^ _ 

since by (ii) we obtain {a){B)~{ab)-{c(]ah)"{cih), and 

(iv) (p is bijective 

since ax^b, by=a implies c\iax~b)mby~a) whence we obtain a\bhb\a in /and 
thereby a-b. 

As a special case of the last theorem we obtain 

(3.4) Let ^ be a boolean algebra and /«the ring amciated with § in the seme of 
(3.3). Then J considered as a lattice Is isomorphic to and % is isomorphic to the 
subring of idempotents of /o. Hence % carries cm addition which makes an 
idempotent ring and the addition of this ring coincides with ia'C\b)\J{b'f]a). 

Proof, All we have to show is that + can be expressed by the boolean operations 
as claimed above. But obviously we have for idempotent elements of /„ 

ua; = 0 x:(a+1) .V “> x is fl-h 1. 
mdaOb-a+ab+b from which follows 

fl+h = (flnh)+(fl Ub) = (flnb)(I +((b» a)U(fl * b))) = 

- (flnb)(i+(/nfl)U(fl'nb)) == (flnb){(fl'Ub)n(bajfl)) - (fl'Ub)n(y ua). 

Hence it is shown that we obtain the ring of Stone if we endow (B, •) with the addition 
induced by (i?, •, +). 

In the second part of this section we consider topological representations. In the 
classical case of boolean algebras a theorem due to M. H. Stone says that every boo¬ 
lean algebra is associated in a unique manner with a boolean space, i.e. a totally dis¬ 
connected compact Hausdorlf space. This space is constructed on the set of irreducible 
ideals of § and the way of construction is folklore today. Moreover, it is well known, 
too, that a long series of contributions to the theory of topological representation of 
algebraic structures in general and of partially ordered structures in special was ini¬ 
tiated by Stone’s papers [21] which led to an extended theory of sheaf representations 
of algebraic structures (cf. [18], [19]). Thus the situation is pleasant and there is 
nothing to do but to “copy” Keimel’s paper since it is easily seen that its results are 
consequences of much weaker conditions than those satisfied by an abelian /-group. 
Therefore we restrict ourselves here to a statement which can be taken from [18] 
and which we want to formulate here as follows: 

Study Sections 2 and 3 of [18]. Then it is dear that the following theorem holds: 
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(3.5) Let di be a brick. Then § is isomorphic to the brick of all sections of the 
sheaf /(J, Spec J) over Spec ^ (where the stalks of this sheaf are totally ordered 
bricks). 

Finally it is obvious that this representation coincides with Stone’s space if § 
is boolean since in that case the stalks are two-element algebras whence the sections 
can be identified with their (clopen) support. 


3. Complete bricks 

By [4,5.6] the embedding theorem of [5] and Iwasawa’s theorem it is well known 
that every complete brick is symmetric. Hence it is a fortiori sufficient to speak of a 
complete instead of a complete symmetric brick. 

Complete bricks were already considered by the author in a paper devoted to 
divisibility semigroups and it turned out that they have a pleasant arithmetic with 
respect to upper and lower bounds [6]. Hence we may restrict ourselves in this sec¬ 
tion to the question of representation of complete bricks. We start with a lemma: 

(3.1) Let § be a brick. Then the idempotents of B form a boolean subalgebra 
of § with respect to - , fl and\ 

Proof. Let a, b be idempotent. Then ab is equal to a\Jb whereby {abf= 
={a[)bf=a^\Jab[)ba[]¥~cib and we have next {af\bf=a^f]abf]baf]k= 
=aP\abf]ba(]b=ar\b. Let us consider now the complement of a. We obtain 

a'a' = (a' f a")' = (a' *• a)' = ((aHa') * a)' = 

= (((fl f flO * a') * a)' = ((fl' * fl') fl)' = a'. 

Obviously the last lemma is true even in arbitrary bricks. 

Our next theorem might partially be proven by a theorem of general character 
due to G. Birkhoff. In spite of this we want to give a complete proof here which is 
based on an equation which was stated in [6]. 

(3.2) Let ^ be a complete brick and assume that a^bhb^a is satisfied. Then one 
can construct a direct decompositionof § such that the components of a and b 
are pairwise comparable. 

Proof, Define 

U := {;c|(fl * b)f]x = 1}, V := {y|Vxe U: xfly = 1}. 

Then M:=Ux(xe 17) satisfies 

{a^b)*u~{a*b)*x~x~u (x^U) 

by the rules of arithmetic which were developed in [6], Hence {a^b)f\u is equal to 
1 which yields ui 17. In an analogous manner we obtain that (Jj^ [yi V) is element 
of F. Now we consider and v^. Here we obtain {a*b)r\u^=l from {a^b)[]u^^ 
^{ia*b)f]uy=l which means and in a similar manner we get v%V. Hence 
we have u=u^ and v=v\ Up till now we have shown that u and v are disjoint idem- 
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potents. On the other hand we have uv=0 since from 0)=wf0“M 

we have 1 / 01 /'=1 and thereby u'^v which yields uv^uu'=0, 

Now we are ready to construct an isomorphism between J and {U, *,u)X 
X(F, *, 2 /)by 

(p\ c-*{u\\c,vr\c). 

Obviously /p is a function. Moreover (p is injective in consequence of of the impli¬ 
cation ^ ^ 

uHc == ufldAanc = afl//=>c = (HniiPlcjcflO = 

= (Mnc)(nnc) = (wnrf)(an/i) = d. 

Next (p proves to be surjective since in the case of x^Ay^v we obtain 


jcyriu = (xUy)nw = (xn«)U(yni/) = 

and 

;x:yna=... = 

Hence it remains only to show (p{c)*(p{d)=(p{c*d) the proof of which is obtained 
subsequently by 

(i) (x*w)«^(//*y) = i/*y, since {x*u)^{u^-y)^u*{u*y) = u-*y; 

(ii) Mf(x*y) = ((jcf//)*«)*■ ((x*w)*(//*;)) = {{x^u)*-u)*(in^x)*{u*y))- 

= {u*x)^({ix*u)-$u)^{u^y)) = {u*x)^{u*y); 

(hi) x¥(yna) = (x#y)n(x*z), since (x*(ynz))*(((x*y)*(x;*z))*(x*a))= 
= ((x*y)*(^*z))*((x*(ynz))*(x^Kzj) = 

= ((};*A:)^^(y*z))*((ynz)iifx:)*(y*z) = 1; 

(iv) wn(ci£^) = ({u*c)^{u*d))*{c 0 d) = {{c*u)*ic*d))^{c'>^d) = 

~ {d^u)*{c*u) = (d* «)-*(((c *u) * u)u) = 

= ({cu)u){{du)u) -(uOc)* (cn d). 

We go on by 

. (3.3) Suppose ^ to be a brick. Then we denote by J (I) the boolean subalgebra 
of all idempotents of 

It follows as a first structure theorem 


(3.4) Let /f be a complete brick and let p be an atom Le. let there be no 
idempotents u with !<//</). Then the interml [l,p] is isomorphic to i or to some brick 
of type ...,n],*) ({with 

Proof. By the proof of (3.3) we know that there are idempotents u, v such that 
[I, p] considered as complete brick can be decomposed into direct factors if there are 
two uncomparable elements in [1,/^]. Hence each pair a, b is comparable which means 
that [l,p] is of type by a theorem due to Clifford [7] or of type , 

Obviously the complement of an atom of dS{I) is a hyperatom of J'(/) and our 
last theorem tells that the ideal generated by p' is maximal. On the other hand assume 
now that M is a maximal ideal of . Then ^/M is simple and hence isomorphic to 
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kome substructure of i. Hence the natural question arises whether every complete 
brick can be subdirectly or even directly be decomposed into components of well 
snown type like those above. Several results in this direction are given below in some 
representation theorems. 

First of all we obtain 

(3.5) Every complete briek has a subdirect decomposition into components of type 
iortype&’„. 

Proof. It is sufficient to show that the intersection D of the family of all maxi¬ 
mal ideals is equal to {1}. Hence suppose 1 and c^D. We denote by u the element 
U c" and choose a maximal ideal I which contains u'. I has to contain c but cannot 
contain u, 

Let us consider u. We have c*{c’‘*u)^u and (c''*m) *c^h and since u^~u by 
definition and the rules of -arithmetic the interval [1 ,m] forms a complete brick 
under u. Moreover for some / we have c*(c'*i/)?^l and {chuj^c^l since by 
assumption ^ is integrally complete and since otherwise u=c\D were satisfied 
which is impossible since / does not contain u. Hence by (3,4) there are idempotents 
v,w with the properties m=u,vr\w=\, and v^ciichu)?^!, w^(c'*//)#c?^l. 
Hereby we have u'vw=Q with w 0 and w (1 //'v=1 for some w which yields the exis¬ 
tence of a maximal ideal J with the property u'viJ and thereby u'iJ, Hence we 
obtain 

c^JAc* (c' *u)^J=> c(c {d * u)]^J => cU(c* *m)^/=>- 
=^d^JAchuU=^d{c^^u) = u^J 
which is a contradiction to m'i/=0$/, 

(3.6) Let § be a complete brick whose boolean subalgebra ^(/) is atomic. Then $ 
is a direct product of type (^“. 

Proof. Let p; (/£/) be the atoms of § (/). Then we can state 

(i) , da: a~af]0 = [j{a0pb 

(ii) fl h =>■ 3j^/: aCipj ^ hflp; 

(iii) :^(SP(^U^/ = U((U^/)nPi) (ie/). 

Hence there is a bijection (p between B and the product iJP, where Pj is equal to 
{xlx^pj} (/£/) if we define 

fp(fl) := {(i,Pjna)|ia}. 

Moreover we have obviously 

(iv) (anO)f(hnO) = (a*h)nO 
which implies 

(U(«np,))»(U(i>np,)) = u((o*i-)nfi), 

i.e. (p {a) * (p {b)=(p{a*b). Thus our proof is complete by (3.4). 

As a specialization of (3.6) and as a generalization of a theorem due to Tarski 
[ 22] we obtain 

(3.7) A brick is isomorphic to some real cube iff it is complete, totally distributive 
and atomless. 
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Proof. According to Tarski’s method we form all intersections P| U; (iO) with 
the property that all w* are idempotent and such that exactly one element of each pair 
u, u- is selected. Then 0 is the union of all such intersections and all intersections are 
equal to 1 or equal to some atom of ^{I). Hence our proof is complete by (3.6) 
since ^ is atomless and since the necessity of our condition is obvious, 

Replacing atomless by atomic we obtain by (3.4) 

(3.8) A brick is isomorphic to some lattice brick iff it is complete, totally distribu- 
twe and atomic. 

In the last part of this section we shall be concerned with the special cubes T. 
Here we succeed in describing by notions of general topology. 


(3 9) A brick is a cube considered with respect to the natural brick operations 
iff (A '^) w compact in the interval topology, each maximal ideal is closed in this 
topology, and each minimal ideal is connected in this topology. 


Proof. Obviously our condition is necessary, Hence assume that ^ satisfies the 

^^‘^^BytCrem due to 0. Frink [11] {B, ^) is compact in the interval topology 
iff (B, is complete. Therefore ^ is complete. 

Nit let /be a maximal ideal. Since 1 is closed, it has a maximum or can be co¬ 
vered by finitely many sets of type B-[x, 0] where lies in /. Hence/has a maximum 
u since otherwise the second assumption leads to the contradiction that some 
U Xa U... U is not covered although it is an element of /, 

We consider the maximum u of /. It is idempotent and has an (idempotent) com¬ 
plement which is atom in ^(/). Vice versa, every hyperatom of ^(/) is maximum of 
a maximal ideal of We show: There are only finitely many atoms in ^(/). This 
follows from the fact that otherwise the set of elements of B which are divided by at 
most finitely many atoms is a subset of some maximal ideal [1, u] whence the atom 

«' has to be a divisor of w, a contradiction to ^ 

Hence there are only finitely many atoms p, in ^(/) and 0=lJPi since other¬ 
wise there were a maximal u in ^(/)“ {0} the complement of which were an atom 
but did not divide U Pi • Hereby the proof is complete in consequence of our third 
assumption and (3.4). , 

In analogy to the above situation we get once more an opposite theorem. 


(3,10) A brick § is a finite brick iff{B, is compact in the interval topology, 
each maximal ideal is closed in this topology, and each minimal ideal is totally discon¬ 
nected in this topology. 


4. Cube algebras 


In Section 3 it turned out that complete bricks have pleasant representations by 
substructures of (^-cubes. In this section we ask in general which bricks are embedd¬ 
able into some r. Obviously these bricks satisfy MaCBSn^^: (fl")'^a and in 
connection with problems arising in the theory of divisibility semigroups it was shown 
in [6] that this property is also sufficient for a brick to have a complete brick extension. 
Hencedefining 


r 


(4.1) A brick is called a cube algebra or shortly a cube if it is subbrick of 
some and 

(4.2) A brick is called integrally closed if it has the property 

we obtain as consequences of [6] and (3.5) the following theorems: 

(4.3) A brick is a cube iff it is integrally closed. 

: (4.4) A brick is a cube if it has a complete brick extension. 

Applying (4.4) and [4,3] to special structures we get Dedekind’s theorem that 
the ordered group of rationals can be completed by cuts to a (conditionally) complete 
totally ordered group (called the group of reals) and the Glivenko—Stone theorem 
that the completion by cuts of a boolean algebra is again a boolean algebra (cf. [1]), 

Let us consider next cube algebras from the topological point of view. By meth¬ 
ods introduced by M, H. Stone it is routine today to construct an algebra of conti¬ 
nuous functions from a compact Hausdorff space to the unit interval which contains 
a given brick as a substructure once one has some decomposition of this cube into 
subdirect factors contained in S. In spite of this we shall give the main ideas here for 
the sake of selfcontainedness. 

In a first step we endow E® with the product topology and get thus a compact 
Hausdorff space H. 

Next we consider the set of all homomorphisms from ^ to i. This set is a closed 
subset of E® and hence a compact Hausdorff space with respect to the relative topo¬ 
logy which follows from the properties of product topology. Denote this space by D. 
Obviously the set of all continuous functions (p from D to E endowed with its natural 
topology forms an integrally closed brick under pointwise residuation. We define 

d: D->E by d{(p) = (p{a). 

Then a-*& provides a monomorphism from ^ to the brick of all continuous functions 
from D to E since aT^b implies ^ in consequence of (3.4) and since {a*by{(p)- 
=:(p{a*b)=(p{a)*(p{b)^d{(p)*!){(p). 

Hence on the basis of Tychonoff’s pioneer paper about product spaces and by 
applying representation ideas due to M. H, Stone we obtain from (3.4) the following 
theorem. 

(4.5) A brick is a cube iff it is subbrick of the brick of all contimiotis functions from 
some compact Hausdorff space to the real unit interval space. * 

Recall that every brick has a sheaf representation the stalks of which are sub- 
directly irreducible totally ordered bricks. In the special case of cubes we obtain as 
another specialization of Keimel’s general representation theorem: 

(4.6) A brick § is a cube iff it has a sheaf representation over the set of all maximal 
ideals of § by stalks which are substructures of i. 


* Obviously this theorem is closely related to Fan’s Theorem concerning the respesentation 
of archimedean vector lattices [9], See also Fleischer [10], 
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For this follows from (3.5). 

In the remainder of this section we shall be concerned with measure functions 
on bricks. To have short denotions we symbolyze by an arbitrary brick, by ^ the 
Iduct extension of this brick and by the lattice ordered quoUent group of 
Lcall once more that cone and group are abelian iff is symmetric. We repeat 

(A 61 Let ^ be a brick. By a measure function of we mean a non-negative real 
valued function /i: a~^\a\ which satisfies \a\-\-\a*b\=\b\A'\h and |11 -0. 

Obviously in a symmetric brick we have^ 

4- \a da[)b)\ = \aiJb\ from which follows that /i is a valuation of (S, H, U). 

Snecial measures of ^ are the homomorphisms from to I This leads us to 
a first characterization theorem for cube algebras by means of measure. 

(4.7) A brick is a cube iff for every element a of B there is a measure p, such that 
p{a)=l 

Proof If there is a measure for each a-Al such that a takes the value 1, § has 
to be integrally closed since otherwise 0 could not take a real value. 

Assume now that for every I of ^ there is a homomorphism h from ^ to S 
such that h{a)9^0^BL. Then we obtain a measure p with /i(n)^-l by multiplying all 

we\m*^ready a second characterization theorem by means of 
measure we have to give a further definition. 

(4 8) Let A be a subset of the carrier P of # and let/ be a function from A to 

Then we call /a partial valuation of ^ if the canonical extension of / to the 
subsemigroup ^ of ^ which is generated by A, is an isotone valuation of i.e. 

satisfies/(a)-h/((l)=/W' ('//n 

Obviously/(I) has to be equal to 0 in consequence of/(l)=/(l)+/(l) and we 
know by [4,5.4] that every measure function on a symmetric brick ks a unique 
extension to the corresponding abelian /-group.^ _ 

The set of partial valuations of an /-group is in no case empty and it satisfies the 
conditions of Zorn’s lemma. Hence in any case there is a maximal partial valuation. 

(4.9) Let f be a maximal partial valuation of the abelian Hroup cone &, Then the 
domain D{f) is closed with respect to multiplication and convex with respect m. 

Proof. Dif) is closed with respect to multiplication by definition. Moreover 
D(f) contains 1 since otherwise /(1):=0 would yield an extension. 

Let us suppose now that a and b satisfy ImmDhaiD. Then the set S{a) 
of non-negative real numbers which satisfy 

c, d€i)(/) Ac aPd ^ ^ 

and 

M, aCi)(/)Aa«n ^ y 5 ts 
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IS not empty since 

c 0 oFdha^u g v=s-{cd~^f g g {vu~'^y =>c‘‘d~‘^ g vPir^ => 
=>c^uP ^ vPd^^q‘f(c)~q‘f{d) g p-/(a)--p»/ (u) =»^ 


Hence we can choose an element \a\ of S{a) and define a function || by 

l_|/(x) for x^D 
"• (N for x = a. 

This produces an extension of/ which is shown by a proof of the implication 
a'"c ^ a"d m• |a| +f(c) ^n'\a\ +/(d) 

since hereby |fl®c|:=p|fll+/(c) will turn out to be a function and moreover to be a 
valuation. In order to prove the implication stated above we consider several cases. 
Obviously the implication holds if m is equal to n. 

Let us suppose now m<n. Then putting n-m=:p we obtain 


a"c g a"d=> 


m-fid). 


=^/(c) g p • lfl|+/(d) m - |a|+/(c) ^ n • |fl|+/(d). 

Finally we succeed in a similar manner if m>n. Hence/could he extended if there 
were an element a with the property l^a^b^DhaiD, This completes the proof. 
As an immediate consequence of the last theorem we state 

(4.10) A brick § is a cube iff for every D={n(7^1),0} there exists a positive 
valuation. 

Applying this last theorem we obtain as an improvement of a result concerning 
boolean algebras 

(4.11) Let 0 be a brick and^^ he a subbrick of 0. Then every measure function 
of % can be extended to a measure function of 0. 

Proof. Since 0 is element of 17 a measure function of can be extended to a mea¬ 
sure function of iff in ^ the implication 


11 1 1 

holds and this is a consequence of [4,5.4]. 

Theorem (4.10) is closely related to a theorem due to Horn and Tarski concern¬ 
ing measures of boolean algebras. Hence it seems desirable to have a direct proof 
of the equivalence of the Tarski Horn condition on the one hand and our condition 
(#) on the other hand. Recall that/*) could be formulated also in since a=b-e> 
<^{a*b){b*>a)=l>ab*c^b*{a*c)mda*bc={a*b)ifb*a)*c). 
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We Start with the following lemma: 

(4.12) Lei § he a symmetric brick omi n a naturul number. Then the equation 

//■fly = •••>««) 

1 1 

holds where Gj, is the IUB of all intersections of exactly k factors of ... 

Proof. Notice that one has to differentiate between ffj and aj if tVy also in 
the case of ai-a^. Obviously the formula under consideration holds for ?i=:l. 
Moreover it holds for n=2 by «/j=(aU%nfe). Letnown=3. Then the following 
calculation is symptomatic for induction: 

~ (niUfl2)(flinn2)fl3 = (ihUn 2 Un 8 )((fliUfl 2 )nflii)(aina 2 ) = 

= (aiUn 2 Ufl 3 )((«infli,)U(fl 2 na 3 ))(ainfla) = 

— ^^' 2 ) ^3) * ^^ 2 ) rij) • 0 ’ 3 (fli) < 12 , 

Recall that the last lemma is true for boolean algebras as well as for abelian /-group 
cones (since they have a symmetric brick extension). 

As an immediate consequence of our last lemma we obtain that the product 

]J dy is equal to or less than JJ if after filling up the products by factors 1 such that 

they are of equal length / all 0-^k^l) with respect to {a^, are equal to or 
less than the corresponding with respect to ( 63 ,, 6 /). 

Assume now that we are given a boolean algebra. Then we can prove the con¬ 
verse, too, i.e. 

(4.13) Let § be boolean and let Ui,..., Uj, bi, ...,hi be elements of B which satisfy 
in ^ ai‘az>...>aiMbi'bz-...-bi. Then for every k^l we can verify the relation 

ff 3 (ni,...,<(j)ii(Tjt(bi,...,h;). 

Proof. First we obtain 

(i) flj s/)iU...Uh( 

since we have fli s/Ji • ha ■... • in 1?^ and 

fl] s= C|C2 =>(Cinrii) qA(Ci ^1^ fl]} S Ca, 

and thereby 

Ui s C 3 C 2 ^ U] — (c' 3 nflj)(ci # Aj) S: (eif)ni)U(c 3 = CiUca 

from which by way of induction we are led to (i) if we consider bib^. ..b„as {bi'by... 
,.../)„_i)/irt. Hence our statementis true for/c“l. Suppose now that our proposition 
is true for all i with 1 tiitBk, with respect to all n/S/c. We consider first the special 
case of 

' Cl' 

and denote by (T((c) the element cr,(ci,cj^+i), by o'f(d) the element ( 7 ,(f/i,., 4+i)* 
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It will turn out that %i(c)S(r^+i (4 i.e. 

= diPi.-.n^+i 

since by assumption Gi(c)^ffi(d) for all i with im^k whereby 
[n '^i(c)) <^/i-n(c) ^ {n (rf)) fffc+i (^)=[n [n * o'i(^^))) (^niid) => 

=^(Tfc+l(c)s(^((T/(c) to-,•(</))] (7t+3(d) 

and since 

(73h(c) ^ (tfe) (1 ^ i S k) =><Tjt+i(c)n((Ti(c) f Giid)) = 1 

whence we succeed by combining these two results. 

Now we are able to complete the proof since we obtain o'Hi(^)-<^it+i(^) hy 
(ii) xn>’zg(A'ny)(xn^) and formula (i) from the implication 

a;^in...nn/,((+i ^ ^il^^2n...n(6j+ihj(+2,,,i!)J s If {ibiC\...C\bi^f]bif^y) ^ 

m-k 

=>fl(,in...nfl/,fc+i s y ((^in...nhfc)nhHv)^'7fc+i(^)' 

Applying (4.12) and (4.13) we can now prove the Horn—Tarski theorem 

(4.14) Let § he a boolean algebra and A be a subset of B with O^A. Then a real 
valued function fonA can be extended to a measure /t of § iff for every pair ofn-tuples 
{ui, ...,a„),{bi,b„) the implication 

{*) (V/(l S i^ n): a fa) g u,(h)) ^ ZM 

holds, 

Proof. Suppose that/has an extension p and that the left side of (*) is true. 
Then we obtain 

2 = 2 h(o-;(fl)) ^ 2 kHb)) = 2 k{bf 

Suppose now that (t) is satisfied. Then the implication 

]J ai ^fIhi=^ ffi(a) ^ at(b) (Vi) 2/(«i) ^ ZM) 

holds. 
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THE BESSEL POLYNOMIAL MOMENT PROBLEM* 

By 

A. M. KRALL (University Park) 


1. Introduction. Since 1949 when the Bessel polynomials appeared [2] a hunt 
has been on to find a weight function i/i, defined on the real axis, with respect to which 
the polynomials would be orthogonal. Although at least two devices have been found 
which formally seem to fill the role of orthogonality generation, none was expressible 
in terms of integration on the real axis, 

The purpose of this paper is to show that the Bessel polynomials yjx:, a, 5) are 
orthogonal with respect to the distribution f, given by 

1 3 

= / MM-ilAFtlho, -l>lz]}dx 

ct 

where z=x-Fk, and a<0, ^>0, but are otherwise arbitrary. 

The key to showing that the above formula is valid is through the moments 
associated with the Bessel polynomials 

^„ = {-hnaX, /i = 0,l,,.., 

where («)„=fl(fl+l)...(«+«“!), which were discovered in [2] by examining the 
differential equation satisfied by the Bessel polynomials. It is well known that, given 
the moments ii„, there exists a function of a complex variable/(z), called the Cauchy 
representation, given by 

«=0 

when the support of the weight function is compact, and in general satisfying 
limz*'+4/(z)+2i«„/z''+^]=-/ii 

L n=0 J 

when for some fixed b, Q<b<nl2, (5carg z<n~b. 

For the Bessel polynomials it is easy to see that 


* Supported in part by U, S. Air Force Grant AFOSR-78-3508. 
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By using the Stieltjes—Perron formula ([4] or in the distributional case [1]), the for¬ 
mula for ^ immediately follows. The fact that the interval [a, needs only to include 
the point 0 follows from the analyticity offiz) in any region excluding the origin. 

2. Results. We state in summary 

Theorem 1 . The Bessel polynomials are mutually orthogonal with respect to ](/. 
That is, if n/-m 

This, of course, follows from the Stieltjes—Perron formula, which shows that 
ij/ generates the moments through (x\ n=0,1,.... A direct proof may be 

quickly given, however by noting that 

,,, ,, I 


I A n-i-i i-ir r- A" - , 

m-m = linj-/ l^-flJ . 

d” f e 1 

The term within the brackets is /«!• s-O it approaches 

(-I)",! hW(x)lnl, where 5^'^Kx) is the rf'* distributional derivative of the Dirac delta 
function, Thus ij/ has the distributional expansion 

)|w0 

which is well known [3], 

Theorem 2. for n=0,1, 

(y^i^) = (-l)"+'^ha!/(2n+u~l)(4,-x- 

This follows from using the Bessel polynomiaTs three term recurrence relation 
[2] and the knowledge that P(,--b, 

Special cases. The instances where a~b==2 and a-b~l are of historical impor¬ 
tance. When a=b=2, the moments /{„=(-2)"-''V(n+l)!- <// is given by 

[;^] [^] 


r 0 if II m, 

(TJ»pi/') = |(„l)„+i2/(2rt^.|) if n = m. 

When a=/j=l, the moments !)"■*'V^i !... ijt is given by 
i//(d)-iKa} == limi f exp f-r^ll-r^sin fmr^l+-r7-:s ^ 


-x ' 

f - .T . 

£ 

e 

4 ,™ __— cos 

[—11 

Lhs^J 








•1)'"''V2 if n = m. 
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ON DECOMPOSABILITY OF CURVATURE TENSOR 
OF A FINSLER MANIFOLD 

By 

P. N.PANDEY (Allahabad) 


1. Introduction 

Studying recurrent affine motion in a recurrent non-Riemannian manifold, 
K. Takano [13] observed that the curvature tensor is decomposable in the form 
where I4nd are non-null vector and tensor respectively. In 
another paper [14], he studied a recurrent non-Riemannian manifold whose curvature 
tensor is decomposable in the above form. Following K. Takano, B. B. Sinha and 
S, P. Singh [11], and Ram Hit [2] studied a recurrent Finsler manifold whose curva¬ 
ture tensor Wjku is decomposable in the form . B. B. Sinha and S.P. Singh 

[12], Ram Hit [2], and H, D. Pande and H. S. Shukla [7] studied a recurrent Finsler 
manifold whose curvature tensor is decomposable in the form B. 

B. Sinha [10] also studied such decomposition in a birecurrent Finsler manifold. 
H. D. Pande with T. A. Khan [6] considered a recurrent Finsler manifold whose 
curvature tensor is decomposable in the form jTjy,=r](j9,ij, while he assumed another 
decomposition of the form H]^j=PjXli, in his paper [7] jointly with H. S. Shukla, 
A natural question arises in this context whether such decompositions of curvature 
tensor of a Finsler manifold are possible. Partial answer of this question is given by 
the author in his paper [8]. The aim of this paper is to discuss the above problem. 

2, Preliminaries 

Let F„ be an «-dimensional Finsler manifold endowed with a metric function^ 
F satisfying the requisite conditions [9]. Let the components of the metric tensor, 
Berwald’s connection and Berwald’s curvature tensor be denoted by gy, and B]kh 
respectively. The curvature tensor is skew-symmetric in k and h, and is positively 
homogeneous of degree zero in x*'s. Transvections of the curvature tensor by x's and 
contractions of indices yield the following: 

= h)St = ML 

The above tensors are also related by 

= i)Sa = k«i. = 

1 Unless stated otherwise all the entities are considered as functions of line-elements (x‘, x% 
The indices /, ], k, ... assume positive integral values 1,2,3,...,«. 
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The vector satisfies the following: 

(2.3) a) = /'‘V b) hj = Sip c) ^ = 4^. 

It is well known that the metric function Fis a covariant constant, i. e. 

(2.4) = 

where .fk is Berwald’s covariant differential operator. Differentiating (2.4) covariantly 
with respect to and utilizing the commutation formula exhibited by 

..(4(/’)/4^ 

we get 

(2.5) (4F)f/i, = 0; 
which, in view of (2,3c), may be written a.s 

( 2 . 6 ) 

Tran.svecting (2.6) by and using {2.1b), we get 

(2.7) JvWf-O. 

Differentiating (2.7) partially with respect to and irsing (2.3b), we get 

(2.8) /4..i+3’r¥4 = ^>> 

where Taking skew-symmetric part of(2.H) and using{2.2b)and (2.6), 

wee onclude 

(2.9) 

A Finslcr manifoldis cailcdflat if and only if the curvature tensor vanishes. 

3. Different types of decompositions 

Let us consider a Finsler manifold whose curvature tensor is decomposable, then 
the possibilities of its form are as follows: 

(3.1) a) i/jw, X‘<Pjkh^ i’) ^ikh ■" ^i^kh> 

We shall discuss these possibilities one by one. For this discussion we need; 

iMMAll A fimlermilfoichiM^^ 

(3.2) Jiffjkii-0 
is flat, 

Proof. Let us consider a Finsler manifold admitting (3.2). Differentiating (2.6) 
partially with respect to x^ and using (2.2a), (2,3b) and (3.2) we have 

(3.3) = 


AM Mammailca Acadmiae SMntlmm HmffurkM 38, im 


CURVATURE TENSOR OF A FINSLER MANIFOLD 


111 


Transvecting (3.3) by and using g^'”gij=6f> we get Hpj,=0; which, in view of 
(2.2a), implies Thus, the manifold considered is flat. 

Theorem 3.1. The curvature tensor of a non-flat Finsler manifold cannot be 
decomposable in the form (3.1a). 

Proof. Let us consider a non-flat Finsler manifold whose curvature tensor is 
decomposable in the form (3.1a), Transvecting (3.1a) by x^ and using (2,1a), we get 

(3.4) 

where (Pkh-xhpj,,,,. Transvecting (3.4) by y, and using (2,6) we have(yilO<pM=0; 
which implies at least one of the conditions: 

(3.5) a)(/),„ = 0, b)yiJ*==0. 

The condition (3,5a) and (3.4) give 14=0; which, in view of (2.2a), implies ifjy,=0. 
Thus, we get a contradiction. Transvecting (3.1a) by y; and using (3.5b), we get 
(3,2); which, in view of Lemma (3.1), implies that the manifold considered is flat. 
Thus we see that either of the conditions (3.5a) and (3.5b) leads to a contradiction. 
This completes the proof, 

Theorem 3,2. The curvature tensor of a non-flat Finsler manifold cannot be 
decomposable in the form (3.1b). 

Proof. Let us consider a non-flat Finsler manifold whose curvature tensor is 
decomposable in the form (3,1b). Transvecting (3.1b) by x^ and using (2.1a), we have 

(3.6) 2i/4 = Fi/4, 

where P-PjxK Transvecting (3.6) by >’( and using (2.6) we get which 

implies at least one of the conditions: 

(3.7) a) P = 0, b) y(i/4 = 0. 

In view of (3.6) and (2.2a), the condition (3.7a) leads to i7'4=0. Transvecting (3.1b) 
by yi and using (3.7b) we have (3.2), and hence the manifold considered is flat. Thus, 
each of the conditions (3.7a) and (3.7b) leads to a flat manifold, which is a contra¬ 
diction to our hypothesis. 

From the above Theorems we may conclude that there does not exist any non¬ 
flat Finsler manifold whose curvature tensor is decomposable in any of the forms 
(3.1a) and (3,1b). Therefore, the possible decomposition of curvature tensor of 
a non-flat Finsler manifold is only (3.1c). Hence forward whenever we say that the 

curvature tensor is decomposable we shall mean its form (3.1c), 

Now we shall discuss some non-flat Finsler manifolds whose curvature tensor 
is not decomposable. In this connection we propose; 

Theorem 3,3. The curvature tensor of a non flat Finsler manifold with vanishing 
N is not decomposable. 
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Proof. Let us consider a non-flat Finsler manifold with vanishing H. If its curva¬ 
ture tensor is decomposable, we have (3.1c), Transvecting {3.1c) by and using 
(2.1a), we have 

(3.8) 

where 7'=Tj ih Transvecting (3.8) by and using (2.1b), we have 

(3.9) HhT% 
where 7„= Yu„xK Transvecting (3.9) by we get 

(3.10) Hh..k = TkYh 

where From (2,9) we know that the tensor F,,..,, is symmetric, therefore 

from (3.10) we conclude 

(3.11) FjF;, == 

which implies 

( 3 . 12 ) Y„ = (pTk, 


where f is some non-zero scalar. From (3.9) and (3.12) we get 

(3.13) Hl^(pPT„. 

Contracting i and h in (3.13) and using (2.1e), we have 

(3.14) {n~l)H==(pfTi. 

By hypothesis, F/=0. Therefore, (3,14) gives T%^0; which implies r'=0. since 
our metric is positive definite. From (3.8) and T'=0, we get =0; which, m view 
of (2.2a), implies //jjft-O. Thus we see that the decoinposability of curvature tensor 
leads to a contradiction. 

Theorem 3.4. The cumture tensor of an isotropic Finsler manifold («>2) 
is not decomposable. 

Proof. Let us consider an isotropic Finsler manifold F„ {n:^2) characterized by 

(3.15) Hj = 


where If its curvature tensor is decomposable, the tensor Hj satisfies (cf. 
(3.13)) 

(3.16) Hl = (pT%. 

The magnitude of vector f is given by 


(3.17) {n-l)H-(pPTi. 

Transvecting (3.16) by P and using H^jP^O, we get TjP=0; which is equivalent to 


(3.18) 

From (3.15) and (3.16) we get 

(3.19) vT'Ti^im-eij). 
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Transvecting (3.19) by P, and using (3.17) and (3.18) we have 

(3.20) {n-2)HP = Q. 

Since n>2, we have either H=Q ot P~0.h both cases i7j=0; which, in view of 
2.2a) and (2.2b), implies Thus, we get a contradiction. 

4. Necessary and sufficient condition for the decomposability 
of curvature tensor 

In this section, we shall discuss a condition which is necessary and sufficient for 
the decomposability of curvature tensor of a Finsler manifold. For this purpose, we 
establish: 

Lemma 4.1. Every tensor of type {p, q) which is skew-symmetric in its kl’* and 
F’' lower indices is decomposable in the form 

(4-1) r::=AjJ'z 

where T'Z is some tensor of type {p, q~2), if there exists a skew-symmetric tensor 

Ai„ satisfying 

(4.2) 

T'ZiZm'.'. indices of the tensor T'Z, are I andm, respectively. 

Proof. Let us consider a tensor T'Z. satisfying the conditions of the above 
Lemma, By cyclic permutation of indices /, m,j^ and;';, in (4.2) we may write 


(4.3) 



(4.4) 

and 



(4.5) 




Adding (4.2), (4.3), (4.4) and (4.5), and using the skew-symmetric properties of the 
tensors ijm and rwe get 

(4.6) A]]fT,..m...jh,..~ ^’n]hT,..l.,.h— '> 
which implies 

where r/.’.'.'is some tensor of type (p, ?-2). 

Utilizing this Lemma, we shall prove: 

Theorem 4.1. The curvature tensor of a Finsler manifold is decomposable if and 

only if there exists a skew-symmetric tensor A^h satisfying 

(4.7) ^tmHjkh-^^HU^-AikHjhm ~ 0- 
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Proof. If there exists a tensor satisfying (4,7), in view of Leniraa (4.1), the 
curvature tensor satisfies 

(4.8) = 

where Bj is some non-null tensor; and hence the curvature tensor is decomposable. 
Conversely, if the curvature tensor of a Finsler manifold is decomposable, it has the 
form (4.8). Since 77 ]^^ is skew-symmetric in k and the tensor ri*;, is skew-symmetric 
in k and h. Since the manifold is non-flat, in view of Lemma (3.1), Hence 

(4.9) yiHjkh = h^kh 

where Transvecting the Bianchi identity 

(4.10) Hjkh + ^4jk+^khj = 0 
by yi and using (4,9), we have 

(4.11) h = 0. 

Since we may choose a vector u* such that 1. Transvecting (4.11) by such 
vector we get 

(4.12) 4 = 
where iii,=Ajhvk Obviously fik satisfies 

(4.13) ^'jA„„+MiJjk+fik^i,j^O. 

Transvecting (4.13) and (4.11) by A, and /i, respectively, and then subtracting we have 

(4.14) AijAi,i,+Ati,Ajk+AikAi,j" 0. 

Transvecting (4.8) by A,„, taking skew-symmetric part with respect to the indices m, k 
and h, and using (4.14) we get (4.7). 


where Aij~f7pAij. Conversely,_if satisfies (4.18), teansvection of (4.18) by 

g" immediately gives Therefore we have “The associate curvature 

tensor of a Riemannian manifold satisfies (4.18) if and only if there exists a skew-sym¬ 
metric tensor Aj„, satisfying 

(4ri9) = fl-” 

Remark 4.3. In case of birecurrent Riemannian (non-Rieraannian) manifolds 
the curvature tensor R]kk satisfies [4] 

F^i,R))ii,+T|/,R)mk+4-R5ta = 0) 

where T',,„ is the tensor of recurrence. If Ti,„ is skew-symmetric, in view of Remark 
(4.1), we have R]kk=B]Tkk. 

Remark 4,4, The recurrence tensor a^ of a birecurrent Finsler manifold satis¬ 
fies ([3], [5]) 

- 0 . 

If ai„ is skew-symmetric, in view of Lemma (4.1), we have 

(4.20) Hlk^rukir 

Differentiating (4.20) partially with respect to and using (2,2a) we have 

If the tensor a^ftis independent of ’s, we have Thus we conclude, 

“The curvature tensor of a birecurrent Finsler manifold is decomposable if the recurrence 
tensor is skew-symmetric and independent of ’s. 


Remark 4.1. In case of Riemannian and non-Riemannian manifolds, it is not yet 
established that the possible decomposition of curvature tensor is only of the form 
(4.8). Therefore, in these cases the corresponding theorem is given by “The curvature 
tensor R^^h of a Riemannian or non-Riemannian manpld satisfies R\kh~B\Ak^ if there 

exists a skew symmetric tensor AkkSatisfynig 

(4.15) 

Remark 4.2. In case of a Riemannian manifold, if the curvature tensor R]ki, 
satisfies R^rB^jAin, the associate curvature tensor satisfies 

(4.16) Rijkh^BijAitk 

where In view of Rijkh-BitMj, (4.16) gives 

(4.17) B,j^ipA,p 

where tp is some non-zero scalar. From (4.16) and (4.17) we have 
which may be written as 

(4.18) 
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ESTIMATE FOR THE DIFFERENCE OF THE 
SECOND DERIVATIVE OF PARTIAL SUMS ARISING 
BY NON-NEGATIVE SELFADJOINT EXTENSIONS 
OF STURM-LIOUVILLE OPERATORS 

By 

1. JOO (Budapest) and K LA2 eTIC (Belgrade) 

Introduction 

In this paper we prove exact (concerning the order) estimates for the difference 
of the second derivatives of the partial sums of expansions, one of which corresponds 
to the non-negative selfadjoint extension of the operator Lu-~u''A-q{x)u{x) 
(«6Co“((r), G is a finite open interval) defined by the boundary condition u'ia)= 
-u'{b)~i), and the other corresponds to the non-negative selfadjoint extension of 
the operator Lu= ~u"A-q{x)u{x) (m6C^(G), G is the same as before) defined by the 
same boundary conditions as above, i.e. u'{a)=u'{b)-Q. We assume that g and q 
alow such extensions; further q and ^ belong to the class C^^^{G)f]Lp{G) (0<a<l, 

l<j3<oo), 

Assuming that / has a compact support in G we obtain the equiconvergence 
(uniform on every compact subset of G) of the second derivative of the partial sums 
defined above. If we take Lu= -u" (i.e. ^=0) then the problem of convergence of 
the second derivative of the partial sums of an absolutely continuous function with 
compact support, with respect to the eigenfunction of a Sturm—Liouville operator 
(in the case of the second boundary value problem), can be reduced to the trigono¬ 
metric case, 

Now we formulate our results. Let G={a, b) be a finite interval on the real line 
and consider non-negative selfadjoint extensions of the symmetric operators 

Lu^-u"^q{x)u{x), Lu^-u"-^q(x)u{x), u6Co“(G) 

defined by the second boundary condition «'(«)=i/'(b)=0, Suppose 

(1) 9 and ^6C^*T<^n4(G') (0<a<l, 1 <p<~). 

Denote {«„} and {mJ the complete orthonormal systems of the ^corresponding ex¬ 
tensions; further let and {IJ be the eigenvalues (/l„^0; l„g0; 
i^la^,..). Let/(x) be a function with absolutely continuous derivative on the 
closed interval [a,b]; further let fj, be an arbitrary non-negative number. Consider 
the partial sums 

(2) ffMx]= 2„ (/,«„) •M«(4 

of the expansions of/with respect to the systems {w,,} and {«„}, respectively. We shall 
prove the following theorems. 

Theorem 1. Suppose the function f is such that its derivative is absolutely conti¬ 
nuous on the closed interval [a, b] and for the potentials the condition {\)‘is fulfilled. 
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Then the estimate 

(3) 

holds uniformly on every compact subset of the open inteiwl G={a, b). 

Theorem 2, If the conditions of Theorem 1 are fulfilled, further f has a compact 
support in G and qf faM then instead of {3) the stronger estimate 

(4) &<-“) 

holds, uniformly on every compact subset of G. The order of the estimates (3) and (4) 
cannot be improved. 

The proof of these theorems is based on some results obtained in [2] and [4] 
hence we formulate them below (further we shall use some ideas and methods deve- 

loped^m fundamental system of 

the operator -v"+qix)v{x) the estimate (cf. [2]) 

( 5 ) sup|a„(x)lgC (n = l,2,...) 

xeG 

holds. If g64((j) and 1 <p, then we have (cf. [2]) 

( 6 ) 

\il-M 

If G is a finite or infinite interval and q^C{G), then the estimate 

(!) maxK(x)lsC(if)[(yi„)Hl] ^ (^ 

holds true uniformly on every compact subseti: of G (cf. [4]). Here the constants C 
and C{K) do not depend on n and D does not depend on p and n, further {A„} deno¬ 
tes the system of the corresponding fundamental numbers. (For the termino- 

^^^^Tlfis paper consists of four sections. In §1 we give an estimate for the derivative 
and for the integral of the eigenfunctions of the operators considered. These estimates 
play an important role in the proof and they are interesting in themselves. In §2 we 
estimate the second derivative of the spectral function of the operator considered and 
in § 3 we prove Theorems 1 and 2. At last in §4 we consider arbitrary non-negative 
selfadjoint extensions of the operators L and L We give the modifications necessary 
to obtain results in this general case. 
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§1, Estimate for the derivative and for the integral of the eigenfunctions 

Lemma 1. Suppose qiC{G)[]Lp{G) {l<p). Then for an arbitrary fundamental 
system {«;„} of the operator L the estimate 

( 8 ) 

I 

holds uniformly in x on every compact subset KofG and the constant C{K) depends 
only on K and on q. 

Proof. The estimate (8) follows from (6) and (7). 

Lemma. 2. Suppose qiL^{G) (Icp), \b\<'x> and let for the fundamental functions 
the condition v'„{a)-v'„{b)~^ be fulfilled. Then the estimate 

0) 2. I/(/'.«)'*«)4-7 

j-i a ^ 

holds uniformly in y^ and y^ ihe constant C does not depend on 

nandp. 

Proof. According to the definition of the fundamental function, we have 

(10) -vlix)^q{x)v„{x)=^l„v„{x) 

for almost every x^G. Let Then taking into consideration 

(11) ^^(fl)-<(h) = 0, 

from (10) we obtain 

a A| „ 

=Tf»;w+f/!«)'.«)<!{. 

% a 

Integrating with respect to on the interval yi^y^yi we obtain 

/ (/n„(0ii^)dy =--i[i;„(y,)-i;„(yi)]+i / (/ qiO^{^)d^]dy. 

yi a 

Hence, using (5), the estimate 

1 / 

h 0 

follows, which gives (9) if we take into consideration (6). One can prove the estimate 

yiJ ^ 

by the same method. 
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§2. Estimate for the second derivative of the spectral function 

Consider the non-negative selfadjoint extension of the operator L defined by the 
second boundary condition (11). Denote «(*, y, y) die spectral function of this self- 
adjoint operator, i.e. 

(12) 2n Un{x)u„{y)- 

Let K be an arbitrary compact subset of G and fix a number Rq from the interval 
(0,1/2 dist lK,dG)) arbitrarily, further suppose Denote the “average 

operator” introduced by V. A. Il’in [1]: 

® i?(, 

Consider the (modified) trigonometric spectral function 

(i.imfezzi if u-vi<f! 

(13) {xiK,yiG,y>0). 

[ 0 if 

In this section we shall prove the following 

Lemma 3. Suppose q£C^^\G)0L,{G) (0<a<l, Then the estimate 

(14) (dSl) 

holds uniformly in x on every compact subset K of G and in yi.y^ on the interval 
a^y^^y^^b. The constant DiK) depends only on K and q. 

Proof. Fix a point x in Jti arbitrarily (we may suppose that it: is a closed subin¬ 
terval of (?). Consider the function 

1 1 sinpR _ I ^ 
nR ^ ix(:K,yiG, p>0). 

0 if 

In [3] it is proved (cf. [3], relation (42)) that for arbitrarily fixed x^K and 1 we 
have 

(15) /{Ss.Mj, {,/!)]-%. «./*)}'*5 = 

(t 

a iT„=n a 
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fs„>l (1 to 

rt (1=1 \ .n a >■ n VI 


sm/A„(|x-^|-li) 




(a ^y^b), 


It is easy to prove by the method of [7] that all the series on the right hand side 
of (15) converge uniformly in y on the interval [a, b]. Hence, integrating in y on the 
interval {a^yi^yi^bf we obtain the following equality for arbitrary fixed 
xiK and p^l: '* 

16) / (/ [SrM^> b)W]<^y = 

j'l “ 

= 2[f(!^.m)dy]-«.i=)- 

yi (I “ 

Oa/l-Sl y, a Ti “ 




/= / M 




ii( dh + 


4 .|(/i/'®*W' 
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Denote g{x) {h{x)) the left (right) hand side of (16). Our aim is to prove: the 
derivatives {d^ldx^)gix), {d^ldx^)h{x) exist and are equal. 

It is easy to see that 


y> ^)] 


Using the notation 
(17) 


1 siujulx-yl . 


n Ix-yl 


if |x-y|^iio 


1 sin//|x-yl 2i?Q™|x“y| , 


Tt Ix-yl i?„ 

0 if > 2i?o 


if i?„^|x-yr^2i?o 




1 sin/i|x-y| 


wehave^ 

(18) 

A ' 

dx^ 


n dx^ [x-yj 
' I'sinju'lx- 

.Fyl 

0 if |x-y| > 2i?o 


if |x-y|si?o. 


n dx^ |x-yl i?o / u I /I 0 




« 


where F{x, Ji, y^, /f, R^) is such a function for which the estimate 


(19) \F\^C{K) {x^K,fi^O,a^y,My,^b) 

holds uniformly in x on the compact set I. The constant C{K) depends only on K, 
Denote hi{x) (/=, ..,, 7) the /th member on the right hand side of (16). It is easy 
to see by the method of [3], that the derivatives {d^ldx%{x) ii^2, 3,4) exist. Now 
we prove; {d^ldx% (x) exists; further 

-ff I\I= 

tl a 

where for the function F^ the estimate 

(21) |fil S C(K) (x6ir, /i ^ 1, fl s s yg ^ b) 


^ The proof of (18) is similar to that of (20) but it is very tedious (there are many cases which 
should be distinguished), so we omit the details. 
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holds. To this end we start from the obvious relation 

0 if x-2RoS^, 

1 if x-2R,Sitx-R„ 

V«fef.M)=l4- f'^iR if 

■^0 u'J R 

1 if X+R.sisx+IR,, 

0 if x+2i?og^. 

Using the notation [c, d]=K, consider the case yi^ia, c-2Rq\ y^^ic-Rn, jRoI. 
x^ic.yg+i^o)- (The other cases are verified analogously.) An easy calculation 
shows that 


f If f /+ // = 
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j-i a 




Vo d (1 '/“sin/ii? 

' / tAt.J. -t~V+ 


X- 2 R, . 


J’2 ( ,7 ( 




r 4 (i.i'^“)«i(/«)"= 




7^“I f civ ^ r iv\.ip\ 1 I 

-J L/^ki -T-W 


-2i?„ ^^^0* 


7^7 xl M ,_|i I , , 


/7 V ^2 /1 ^sin/ii? J , , 

iU®UT"l'<l** 


, /!»(' /"•iaa)'”’'|*t /'( /,,{)*. 


= / /Tlk- / ^J'+ J —f-^dy+ 


/7 7^“ 1 jnLslj , r^sinfilR,, sinfiRA, 

*iU T"l«l"*il-H—B-)»*‘ 


and the relations (20) and (21) follow, 

Now consider the function/j 5 (;x), For the quantity 5'^JXjl^(jR)] the estimate 


( 22 ) 

holds (cf. [1], (3.61)), 


IVfcwl^c,w 
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follows, From this it follows that for the proof of the existence of h^ix) it is enough 

to prove the uniform convergence in x (on K) of the series 




This fact follows from the estimates 


i |/(/«,({)«)<'+f 

*+/i 

- / qiO “/i(0cos il„{(-x-h)d^] dh g 


^ 2 +2-^*/^’II?+c• /£• I?||ii(K2^)* 2 

fr„>i " 

Repeating the argument given above, it is easy to see that for the proof of the exis- 

^2 I 

tence of — Lix) it is enough to prove the uniform (in x: on K) convergence of the 
dx^ 


(25) Fix,n)= 2[/ if ummsJ-^I„{x,R)\. 


It is easy to see that 


R • r X+ll 


+ J ^Y-[2q(x)u,{x)msiI,h-q{x+h}ii,{x+h)-q{x-h)it,(x-h}]dh. 


Changing the order of the integrals in the first term, further using the Tichmarsh-for- 
mula 

M„(^+/l)+M„(x-"/l) _ 

2 ■ ■ „ 

„.wcos)/i;f.-y /‘,({)„,if 

1 x+h . j 

««W-T / 'fW,-o 
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in the second term on the right hand side of (26) we get the relation 


'fi'S,. f «©»,«) 


sin^li sin|/I^(|x-^|-/i) 




■g(x-~h)) u„(x-h)-(g(x+h)-^(x))u„(xH)] dh\+ 


+ 2 {j'{lu.(Qdi]i,YMs,, f\(()u.(Ox 

"“h h « x-R 


In what follows we need the estimates 


(27) / 


sin iih sin (|x -^\-h) Di 


(0<^<1) 


/ sing/i siafXdx:-- h) 


\x-^rU„ 


These estimates were given and used in [6] without proof. We shall give a 
proof for them here, It is enough to prove (28), because the estimate (27) is trivial. 
To this end, first remark that 

(29) ;= 

Ml ^ 

, .nr, / sin /ill COS yA„/i ,, .nr, ,, / sing/i sin ,, 

= sm,l/I„|^:-^|- /-M-r-i^rf/i-cos ■ J —— !L.dh = 

I*-{1 " i*-«l " 


^ : Vil 


-jcos/^lx-^l 


^ ^ l4 ^ J 

J cos(iiFl/^)/t J 
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We estimate only the integral 


The estimate of the other terms on the right hand side of (29) goes analogously. Fix 
0 < 2<1 arbitrarily. 

First consider the case __ 

ii-jKfi-rysJ!. 

Then we have 

\xi\ ^ l*-«i 


Using the Theorem of Bonne we get 


dh= / -fdy = 


1 r siny , 

where y=if>-fl^h, 0<S<1, |rr-g(fi-®Hence 


m-fv sm{ii-il,)h 


1 /•' iLg 


1 tJL = . —__r»*-|j_{|'ls 


(We assumed that |/i-yXl*I. One can investigate the case |/i-fi|sl inasimilat 
way.) On the Other hand we have 

/ Y^—/ - / 


3in(/i^/^)lj 

li 
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Now consider the case 


In this case we have 




. R 


and hence 


_ _ _ 

Summarising our estimates and choosing e = 1/2 we obtain 


'sin(/i-/A„)li 




and (28) is proved, 

Remark. In (27) and (28) the constants and Dj do not depend on /i, /2„, x 
and^. 

If r and 5 >0 is chosen so that i+y = I and 5 • r< 1, then we have 

7''l?K)l«,. fW'T-rfffi 

i .J 

Remark. The class Cl*’((7) (0<a<l) is defined as the set of functions/defined 
on G such that for every compact subset KotO there exists a constant ]7 {K} by which 
the estimate 

(31) l/(/)~/(/)l^n(Ji:)|x'-xr 

holds for every x\ x'%K. Now we estimate the function given in (25). The estimate of 
Ft is analogous to that of the series (49) in [3], using the estimates (5), (6), (9), (28), 
(30). Consider the function in the form 

F,- 2 + 2. 

An easy calculation shows (using (31)) that the estimates 


2|/(/“.©«)*|' 

■?(x-/l))M„(X-/l)-(?(X+/l)--?(x))«„(x + h)]d/l g 


-F' 2 T"'^Ro|/ ^ X 

hold and hence 

(32) |Fa(x, /i)| ^ C{K) {xa, ^ 1, a ^ A g h ^ b) 


Acta Mathemtica Aeadmiae Scientiarum Eiingarlcae 38, 










130 


I, J06 AND N. LAZeTIC 


follows, Mow consider the function (x, fi) in the form 

F,{x,/‘)= I. +2.- 

Using the estimates (5), (6), (9), (27), (30), 

V I R I *“« 

xf J Jam«|;(^:)|.CW, 2^<» 

I,.4 « J I .51: 

follows and 

(33) \Fz{x>ii)\ ^ CiK) ix^K, 
is proved. 

From the estimates for F^ F^ and F^ given above it follows: the derivative 
hl{x) exists and the equality 

(34) = 

ft"* (f 

holds. Similarly, to prove the existence of the derivative hil{x) and the relation 

(35) {=^f) 

muR r\ /nSinyi;(Mhh) J J 

(where 7*(x,i?)^J [ j q{^)uM —-d^jdhj, 

it is enough to prove the uniform convergence in x (on K) of the series H. To this end, 
consider the sura H in the form 

(35') 

Vt ,1=1 „ 

/ ^(0m»( 0[ /sinl/i;(|a:-^h/»)d/i]d^+ 

X-R 

^ 0 

s i/fi(x,/i)+|i7j(x,/()-ii78(x,/O- 
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Using the estimates (5), (6) and (9) we obtain 

(36) 2 

os/a„si Ji £1 

I CiTl /? ^"1"^ I 

•k^ / 9(0 k( 0 J sinl/i;(|x~^l-h)dHk 

I ^ x~R U-«| I 

+ 2 f ,(0..(ei55J5(tWi?L 

iT^>l Ji a I x-R ’K I 

gC(i3+C(X). 2w*C4:) 


OsfA^Sl Ji a 


p mnRmiT„R 


+ 2 

ti„>i yi « 


, miiRimflnR 

.«/i; 


^C{K)- mg|«(x)l+^(ii:)max|9(x)| 2 ^ 

Using (5), (9) and (10) we obtain 

(38) |/f.{»,,i)|g 2 

yi 0 ' ' 

. [\q(x+li)u,(xH)+q{x-h)u,{x-h)m 2 | 

() V 

■ ‘ J u „ ixFh ) Fq { x -} i ) «„(x~-/i)i dh ^ 

I I 0 

sC(i3+e(iO-2-isC(X), 

iT„>i K 

From (36), (37) and (38) the estimate 

(39) \H{x,li)\^CiK) {x^K,ll^Ua^y^^y^^b) 

follows and (35) is also proved. Thus we have proved that the derivatives g"(x) 
and/ij'(x)(i=l,2,...,7)existand 

g"(x) = /Ax)(s2w)- 
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Taking into consideration (18), (23), (30), (35), we can write the last relation in 
the following form: 

(40) j” {, /.)] d?] dy = -/(at, Tr. h, ft i!.)+ 


-il( /’ (/ 5.ft)[/(/ 




yi fl 






■ 2 

ir„>i h « 

/i)-f,(ft /i)-f>(ft /!))+«(*. ft)' 


Now we prove (14). Denote S, (<=1,2.10) the i-th term on the right hand 

side of (40) and estimate these terms below. 

(41) |.?x(x)| g C{K) {xa, M S 1, a S h ^ 72 ^ b) 

was given in (19); 

(42) |S,(j<)l*C(f) (ja.ftSl.aSftiSftsSi’) 

Mows from the proof of (20) and (21). One can prove analogora e^mate for S, 
S„ S. by the method applied in [6) for the proof of (45), using also the eshmales (8) 
and (9) of the present work. For and S, one can prove the analogous estimates by 
the method applied in [3] in the proof of the similar estimates for the functions Sg and 
S, given in [3]. For S, and .Sio the corresponding estimates were proved above. 
Lemma 3 (i.e. the estimate (14)) is proved. 

One can prove similarly to Lemma 3 the following 
LEMMa 3. With the assumptions of Lemma 3 the estimate 

(43) |/’(/—[S,.«,(ft«.ft)-»(ftf.ft)l<<«)''f S 
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§3. Proof of Theorems 1 and 2 

First we prove Theorem 1, Using (17), it follows that the function 
j^iS'jjjVj{(x,y,/i)j-/(y) is Lebesque integrable on the interval (a, A). Introduce 
the notation 

(44) S^if = y, p) -/(y) dy, 

and consider the functions 

(45) g(y) = {™(7-fl), h{y)=f{y)-g{y) 
and 

( 46 ) ~o,if,x)-S^{f,x)^ I■^[(iix,y,p)~SRM^,y,p)]‘g{y)dy + 

+ / ^ y> phS^^Vf.{x, y, p)] • h(y) dy. 

The functions in the last integrals are continuous in x on the set [a, b]\{R^, 2Po}, 
hence instead of (46) we can write 

(47) 

•^(r,(/,i)-S„(/,j)= /g(y)^[/•|^(^j,tj(ft{,/i)-9(i,4ft))iij]ily+ 

+ /h()’)4[/4(9(ft«.ft)-Vi.(ft4ft))«]dy. 

0 ft "■(! 

Now define the functions i(y) and ;(y) on the interval [a, b] in the following way; 

(48) i(j) = |§(3>-<i), j0') = )>'(j’)-i()') 
and write (47) in the following form: 

ii7,(f,i)-5,(/, I) =/|([//|^(Vji(ft4ft)-9(ftf,ft))iif d(]g'(y)iiy-- 

(49) -■/i(y)||[/(/^(9(ft4ft)-ii,»*(ft4ft))«)d(]dy+ 

+/ j [/ (/ ^ ft)--9ii.»)i(ft 5. ft)) 45 ) dljdy. 
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Integrating by parts and using (45) and (48) we obtain 

(50) + / [/ (/ 

a y ^ 

- / [/ (/ 4(o(*’ ")) ‘'^) *] 

fl U 

From the last equality we obtain (using (14) and (43)) 

+(if (i>)i+ig'{^)i) • wf'yiG )= 

^ jM (C{iK)+2Ci{K))+2C^{K) • If (b)l+Ci(Js:)ll/1liMG)> 

6—fl ^ 

nniformlY in :r on the compact set K and uniformly in ii on (0, o°). It is easy to see 
m \M>m and II/ILho) can be estimated by the norm 

\\fyi^g^ and from (51) we obtain 

(52) \^c,{f,x)-S,{f,x^im (*e^»‘eO). 

similarly 

(53) |^w.Y-s,a;^)|sc(« mu SO), 

and consequently 

(54) lff"-«Y-^W.*)|aC(fl ixA^sO). 

Tie estimate (3) is proved, Now we prove: (3) caiinot te improved in the sense 

that»(l)(»->")cannotbewtittenontheiighthandstdeof(3). _ 

SnM)ose this is not the case, i.e. we have ()(l)((i,»»)ontherighthandsideof(3). 
Suppose G=(0, It), ?s0, 1/2. Then u,(jc)=)^ cos («), A.=n, further i!,(j:)= 

=/2cos(w), 1=11+1/2 (11=0,1,2,,..). From the indirect assumption we get 

<tP4(/. ir)-c./.(/. *)=“(1). <-«•(/. ^)-c.(.cr. *)=«(» (»-») 

and hence 

ir,'«/.(/, *)-ir.%.(/. *) = -^cosra//(r)cosiitd( = o(l) 

(n '♦■oo, ofCii^cC?), 
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for every/C Wf(0, n). If is a closed subinterval of G with mes K>0, then we have 
the lower estimate [ J cos j > oO («=0,1,...) by which 

K 

7C 

(55) j f{t) cos nt dt - ^(l/n^) {n -+oo), 

X? 

forevery/6 ^^^(G). Now let O^gCZi^(G) be arbitrary and /(x)= Jfg(t)dtd^. Ob¬ 
viously fiWf(G), f(0)=0, f'(n)r^0, further using (55) 

« 

(56) Jf{t)mntdt = o{lln) 

0 

On the other hand, integrating by parts we obtain 



and this contradicts (56). Theorem 1 is proved. 

Remark 1. By the method of the proof of the exactness of the estimate (3) it 
ollows that in the case of a general boundary value problem (or in a more general 
case) we can write only 0(/i) on the right hand side of (3). We omit the details. 

Now we prove Theorem 2. To this end, let £>0 be an arbitrarily small number. 
It is well known (cf. [5]) that for everyf WfiG) with compact support there exists 
a function C'S"(G’) such that 

ll/”?i(Fi\G)<8. 

We prove first that (T^(g, x) tends to g''(x) as fi^oo uniformly in x on every compact 
subset of G. To this end, it is enough to prove the uniform convergence of the sequence 
(tJ(, because in [3] we proved that cr^',(g, x)-+-g'(x) uniformly in x on every compact 
subset of G. In the following we shall suppose that q"{x)^V~iG). In this case it is easy 
to prove that 

(57) g„ = J six) u„{x) dx = -~fh(x) u„(x) dxM-Lh„ (f 0) 
where 

h(x) = Pg(x) = [-g''(^)+g(^)g(^)]"+?(x)[-g^'(^)+?(x)g(x)]€Li((?). 
Using the estimates (5), (6), (7) and the relation (57) we obtain 

ilgj4l'.(V= 2 lfg(x)u.(x)^xl'^u,(x) + 

fl=i ax ' ax 

+ 2 2 f sC(a:), 
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and the uniform convergence of the sequence trJKg, x) is proved. So there exists 
a number fio>0 such that 

(58) K(8,x)~g"(x)\^^/^ 

Similarly 

Summarising our estimates we obtain 

k;(/, x)-^;(f, :«)i ^ Kif-s, xyt;{f~g, x)!+i<(g, x)~t;{g, x)\ ^ 

and (4) is proved. Now we show that (4) cannot be improved in the sense that we can 
not assert okU)) on the right hand side of (4) where a(/i) is such a function for which 
lim a(/i)=0^as Then the argument given in the proof of Theorem 1 gives the 
estimate 

(59) //W“»'* = o(-^) 

0 

for every/€ ITf (G) having compact support in G. 

Let g€ L\<G) be arbitrary and define 

f{x)^l[Jsit)dt)d^+Cx. 

0 0 

where 

C = -jg(l)dt. 

0 

Obviously /(0)=f (7t)=0 further Integrating twice, we obtain from (59) 

for the just defined function: 

n 

(60) J g(t) cos nidt = 0(c((n)) (11 = 1,2,...) 

0 

for every gaHG)^ Now we prove that this is not the case. To this end consider an 
infinite sequence {nj of natural numbers, such that 

a(nft)?^0, for fc = l,2,.... 

Suppose that (60) is fulfilled. Consider the operator A:LHCf)^c^ (c^ is the Banach 

space of the bounded sequences with supremun norm) defined as 
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According to Banach’s closed graph theorem, A is continuous (namely it is easy to 
prove that i is closed). On the other hand, the sequence 

gk(x) = a(n,J-cos}kX 

tends to 0 in the space L^(G) but A(gk) does not tend to 0 in the space c„ . This is a 
contradiction and Theorem 2 is provei 

Remark 2, It is possible to generalize Theorem 2 for the case of arbitrary com¬ 
plete orthonormal system of eigenfunctions (not necessarily connected with the second 
boundary condition). 

§4. The case of arbitrary non-negative selfadjoint extension 

Let {iij be an arbitrary fundamental system which corresponds to the arbitrary 
non-negative selfadjoint extension of the operator Lv~-v"+q(xMx). Then instead 
of (9) we have only the estimate 

(61) 2 |/'(/».(£)‘i5)<i)'|«4 

Denote a^if, x) and ^„(/, x) the spectral expansions of a function / with abso¬ 
lutely continuous derivative on the closed interval [a, b]=G, corresponding to two 
arbitrary non-negative selfadjoint extensions of the operators 

Lu --u''-^q(x)u, Lu = -u"-^q{x)u. 

We assume that | 

(62) q{x)^C{G)f]U{G), qix)^C{G)r]UiG) (l<p<-). 

The method of the proof of Theorem 1 yields (using (61)) 

Theorem 3. If for the potentials q and q condition (62) is fulfilled then 

= (dsi) 

uniformly in x on every compact subset of G. The order of this estimate cannot be 
improved. 

By the method of the proof of Theorem 2 we get 

Theorem 4. If the conditions of the Theorem 3 are fulfilled and f has a compact 
support in G further q\x) and f{x) belong to U'iG), then 

uniformly in X on every compact subset of G. 
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The order of this estimate can be improved (cf. Remark 2), but this needs 

essential modifications in the proof. 

The authors are indebted to professor V. A. Il’in for his attention to this work 
and for his valuable suggestions during writing of this paper. 
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Ober die kneser-konstante der 

DIFFERENTIALGLEICHUNG (-J)"»+?(j )»=0 

Von 

E.MtjLLER-PFEIFFER (Erfurt) 


Im folgenden soil untersucht werden, unter welchen Bedingungen fiir die Funktion 
^(x) die elliptische Differentialgleichung 

(1) (-/l)''‘«+?(x)u=0, x = (xi. msl, 

g(x)eC(R”) und reell, 

im Raum R" oszillatorisch ist oder nicht. 

Bin beschranktes Gebiet G des R” heifit Knotengebiet der Gleichung (1), falls 
eine nichttriviale Losung ii=u{x) von (1) existiert, die zu dem Raum lf|fjoo(G)n 
gehort. Die Gleichung (1) heiBt oszillatorisch, wenn sie auBerhalb jeder 
im Endlichen gelegenen Kugel ein Knotengebiet besitzt. Sie heiBt entsprechend 
nichtoszillatorisch im R", wenn eine endliche Kugel im R” existiert, so daB auBerhalb 
dieser Kugel kein Knotengebiet von (1) liegt. Was die Differentialgleichung 

(2) -u"^q{x)u^0, ?(x)€C(0,4 

betrifft, so stellt das klassische Resultat von A. Kneser fest, daB die Gleichung (2) 
nichtoszillatorisch bzw. oszillatorisch ist, je nachdem ob 

(3) limxV(x)>-i Oder \mx'^q{x)<-j 

'■ ' X-*-* ‘t *■*■" T' 

gilt. Steht in (3) des Gleichheitszeichen, so sind beide Falle mdglich. Das Oszilla- 
tionsldterium von Kneser ist vielfach verallgemeinert worden. Zusammenfassende 
Darstellungen solcher Oszillationskriterien kann man in den Biichem von 1. M. Glaz- 
MAN [3], K. Kseith [5] und C. A. Swanson [8] finden. Wir weisen an dieser Stelle 
noch auf die Verallgeraeinerung der Bedingungen (3) durch E. Hille [4] hin. Die 


1 w 2 m ((j) und ifj™((r) sind Sobolevsche Raume. enthSlt alle diejenigen in (? 

deflnierten (koinplexwertigen) Funktionen, deren verallgemeinerte Ableitnngen bis zur Ordnung 
2m auf jeder kompakteE Teilmenge von G quadratisch integrierbar sind. W^iG) entsteht aus Q{G) 
durch Vervollstdndigung in der Norm 
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Differentialgleichung (2) ist nichtoszillatorisch bzw. oszillatorisch, je nachdem ob 


Oder 

(4) 


X-^oo L 




liinsupX ""4 


eilt. In der vorliegenden Arbeit werden Oszillationskriterien von der Art (4) fur die 
Gleichung (1) angegeben, Auf Bedingungen vom Kneser-Typ fur elliptische Differen- 
tialgleichungen hoherer Ordnung hat beziiglich der Nichtoszillation der Gleichung 
auch W. Allegretto [1], [2] hingewiesen. 

Satz I, Es sd 2111=11 odei' n<2ifi, n ungcvude,^ Dk Gldchiing 

= 0, X = (xj,s 

ist nichtoszillcitorisch, wmti dn i“o>0 existisi't, so dafi 


(5) 




KWil 1 , 


4^Iog‘'^^ |x| ) \x\ 
gilt; dabei sind die Zahlen dj die Koeffizienten des Polynoms 

Die Gleichung ist oszillatorisch, \mn cine Funktion S(r) mit der Eigenschcift 
i nogp 

A 

und dm Zahl Fq existieren, so da^ 


(6) 

gill 


qix)iB-\ 2! 


S _1 


1 ^(W) 


.j=o4^'log‘'^|x|J Ixp'" |xl2'"log8|x| 


|x! > r„ 


Beweis. Wir entnehmen einen 


von 


Mi§iN [7], wo unter einemetwas anderen Aspekt AbschEtzungen durchgefiihrt werden, 

die fur den Beweis des Satzes nutzbar gemacht werden kdnnen.® 

Bei Verwendung des Beltrami-Operators B hat der Laplace-Operator die Form 


du(x) - 


# n-l d B) 


2 Der Fall n<2m, n gerade wird spater behandeit, 

“ Der Verfasser sieht sicli veranlaBt, Telle der Arbeit [7] zu wiederholen, da nach seiner Meinung 
in [7] Fehler vorhanden sind. So ist z. B. das Lemma, das in [7] ohne Beweis erscheint und das im 
Theorem 4 benutzt wird, ira allgemelnen nicht richtig. 


Bezeichnet System der orthonormierten Kugelflachenfunktioiien, 

so kann eine Funktion t/(x)€ C„“(B’'\{0}) als Reihe 


(7) u(x) = u{r,S)= 2^ki^)K(r) 

k-l 

mit 

Bk{r)=^ Ju{r,&}Sk{b)dl m„ = {x|x6R" und |x| = 1}, 
% 

dargestellt werden. Aus (7) folgt 


( 8 ) 

wobei 




n~l d Sk 
df^ ' 


ist. Si ist der zur Eigenfunktion S^iS) von B gehorige Eigenwert. s^ ist fiir k>l ein 
mehrfacher Eigenwert; dabei gilt 

(9) Si=^-k'{k'+n-2l k' = 0,l,2,.... 

Si-O {k'=0) ist der einzige einfache Eigenwert. Mit (7) und (8) folgt 

(10) fru>udx= 2 f M%(i')’Wr'‘-^di\ 

Rii k==lQ 

Bei der Transformation 

(11) ( = logi', 4(r) = (£') = !',(Ot"--""'’, 
bekommt der Ausdruck S^R,(r) die Gestalt 

Es wird im folgenden gezeigt, daB die Koeffizienten c,_fc die Eigenschaften 
cy-i.k = 0, %k ^ i = 0,..., m, 

besitzen, Die Gleichung Bf&i{r)=Q besitzt als Losungen Potenzfiinktionen 
,.Ai,fc+av^ r^2'''+^Vv = 0,1,m-1, 
wobei und l^.k die Nullstellen des Polynoms 

2^-f (n~2)A"f'S'fc = 0 

sind. Wegen (9) erhalt man 2i^i~2-n-k'. Die den Potenzfunktionen 

entsprechenden Ldsungen der Gleichung 

2m 

( 12 ) 

1=0 
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(13) g±(fc'+(''”2"0/2)f^ g±(fc'+(M-2m+4)/2)(^ ___^g±(/('+(n+2(n-4)/S)«_ 

Die Nullstellen deS'charakteristischen Polyiioms des Differentialausdrucks ^2) sind 
die Faktoren in den Exponenten der Fimktionen (13). So folgen fiir die Koeffizienten 
die Eigenschaften 

C2j-i,fc = 0, C2_/,t==(-l)"'"''|c2y,i(|, j = 

und 

, n-2m+4vY 

c„=(-ir —2 )■ 

Das charakteristische Polynom des Differentialausdrucks (12) heiBt also 

(14) = ■■■['’-( 


M 


fc'+^r-)]. 


Wird in (10) die Transformation (11) ausgefiihrt, so folgt 

(15) f(-Armdx=2 / (i(-iyhj,Jfl‘'>(')n(5)* = 

/n -» V=0 

=J /(|k,i.l|fF’WP)*' 

Wenn der Trager der Funktion u{x) m AuBeren der Einheitskugel liegt, liegen die 
Trager der Funktionen P^it) im Innern der positiven r-Halbachse. Verwendet man die 
fiir solche Funktionen giiltige Abscliatzung [3] 


/„,.,isMa/!f 


dt. 


so folgt aus (15) 

(16) f(-jr«dilx t 2f 24-Jr‘J[(2i-l)l!Pky,jJl4’i.(<)l'*. 

jit ^=1-0 

suppBes^4:„ ri = {;(|Wai), 

Mil 

und bei Beachtung der Transformation (11) erhalten wir aus (16) 

(17) 

/’[(-d)'"w+pi(r)M]udA: S 2 J f 

jii k=is v=» 7 

Die Zahlen otj sind mit den Zahlen ••• > identiscb. 1st k^2 und damit 

^'Sl, so gilt immer 

(18) Mj ^ k2j,iil) J " 0, k — 2,3)... ■ 


Urn (18) zu beweisen, stellen wir fest, daB die Koeifeienten a., und jcg, J Summen 
von Produkten sind, die aus den Zahlen 

(19) 4-^/1 "2m)2,4-'i(n-2m+4)2, ..,,4-i(«+2m-8)2,4-i(n+2m-4)2, 
bzw. 

(20) 4"i(2/c'+n-2m)2,4-'2(2/c'+R-2m+4)2,4-i(2k'+n+2m-4)^ 

gebildet werden. Im Falle n^2m ist (18) offensichtlich, 1st «c2m, n ungerade und 
z. B. k'=l so enthalt die Serie (20) zura Teil die Zahlen aus (19), und die restlichen 
Zahlen aus (20) sind groBer als die entsprechenden Zahlen aus (19). Also gilt (18). 
Entsprechend kann man in den Fallen k'=2, 3,... schlieBen. 

Aus (17) folgt jetzt 

(21) J [(-d)'''M+pi(r)i/.]u dx S 0, supp ueR"\A'i. 

R" 

Ist G ein beliebiges beschranktes Gebiet im R", das auBerhalb der Kugel rait dem 
Radius ro>l und dem Ursprung als Mittelpunkt liegt, so existiert ein )|>b, so daB 
^f(x)^ei(|:r|)+)j, gilt. Dann folgt aus (21) 

J[i~AyHi+q{x)u]udx^fj f\ufdx, i?>0, MeCo“(G). 

G Q 

Es kann daher keine nichttriviale Funktion v(x)(JVf(( 7 ) geben, die Ldsung der 
Differentialgleichung (1) ist. G kann also kein Knotengebiet der Gleichung (1) sein. 
Wir beweisen jetzt die Behauptung hinsichtlich der Oszillationseigenschaft. Dazu 
konstruieren wir zu beliebig vorgegebenem ;'2>0 eine Funktion m(x)6Co“(R"), deren 
Trager auBerhalb der Kugel liegt und fiir die 

(22) J l(-A)'"u-l-q(x) «] u dx<0 

R" 

gilt, Als Testfunktion u{x) wird eine Funktion verwendet, die nur von ixl-r ab- 
Mngt. Mit 



folgt dann mittels der Transformation (11) 

(23) /[(-4)«i,+a(r)»]i(<fa = 

R" 

= / (2«j|2’F(0l‘-i4-3r-Wsj|J>,(i)|>|*+/ r»6(e')|A(()|>*. 

0 V“0 J=0 / f 

Wir setzen jetzt 

Pi(/) = e'7^p(j), t = e\ 

wobei('/)(j)aus 

X{s) = 


1, 1 <(Ti<(72-1, 

0, sonst 
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durch Mittelung mit dem Mittelungsradius j entstelit. Dann folgt 
unddsmit 2 , 

osit,vsi 

Also gilt 

(24) / IP,“(01** = / «'“■'” [J,, 

0 0 0_/2,v_3 

sofernj^2 ist, Weiter ist 

(25) / (IPi(r)P-4-iryi(t)P)* = / (W{s)fi-(p{s)(p'{s))ds^C,<o= 
und 

(26) / r'<5(e01A(0Pd^= / ^(exp[e''1)(p®(s)ds. 

0 0 

Werden die Beziehungeii (24)-(26) in (23) beriicksichtigt, so folgt 

(27) /[(-d)'"«+ Q 2 {r )«]M Q + / <5(6X13 [el) f/(s) ds. 

DaderFaktor f/)'(5)auf [cri-i,(Ti+i] von 9'(<7i-i]=0 bis fp'((ri+y) = l 

monoton steigend und auf von fp®|tr 2 -jj = l bis 

monoton fallend ist, gilt nach dem zweiten Mittelwertsatz der Integralrechnung 

/ d(exp M) r(s) * = / d(Exp [eD * = / ^ ii-, 

I) rt'i ' . Pi 

( 7 ,-y g ^ (Tj+i ff'i = log[logra i = 1,2. 

Nach Voraussetzung strebt das recht stehende Intepl fiir (bei festem (Tj) 
gegen -o’. Es existiert daher nach (27) eine Funktion u(xXC^(R"\KrJ, so daB 
(22) gilt. Es gelte m(x)= 0 fiir \x\mr,, h>h. Die quadratische Form 

f [(-zl)'"/; + ^(x:) vjvdx, Ki,n = {^k 2 1^1 

ist lialbbeschrankt nach unten. Durch sie wird ein selbstadjungierter Operator A im 
Hilbertraum hiK^J definiert, dessen Definitionsbereich D{A) im Raum 
Wi'{K,„J liegt. Das Spektrum von A ist diskret, und der kleinste Eigenwert 2i(r2, h) 
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von A ist wegen (22) negativ. Nach dem Variationsprinzip von Courant wird 
kihi h) sfetig grdbsE wenn (bei festem r^) stetig verkleinert wird. Es gibt einen 
Wert r^,ri<r*<r^, so dafi 4(/'2,/'*)=0 gilt. Fiir die zugehdrige Eigenfunktion 
iv(;c)gilt 

(~/l)'"w+?(x)w = 0, w6fn"(4,p*)nPF|'"(4,p.). 

Damit ist nachgewiesen, daB die Gleichung (1) oszilliert, wenn die Bedingung (6) 
erfiillt ist. Der Satz ist bewiesen. 

Die Zahlen 

m-l 

= 4~'« JJ [n-2m+4vf, n>2m oder n<2m, n ungerade 
v=o 
und 

«, = | = 4->[(m-l)ip, n = 2m, 

wird man als Kneser-Konstanten bezeichnen. 

Spezialfalle: 1. «= 1. Fiir Kq ergibt sich 

_[(2m-l)!!P 
«o--. 


Die Bedingungen (5) und (6) fiir die Gleichung 

(_]l)my(2m)^^(j.) y _ 0 < a: < w, 

sind weniger einschrankend als die entsprechenden von Glazman [3]. 
2. m=l, n=l, Die Gleichung 

-u"i'q{x)u = 0, 0 c X < 

ist nichtoszillatorisch, wenn 

gilt. Sie ist oszillatorisch, wenn 


erfiillt ist (vergl. (4)). 

3. m=2, n=:l, Die Gleichung 


u^^^q{x)u=^0, OcxcM, 


ist nichtoszillatorisch, wenn 


?(x)>”^(9+101og“2x+91og-<‘x), x>Xo 


10 
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gilt, und sie ist oszillatorisch, wenn 


erfiUlt ist. Diese Bediogiingeii verbessem die bekannten &eser-Typ-Bediiigungen 
von W. lEiOHiON und Z. Neham [6] fiir die vorliegende Gleiclimg. 

4,m=l nsS. -d»+gW»= 0 ,t(BR‘, ist mclitoszillatonsch, wenn 


giltlrnFalle 


g(i)>-^([n-2!’+log->M), 1*1 >r,. 


JJUx.- 


ist die Schrodingergleicliung oszillatorisch. Diese Bedingungen sind weiuger ein- 
schrankend als die entsprechenden von Glazman [3]. m-l, n=2: Jetzt ist ao-0, 
und die Bedingungen heiBen 

(28) qix) >T > 1^1 >'*0. 

bzw. 


41xpiog®|:x| 

1 , Ivl^. FM.^r:= 

4l#loeMxl IxPloeNxr *” J rlogr 


'4|xpiog'“ |x| |xplog^|x| 

Die Bedingung (28) ist (mit EinschluB der Gleichheit) von Allegretto [1] angegeben 
worden, 

5. ?ns2,«=l odernsS. 


1 f(n”4)V , n2-4n+8 , 
(29) 

bzw. 


\xf[ 16 Slog^W 161og*|3;| 


■ s W 




1 «n-4)>ns . n>-4i.+81, S(M) 

rm 


|;cpA 16 Slog^W J |#log2 |x[’ ‘ 


6. m=3, »=1,3 Oder n^5. Die Bedi 


1 ((n-6)^(n-2)Hn+2)^ 3w* -24nH72ni‘-96H+304 
x|®l 64 641og®|;c| 


. 9(3n®-12n+44) , 225 

^ t t" 


641og*lx| 641og*|x[ 
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bzw. 

l- [(«-6)^(» -2)^(«+2)^ 3«'-24aH72M2-96n+304 ^(|x|) 

W’i 64 641og2W '^W«log2|xr 



Wirdiskiitieren jetzt den Fall fi<2m,«gerade. Zunachstsei«=2m-4/, /=0,1,2,.., . 
Dann ist ao=0. Problematisch ist der Beweis der Beziehungen (18) fiir j~l,m; 
k^2, 3,.... Wir vermuten, daB sie allgemein richtig sind, so daB der erste Teil des 
Satzes 1 auch im vorliegenden Fall richtig bleibt. Was die Oszillation betrilft, so gilt 

Satz 2. Es sei «=2m~4/, /-0,1,2. Die Differentialglekhmg 

{~^fu+q{x)u- 0, xCR'*, 

ist oszillatorisch, wenn eine Funktion <5 (r) mit d r Eigenschaft 



und eine Zahl ro>0 existieren, so dafi 

h I ^(1* 1) , , 

iji'*iog>i*rw**iog>M’ •’ 

= A = (v-i)', 

‘r V=0 

, V?SI 

..d .. ' 

Der Beweis des Satzes 2 kann dem Beweis des zweiten Teils von Satz 1 unmittel- 
bar entnommen werden. 

■, Hr konkrete Mien m und n konnen die Beziehungen (18) durch Rechnung 
bestatigt werden. So ergibt sich z. B. folgendes. 

Im Falk m=3, n^2iist die Gkichung 

{-dfu-^q{x)u~0, 

nichtoszillatorisch oder oszillatorisch, je nachdem ob 

1 ( 9 225 ) 

'"“w'log’w r'''ii;?w+64iog<i*|j’ 

Oder 


q{x)^~- 


^(1^1) 


gilt. 


|xriog®|;c) ' Ixplog^M’ 


W>?'o, / 


Hr) 

rlogr 


dr=- 


10* 
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ZahlM^rrnWjS & Menl M & tofeienlen des Polynoms 

M.-ir‘+.-+w+A= 



folgt die der Ujgleichrag (17) entsprechende Ungleichmg 

R" " ® 


Dabeiist 

(31) fc = 0 ,h,J= J[l+2((-v)l*>0, n = 2m-2-4l. 

Fiir alle i(:s2, fiir die in (9) ^'=1 ist, gilt 
WenndieUngleichungen 

(32) i = 0,...,m, fiir fc's2, 
gelten, so folgt aus (30) 

(33) 

R" « ^ 

Aus (33) folgt, dafi wegen (31) ein 4>0 existiert und entsprechend ein ri^e% so dafi 
J [{-Afu + Si(r) ujiidx^ 0, |x;| > r^, 

R" 

gilt. Nun schlieBt man wie im Beweis des Satzes 1 und erbalt den Satz: So/em die 

BeziehungenQ2)richtig Sind, ist die Gkichmg 

{~Afu-\-qix)u=0, x^W', n = 2m-2“41, / = 
nichtosziilatorisch, wenn die Bedingung 



erfulltist. 

Was die Oszillation betrilft, so gilt der gleiche Sachverbalt wie im Satz 2. 
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Satz 3. Bs sei n~lm~l-Al, /=0,1, . Die Gkichung 
{-Ayui-q{x)u = 0, x6R", 

ist oszillatorisch, wenn eine Fmktion 5{r) mit der Eigenschaft 
/ rlogr 

md eine Zahl /'o>0 existieren, so da§ 

A I ^(W) 


|xP"'log2|x| |;cp'«log2|x|’ 


|x|>ro, 


A = ^ = (V-/)', 

i ^ V=0 


Silt> 


Beweis. Wir verwenden als Testfiinktion 

v{x)~Si{St)Ri{r), R^(r)~0, O^rSro, '"o^l- 
Die Kugelflacbenfunktion {S^) gehdrt zum Eigenwert (« -1), {k'= 1). 


und mit 


^ 4r2'"loe^r " Ki 


folgt ^ 

/[(-d)'"a+02(/’)a]iidx = 

' R" 

Setztman wieder 

~ ^’’^^^p(s), l—e* —oo<j<ooj 

so erbalt man wie bn Beweis von Satz 1 


/ (Jle«iJ|Pr’(l)l‘-4-'r>|c„|ft(()|<j*gC. 


Der Summand 


fi-mmi'di 

0 
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strebt fiir (J-j gegen - , so dafi wieder 

j [(-£f‘u-\^q{x)v]vdx<0 

eraicht wW. Damit folgt die Behauptuigdes Satze wic oten ira Beweis von Sate 1- 
Fur kontete Zahlen m nnd n konnen die Beziehungen (32) bestatigt and fol 

gende Aussagen gewonnen werden. 

Spezidfdlk: ], m=2, «-2. Die Gleichmg 


AH-^qix)u==0, x6R^ 


ist mchtoszihtorisch, wenn 


gilt. Im Falle 
q{x)^ 





/mdr=- 

jxKiog'w'^ Ixinog'lxr 

J rlogr 


ist die Gleichung oszillatorisch. i ; 

2. m-3, «~4. Die Bedingmgen hei^en 


16 . 5(1j:1) 


\x\Hog^]x\ Ixpiog' 


. r 
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asymptotic ESTIMATES FOR 
QUASI-HERMITE-FEJEr INTERPOLATION 

By 

S. J. GOODENOUGH and T. M. MILLS (Bendigo) 


1, Introduction 

^About twenty years ago, Paul SzAsz [4] introduced the interpolation polyno- 


where the points 4=cos-^for .,.,n, are the zeros of the Chebyshev 


polynomial of the second kind 


sin (n+1)0 


-1 S X = cos 


Szfcz termed these polynomials the quasi-Hennite—Fejer interpolation polynomials 
based on the zeros of U„{x). Theorem II of Szdsz’s paper implies the following result: 

Theorem 1 (P. Szdsz).///eC([-l, 1]) to 

lBn||(2W/)-/IU = 0, 

Eight years later, R. B, Saxena [3] estimated the rate of convergence of these 
polynomials. Theorem 2 of Saxena’s paper may be stated as follows: ^ 

Theorem 2 (R. B. Saxena), 7//6C([-l, 1]), then for «=.2,3,4, 


where ©(/; S) is the modulus of continuity of the function f 
It is not difficult to refine Saxena’s result to: 

Theorem 3. Iff^C{[~l, 1]), -l^x^l andn^l, then 

u ’ , ” ksal \ K / 

where C is an absolute constant* 
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As the methods used to prove Theorem 3 are contained in the papers by Saxena 
f31 and by Prasad and Varma [2], there is no need to prove Theorem 3 here. 

ThisVper arose from our interest in the constants _5 and C in the 
theorems. We shall obtain the best asymptotic constantm the case *e/belongs to 
a Upschitz class of functions. Specifically, we shall confine our attention to the 
Lipschitz class Lip 1, whereLip 1 means that 

\f{x)~f{y)\ ^ lx-y| for all x, y in [-1,1]. 

It follows immediately that/^Lip 1 if and only if m(/; for all 5^0. 

We then obtain the following corollary of Theorem 2. 

Corollary 1. (f/^Lip 1, then for n=2,3,4, 

iie«.(/)-/ius5^- 

The aim of this paper is to estimate the quantity 

J.M:=siip{IS»,«(/:J')-/WI:ALipl) for -Isa:si. 

Our main result may be stated as follows: 

Theorem 4. Ifthen 

Note that Theorem 4 reflects the fact that the interpolation polynomials 
Qinnif> ^ad the function f{x) agree at the zeros of (1 ~x^)U„{xf 
An immediate corollary of this theorem is 

Corollary 2. 

sup{IIS«.(/)-/IU:/eiJpi}=~+o(7)’ “ 


2. Proof of Theorem 4 


To prove Theorem 4, we shall begin by rewriting equation (1) as follows: 

Qmiifi *)=/(-!) w+/(‘) '■.W+i/w '■*(*)■ 

Then by an argnoifint fiist proposed by S. M, Nikolskii [1], 

(2) d.W = (l+r:)r.tiW+(!-it)r.W+ 


quasi-hermite-fejEr interpolation 


The first step in estimating A^x) is to note that 


(l+r)r,«(i)+(l-r)r,(j) 




n^|i7.(r)| |sm(B+l)9| _ f|/W|t;,(,;)| 
n+1 n+l n+1 


where x=cos 9. 


Let x6[~l, 1]. We may assume that x is not a node of interpolation for, in thht 
case, d„(x)=0 and there is nothing to prove. Choose the index J such that 

|x“Xj| ^ |x-Xt| for ifc = 1,2, ...,n. 

Clearly ./=;(.r, h). If there are two such values ofthen choose either one. Then we 
have 


(4) = 

lt=l 1(=:1 

= 2V,(x)+lf^_i(x)+I7X^)+lfy«(A')-l- i 1^(4 

*:=1 li=i+2 

Of course, ifj=l, 2, n -1 or n, then some of these terms will not appear. 
Now 

(5) ~ I ^ ^ I ^ 


n-x) n-xj 

Furthermore, 

From SzAsz [4, p, 426], we have 


|r-1,1(1-x‘)(l -XX,) I U„{x) 


VM 

.X-Xi) ' 


jUx)T<2 for all x6[-l,l] 


where lj{x) is the;th fundamental polynomial of Lagrange interpolation correspond¬ 
ing to the nodes Xi, Xj.x„. 

It follows that 


by (5) and (6). 

Similarly we can show 


W,-,(.x) = 0 
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Wjn(x) = 0 


n+1 


Returning to (4), we find that for k~l, 2, ...J-2, 

(10) »".(*) = —- {n+l)%-x) («+l)’ 


say. Furthermore, 


n(^)+o 




j-a _ sin^flsinKn+l)^ _ 
2 vm =—~ 1 ^—- 2 , 


"(n+l)^ tfi cos0fc-cos0 


siii^0sinn”+l)^ [ f [ 


cosy-cos 0 (0-y)sin0 


dy+o(l) + 


sin0sin^(»+l)0 •'y „ 

(n+1)® 0"0)t 


where a:=cos0. Thus 

M,,, sm0sin^(n+l)0 1 , ^ 

(H) .|n(*)=-^j+I)r-.|F^+Ol-llT 

_ sm0sin^(n+l)0lQg/ ^ [yi^|t/«(x)| j_ 


From (10) and (11), we have 

sin0sin®(n+l)01ogi ^ 


Similarly we can show 


^ sin0sin^(n+1)0log(n-j), ^( 
+r(n+l)' 


It follows that 
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ON ADDITIVE REPRESENTATIONS OF INTEGERS. II 

By 

A. SARKOZY (Budapest) 


1. Throughout this paper, we write q, c^, ... denote positive abso¬ 

lute constants. 

In Part I of tliis paper (see [4]), my aim was to analyse and generalize the most 
important applications of the Hardy-Littlewood method. In fact, I proved the follow¬ 
ing theorems: 

Theorem 1. Let P, Q, JV, /c, ,..., be positive integers such that 

( 1 ) 2P<Q^N, 

(2) PQ g JY, 

(2) 

and 

0) ksi. 


Let^ noit-negathe red mniets such that di^d) holds for at least one 

i with 1 ^ I sj and let us put 

maxd, =d, 

D{u,g,h)= 2 4 i)(«) = i)(«,I,0)=. 24 

«e/i'(Sdg) 

= 2 = Sffid) ~ 2 die^aio), 

(=1 


byR^j. 

Let us assume that the following conditions hold: 

(i) Tim exist real numbers K, A and a real function F{u) {definedfor 0<w< +oo) 
such that ^ 

(5) \D{u)~F{u)\ ^ K for 1 S « S iV, 

( 6 ) 
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F{u) has continuous second derivative in (0, N], 

( 7 ) m - 1 , 

( 8 ) rW> 0 , 

(9) F'{u) S 0 for \^u^.N 
and 

( 10 ) uF'(u) ^ AF(u) for l^u^N. 

(ii) There exist positive real numbers Li,Li, and for 

there exist real numbers m(q, li) such that 

( 11 ) ‘‘2\P>{u,q,h]-m{q>h)D{u)\<L^ for l^q^P and O^u^N. 

h~i 

Write 

b) = 2 miq, h) eihbjq) {for l^q^P and all bf 



T 


mu\T{q,h)\ iforl^q^P) 

0^b<q 

( 6 . 9)=1 


r = TW= i 2 {T{q>b)fe{-Nblq), 

(b,q)=l 

(iii) There exists a real number H such that if b, q are integers satisfying P^q^Q, 
{b, q) = 1 , and Q^u^N> then we have 

( 12 ) mq)\<H. 


If all the conditions above hold then we have 


(13) 


2 Hi 

l£Xj,.M,*fe3}i i=l 


" 2 nnni) 


< min f8-^n^%+i?'^''tW+5)',(i,+r,£){i‘->A'(s0-+ 

\ r\l ) q^i '* 

JV. 

+ i 2 ( 2 ^+l)*?r‘ f x-^{l(x))dx. 
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Theorem 2. Assume that all the conditions (1)-~(12) in Theorem 1 hold, further¬ 
more, we have 

(14) 

+ i2“-^'<=('4+5)‘?(i.+J’/){i!-'#(9e)-'+ 
+r5->((i:+p(jv))*->iv-'+i:‘-'A'*(?s)-(*«i+Af fx->{F(x)Y-'dx)}+ 

P ffC ^ 

+ 21(lA-V\fqT‘, f l-=(/(x))*(k 
Then N can be represented in the form 

Furthermore, ! showed in [4] that these theorems cover the Goldbach—Waring 
problem, by proving that for fixed s, the numbers jd® form an asymptotic basis of 
order less than 5 ^^ log j for large s, (In the proof of this fact, I used also Vinogradov’s 
and Hua’s deep estimates in order to deduce an estimate of type (12) and to obtain an 
upper bound for i? 2 j.) 

One might like to seek for possibly general theorems which can be used in 
order to show that the^ conditions in Theorems 1 and 2 hold; this is the aim of this 
paper. In fact, in Section 2 we prove theorems which can be used to estimate the 
numbers and T (in other words, we consider the so called “singular series”), 
while in Section 3 we seek for conditions which imply an estimate of type ( 12 ). 
In Section 4, we combine the results of Sections 2 and 3 with Theorems 1 and 2, in 
order to consider the simplest case /c=3. Finally, in Section 5 we show that the 
theorem proved in Section 4 covers Goldbach’s problem (concerning the represen- 
tability of large odd integers as the sum of three primes). 

2. It is reasonable to assume that the numbers m{q, h) defined in the condition 
(li) ofTheorem 1 are such that for {q^, ^ 2 )=! and all A we have 

06) w(?j^2,fi) = m(^i,A)-m(92,A). 

In fact, thisassumptionsays that for distinct moduli (satisfying (?i, q^=l), the 
distributions ainong the residue classes modulo q-^ and ^ 2 ) respectively, are indepen¬ 
dent ; this holds in all the known applications. 

Throughout this section, we estimate the numbers T^ and T assuming that (16) 
holds. In particular, we show that (16) implies tliat the estimate of the numbers 71 
can be reduced to the special case q=p* (Theorems 3 and 4 ), furthermore, we obtain 
lower bounds for |r| (Theorems 5 and 6 ). 

Lemma 1. Let q^, q^ be positive integers such that {q^, ^ 2 )=I, For 9 =^ 1 , and 
q^q^, respectively, let ..., m{q, - 2 ), m{q, -l\ miq,Q), m{q, 1 ), miq,2 ),... be any 
complex numbers such that for allh, 

(17) m{q,h)^m{q,hFq) 
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{with q-qi,qz and q^q^) and (16) hold, and put 


T{q,b)= 2 m(q,h)e(hbfq) 


(for q=qi>q^, qiq ^,, andfor allb). Let ql, q^ denote integers satisfying 
qiqi^l (mod^ 2 ) ^nd q 2 q&^l (mod^j). 


Then we have 


T{qiq2,b) = T{q,M)nqM 


Proof. By {q^, ^ 2 )=1, for any integer h there exist uniquely determined integers 
jU, V such that 0 ^p^q 2 ~i, and 


Thus we have 


pqi-i-m^h {modqiq^). 

Qih-l 

T(qiq2,b)= 2 m{qiq2,h)e{hblq^q^ = 


ffj-i 

= 22 m(M2,Mi+v?2)e((Wi+V9. 


= 22 m{q,,pqi+vq^m{q2,pqi-¥yq^e(jiblq,)e{yblqi) = 


Qi-l (/i-l 

= 22 m(?i,v?2)w(^'2,Mi)e(/ih/^2)e(v%) = 

H=0 VbO 


= 2 m{q^,n^^{^bjqM\ 2 m{q2,pq,)e(jibl^ 


= [2 »^(?iJ)eW?i)J[2 fn{q2,b)e{8qtbjq^j = T{qi,qtb)T{q2,q!b), 

Theorem 3. Let us use the same notations as in Lemma 1 and assume that the 
same conditions hold (in particular, we assume that (q^, q^=l and (16) hold), Put 

(19) J’,=s,in»,fc)i 

(for q=qi,q 2 andq^qj, Then we have 
Proof. By Lemma 1, we have 

|r(M2,l>)l = 


== _max \T{qi, bq^)\ ITiq^, bqt)\ ^ „ max _ TJ.. = T.r 
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toREM 4. Let q be a positive integer, For dlq, letm{d, -2) mid 

^ 52 ’ we have 

ailh) also (16) holds. For dlq, 
define T{d, b) and T^ by (18) and (19) (with d in place of q). Then we have ^ 

p“h« 

(^^t'e denotes that that/;® runs over the prime powers p* satisfying p% p°‘*^q,) 

Proof. This follows trivially from Theorem 3. 

Lemma 2. Let us use the same notations as in Lemma 1 and assume that the same 
conditions hold (mparticular, we assume that (q,, q^=l and{16) hold). Furthermore 
let kbeapositive integer, Naninteger, and write 

(20) B{q,N)=^ 2 iT{q,b)fe{--Nblq) 

Q^bcq 

(for q~qi, q^, qiq^). Then we have 

B{qiq2,N)^B{q„N)B{q,,N). 

p V sS°tiiaf determined integers 

^=Mi+V 92 (mod^i^a), 
fe^ 2 ) = l and 0gv<^i, (v,?i) = l. 

Ttos with respect to Lemma 1 (and since T{q, ii)=% b^ for b^^b^ (mod q)), we 

B{qiq2,N)= 2 {nqiq„b)fe{~Nblq,q^=: 

0^b<a^a^ 


(ft9j)=l(v.?i)=l 

( 2 ’(? 1 )( m ? i + v ^ 2 ) qi)f{T{qi,{pq^FvqMfe{~Nplq^e{-^Nvlqj)~ 

0<.9i)=l(V,?i)=l 

= 2 2 {T{quy)f{T{q2,p)ye{~Nplq^e{~-Nylq^- 

(/'i<rii)“i(v,9i)>=i 

" . , 2 inb, n}fe(-NM = S(qi. mib.N). 

(MxU 

Lma 3. Let q, k be positive integers, N an integer. Let us use the same notations 
as in Theorem 4 and assume that the same conditions hold. Define B{q, N) by (20) 
Then we have / '.i / / \ / 

\B{q,N)\^(p{q)P^^ IfpipTp- 
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Proof. By Theorem 4, we have 

= \ 2 {Tkb)fe(-Nblg)\s 

Osi<g 

(6,9)=1 

S 2 \Tiq,bf^ 2 Tl = (p{q)P,^ n<p{m^- 

0Sb<q 0Sb<q p®||? 

M=1 (.i,q)'=t 

Lemma 4. Let kbeapositive integer, Nan integer. For q=l, 2; letm{q,-2), 
miq, ~1), m{q, 0), m{q, 1), m{q, 2 ),... be any complex numbers such that for all h, q 
and for {q^, qz)-!, (16) and (17) hold, furthermore, there exist q, h with miqfh)?^^. 
For all q andb, define T{q, b), and B(q, N) by (18), (19) and (20). Assume that 

+ M 

( 21 ) 2 

?=i p“iif? 

(ie., this infinite series of positive terms converges). Then for all prime number p, the 
infinite series 

AhN) = HZHf,N) 

a=l 

is absolutely convergent, also both the infinite series 


(22) vm=2B{q,N) 

JB=1 

and the infinite product 


EMif) 


are drsolutely comergent and we ham 


£/w= 2%A0 = fl'.<(p,A0. 


Proof. By jLemma 3, we have 


P’119 

thus the infinite series in (21) majorizes each of the infinite series 17^, A(p, N) and 


2 M(p. JV)-i| = 2 2 «(?•.« s 2 2 W. W 

P P i«»l I p «=1 

Thus in fact, both infinite series A (p, N) and the infinite product J] A{p, N) are 

P 

absolutely convergent, and by Lemma 2, we have 


i[i(p,iV) = i[ l+25(p«yiV) = 

p p ' ' 

=1+ 2inm >f)} =1.+2 B(q, AO = 2 Bk, AO= 

9>=i! p*|l5 , iqai qnt 
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(note that m{q, h)^0 and (16) imply that JS(1, N)=l) which completes the proof 
of Lemma 4. ^ ^ , 

T^rem 5. Let us use the same notations as in Lemma 4 and assume that the same 
conditionshold(inparticular,m{q,h)^% {n)andfor{q^, q,)=d\^ (16) hold). Let E, e 
and 0 ) be positive numbers such that 

2 J «>(?■) 2'i.<£, 

5=1 P“ll9 

M(p,i7)|^£ for all p<c(i) 
and 

2 (pip')T^p«<j for all p^ co. 

QStnl / 

Then there exist paMte numbers »(=)((£, e,«) and ?,=?,(£. 8, <») such that 

(26) ' |J-| = |2’®| = liB(j,A0=., 

l9=l 

for and all N. (Note that ri is independent ofN and PI) 

Proof. By Lemma 4, the infinite series (22) is absolutely convergent and we have 

(27) iB(«,A7)[ = |J/((,,JV)|= J|i(p,AQ| ■ 

' p p<tt p&w 

I I +“> I 

“ P ^ SJ p + 2 B(p‘, A7). 

p<(o pan) I f(=i I 

By (25) and Lenima3, for all p^o we have 

(2«) [2/(p‘.Ao|s2 W.AOIs 2,.(j0n.-=y (forpsffl). 
Furthermore, for 0 sa:< 1/2 we have 


^ ^ “2x+™^ l-.224-2jc2gl.»2x+2A:.y = 

Thus (27) and (28) yield that 

(29) l^^i^8“iz(l-|25(p^iV)|)fcfi®//[i-2|^^^^ 

pao V ii*=i 1/ ; 


-i! i; |R(p«,A)| -i lTmrL 

li^«a 


!!♦ 
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By Unima 4, (23) implies that the Mnite series (22) is absolutely convergent 
thus there exists a positive integer i’i=Bo(^ s, to) such that we have 

g®g-2£ 

(30) 2 
(29) and (30) yield that for 

\T\ = = 1 2 - \f ■^) “ 12 •^)| ” 

\q=l l?=l 

g®g-2E 

s |£/<»>|- 2 |B(?, 2f)| >«"«-*'- 2 l^(?. =* ■ 

«>P 3=‘-*’o 

Thus (26) holds with jj=8“r^^/2 which completes the proof of Theorem 5, 

In some important special cases (like Goldbach’s problem and the Goldbach—- 
Waring problem), also the following theorem can be used: 

Theorem 6. Let us use the same notations as in Lemma 4 and assume that the 
same conditions hold (in particular, m{q) h)^0, (17) and for {qi, q^^l, (16) hold). 
Assume that (21) holds and let E, o) (£l) be positive numbers satisfying (23) and (25). 
Assume that for all p<:co, there exists a positive integer such that for amccp and all 
M we have 

(31) B{p%M) = 0. 

Then there exist positive numbers q and Pq such that (26) holds for PsPq ^tid all N 
satisfying , . ' ) 

(32) A{p,N)^0 for all p<( 0 . 

Proof. (31) implies that for 

Ni = N 2 (modp*p), 

we have 

ri(p. JVri = 1+2'8{/, ifO = 1+Iv, = 

n=l «=1 

= 1+if.) = 1+2 P{pMV,) = ri(p, 

1=1 «=1 

Thus for fixed p and iV= 1,2,..., yl (p, N) assumes only finitely many distinct values 
and all these values occur for 1 ^N^p’^? . Writing 

8= min \A{p,N)\, 

a(p,V)?so 

(24) in Theorem 5 holds by (32), thus Theorem 5 can be applied with this number e 
and this completes the proof of Theorem 6. 

3, In this Section, we seek for conditions which yield upper bound for the modu- 

q~l 

lus of sums of the form 2 K^blq) (where {b, ^)=1), Namely, by using theorems 
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of this type, we may prove inequalities of the form (12) (and in some cases, also 
'■'ppsi' bounds for the numbers Tg can be obtained in this way). 

Theorem 1. Let q be a positive integer satisfying 


(33) 

q>l, 

number satisfying 

any complex numbers such that z„.„- 

uto 

(34) 

0<4g|. 

Put 

0 

(35) 

q~l 

2 2/ = z 

and 

1=0 

(36) 

li 

IN} 

m 

1 ^} 

1 

A.PNIB 

sc 

S V Ji, 


Ifb is any integer satisfying (b, q)^l then we have 
N-l 

I2he{hblq) <2ri5q. 

Proof. For/i=0,1,h define the integer//by 

h'-hb (mod 5 ), Og/i's^- 1 . 

By (b, q)^l, there exists a uniquely determined integer b* for which 
bb* = l (mod^), 

numbers. Thus we have”’ .. 


2 4c(M/?)= ie,.,.e(%). 

Hence (with respect to (33) and (36)) 

' “ <«o t’~iq<igt ' ' I 
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By (34), we have 

(39) I 2 e(}lq)\^\ 2 Ree(;/d==| 2 cos27yy^|= 2 oos 2njlq> 

'mj<Sq, OSjck 0Sj<lq 0Sj<Si 

> 2 271^?/? " 2 ‘'0® = T 2 ^ ^ 

osj<k oaj<i« ^ os/<39 

(38) and (39) yield that 


2 ^Amh 


\ 2 <M ^?/2' 

'osi<«9 ' 


which completes the proof of Theorem 7. 

In order to estimate the parameter f defined in Theorem 7, the following theo¬ 
rem can be used: 

Theorem 8. Let q, h, t be integers satisfying q>2 and iq,h)-\, ...,z_ 2 » ^-i» 
ZQ,Zi, Zi,any complex numbers such that 

(40) z „+4 = z„ for all n 
and 

(41) = 0 for all m satisfying {q,m)>l. 

Define 1 by (35), Then for all b >0, we have 

I 2 ^ cir^^'loglog Jlog^ 2 Ti X0>J+I^|)- 

't-Sq<lSt \ X^Xi l/"l) I ' 

(Here and in what follows, 2 denotes summation over all the characters %. modulo 
q, while in 2 > X over all the characters x modulo q, different from the pfin- 

XMXt 

cipal character ;^o-) 

Note that Theorem 8 can be used also in the more general case when (41) does 
not hold; in fact, in this case, we have 

2 %-«z= 2 ( 2 2 

and here each term can be estimated by using Theorem 8. 

PROOF. By (40) and (41), we have ' '' ■ 
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Now we are going to show that 


2J-Sm\-=2fq 


(for all js2). let where p„p„ ...,p, are distinct prime numbers, 

fl(i, Ka,,,., a, are positive integers. Then we have 


2 1= 2 i+2(-iy 2 7 1 


M^)-bqn[l-A^8q-^2{-iy 2 

thus denoting the number of the positive divisors of an integer n by d{n\ 

I 2 i-«?)| = 

(/.9)=1 

= L2, 2’ f 2 I~^ll = 

^ I 

s| 2 i-k\+2 2 I 2 1--^ < 


= d{PiPi>:Pr) ^ = d(q) ^2fq^ 

(since it is>ell-knbwn that d{q)mli^for any positive integer q) which proves (43). 
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(42) and (43) yield that 


2 


(pi^) t-Sq<lm 


2 i +:SI .2 i-ioWN 


9 ( 9 ) t-Sq<lSt 


*zh 2 B) 2 K!)2zO>J^|2|a 
’pwyt, j-t \ <pw 

*;42| 2 iiffll'iWJ+^Izi- 

x^xo t~k<i& J=o I 9w 

By the P61ya—Vinogradov inequality (see [2] and [5]), we have 

(45) |2 Xin)\^C2fqHq 

V<nSY 

for all q, U, V and any character modulo q. Furthermore, it is well-known that 

for n^3 we have 

(see e.g. [3], p. 24). By using (45) and (46), we obtain from (44) that 

1 2..a*'-®Ni^ 2‘'>t?iog?|2)!(;)J+^|zN 


>°8« 2 2 xOw+Izi 


s CB^-i/Mogiog?|iog^^21^2 XO>j|+|2|j 

which completes the proof of Theorem 8. 

4 . As also Part I of this paper shows, the critical points in the applications of 
Theorems 1 and 2 are the estimates of if and R^j. In the special case fe=3, the esti¬ 
mate of Rij is trivial, and Theorem 2 can be simplified also from other points of 
view. Thus it is worth to consider this special case separately. 

Theorem 9. Let ai<a 2 <.,.,Ni<Ni-<,.. be infinite sequences of positive inte¬ 
gers, di<di<,„ an infinite sequence of positive real numbers. Let us put 

8j^ min di, dj -maxd„ 

dt^Nj OfiSj 

D{u, q,h)= 2 ^(«) = D{u, 1,0) = 2 di 

fl|5E« diHV 
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and 

W= Idieiaia). 

OiSti 

ForJ^l, 2,/e/ Fj, Qj be positive integers such that 


(47) 

2<2Fj<QiS!fJ2, 

(48) 

P,Q,SN, 

and 


(49) 

lira P, =+», 


and assume that the following conditions hold: 

(i) There exist real numbers Ji, .„ and a real function F(u) (defined for 

0<w<+ooj such that 

(50) \D{u)-F{u)\ < Kj for j = 1, 2,... , 1 g u g Nj, 

Kj^l for j = l,2,..., 

F{u) has continuous second derivative for u>0, 

F{1) = 1, F'(u) > 0 for u a 1, F'Xu) ^0 for « s 1 
and 

2 

(51) jF{u)^uF\u)^ F{u) for «^1. 

(ii) There exist real numbers ... and for 9=1,2, ,.,,/i=0, +1, ±2,... 

there exist non-negative real numbers m (q, h) such that " 

(52) miq^q^fi) - m{qi, h)m{q^, h) {for all {q^, qf) = 1), 

(53) 2 1>) ^ 1 

and 

(54) ZJHit>9,h)-m{q,h)Diu)\^Mj for l^q^Pj and 
Write 

Z(}, !i)= ^2'»{?.<•)«W?). r, = mraJJ’fe 4)1, 

»(f,A0= Z ini.iifel-Nblq), 

I ^ (J’fc6)).e(-Ar4/,) 

1=1 g=10Si<i 
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and 

Aip.N)^l+2 B{f,N) 

«=i 

(provided that this infinite series is convergent ). 

(iii) For the numbers Kj, Mj, defined above satisfy the assumptions 

(55) 


and 



(iv) We have 


(57) 2 

3=1 P“IIS 

Furthermore, if co is a positive number such that 

(58) 2<P(pW“<T 

«=i A 

then we have 

(59) lim infM(|),iV,)l >0 for all p < 0 ). 

(v) For 7 =1,2,, there exists a real number Hj such that if b, q, u are integers 
satisfying Pj<q^Qj, (b, q)=l and 0<u^Nj, then 

m 

and we have 

( 61 ) = 

If all the assumptions above hold, then fori>fi, Nj can be represented in the form 

(62) a^Fay-Fa^ = Nj. 

Furthermore, the same conclusion holds if the conditions (iv) and (v), respectively, 
are replaced by the following conditions: 

(iv') Assume that {57} holds and let co satisfy (58). Then for allp< 0 ), there exists 
a positive integer such that for a^ccp and all] we have B{p*, Furthermore, 
for all j andp<(Q we have A{p,Nj) 9 iO. 

(v') For 7=1,2 ,there exists a real number H, such that if q is an integer 
satisfying Pj<q'SQj, then there exists a real number o such that 0<5^1/6, and for 
any integer u satisfying 0<m^JV), we have 

(63) mffi'i'l 2 

furthermore, this number Hj satisfies {61). 
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(v") Forj=l, 2 ,there exists a real number Gj such that if q is an integer 
satisfying Pj<^q^Qj, then for 0<u^Nj we have 


min|r'/Moglog9^1og^ 2 | di,D{u)j<c Gy, 

furthermore, this number Gj satisfies 

(65) (;j=ofMp(ivi 


Proof. We are going to show that oiir assumptions imply that for j>jo Theorem 
2 can be applied with Pj,Qj,Nj in place of P, Q, N, and with k=^3. 

In fact, define y{=y{j)) by 

2 1- 


Then with respect to (47) and (48), conditions (1)~(4) in Theorem 1 hold trivially. 
For 7 > 7 o, diT^O holds for at least one i with l^i^y. 

The condition (i) in Theorem 9 implies trivially that also condition (i) in Theo¬ 
rem 1 holds (with K=K), 

(54) yields that (11) (in Theorem 1) holds with 

(66) Xi = T2=...=ip^ = ikf^. 

(12) (with i?=i(,-) holds by (60). 

Finally, we have to show that also (14) holds for sufficiently large j. 

Writing 


"inin lim mfA{p, Nj) = e, 


we have 8>0 by (59) and for j>fi, (24) in Theorem 5 holds. By (57) and (58), also 
(23) (with a number E independent of j) and (24) hold. Thus Theorem 5 can be 
applied and we obtain for sufficiently large 7 that 

(67) iri = |r('^^>l>ii(>0) ■ 

(where q is independent of J). 

Thus with respect to (51), for sufficiently large; the left hand side of (14) can 
be estimated in the following way: 

(68) |T|(F(JV))‘("’‘) = |rW|(n#(^f^)> 
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On the other hand, with respect to (50), the first term on the right hand side 
of (14) can be estimated in the following way: 


= 2 i = 8|f4S2is 

" jQj “jUs afiNj 

PjQj PjQj nQj 


(55) implies that 


K;'S:lNjQj‘ = KjNjQj‘ = oinN,)) 

thus by (47), 

(70) K, = o{F{NjmJN,y) = o{F{Nii}. 

(69) and (70) yield that for;>;o, we have 


Furthermore, by (66) and (70), for the second term on the right hand 
side of (14) can be estimated in the following way: 

(72) i2“‘+V((^+5)‘?(i,+r,iO(i“jV(?e)->+ 

N 

+r,‘-‘((i:+f(iV))*-'iv->+i;*-'JV*(?e)-w-«+iv /i->(f(;())‘-‘ii3t)} = 

tO. 

= 0 ^2q{Mj+T,K^[MmiQr+T;[{F{^^^^^^ 

+ Nj J :)C-^(F(x))^dx]}]. 

oQi ’ 

By (53), we have 

= s. If -«“ li *• 


Furthermore, by (51), we have 


fF(u))' uF'iuyFiu) 


^0 for 1 5 M, 


is decreasing for 1 g u. 
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Hence 

(75) 


dQj Qj ^ ^ ^ 

s /,->(:^)’4, = (f(e.)).g;<log|t, 
2, ' >47 ' a. 


By (48), (49), (55), (72), (73), (74) and (75), we have 


(76) i2'‘i'*fc(^+5)‘?(i,+r,X){i‘-‘%2)->+ 

+r*-‘((Ji:+/(JV))‘->jv-Hi:‘-‘JV‘(«e)-(‘+'i+iv /*->(?(*))'■->&)} = 

sQ 

= 0 (J 9(447+^;){Mj‘i7j(}e7)-‘+(ni^j))W7‘+JC;JVK?Q7)-‘+ 

+iV7(f(S7)r-e;‘iog^})=0 ((i>4j+jf4'^?^jej’^ 

+mer‘ 2 V’+?jiv,{f( 2 ,))<e 7 >iogi = 

Uj q«X }) 

= o({il4,+Q{M|7V,07nogB,+JV,(^)‘i>;(l+log|.]+«]JV,"e7| = 

= o((M,+g:,)(M/]f,e7>iogi>,+JV,(f(ej))=fi7’J’3iog-^+ 

+X?Af,»fi7‘| = »(f>(JV,)777‘). 

Finally, by (51), we have 

{u--\F{ufy = -2r«(F(M))'>+3tr'(F(«))'F'(ti) = 

= 3M'-==(F(M))'[Mr(«)-|F(M)jsO; 

thus the function ir\Fiu)f is increasing for lg«. Therefore, with respect to (56) 
and (74), for j +<” the third term on the right hand side of (14) can be estimated in 
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the following way: 


(77) i2(2i+i)VrJ/^-HfW)^* = o(i«r,7'j:-'(fW)'*) = 

q=l 2 2 



By (68), (71), (76) and (77), for+- the right hand side of (14) is little o of 
the left hand side, thus for sufficiently large j, (14) holds. Thus in fact, for large; 
Theorem 2 can be applied and we obtain that (for large;) (62) can be solved. 

In order to complete the proof of Theorem 9, we have to show that (iv) can be 
replaced by (ivO while (v) can be replaced by (vO or (v"). ..... 

We used (iv) only in the proof of (67); but by (49) and Theorem 6, for;>;o (67) 
follows also from (iv') thus in fact, (iv) can be replaced by (iv'). 

By Theorem 7, (63) implies that for Pj^q^Qp (b, q)=l md O<u^Nj we have 

Mq)\= \2die{aiblq)\^ 

= 2 dj^ihblq) = 5^i)(«,9,^)e(ftb/?) < 

hto ' h^o 

M,s/t(modi) 

<2S-Y^ max 2 ht)-b 5 i)(«, q,}) = 

0^h<q tto i=0 

= 2 ^”^r^ max 2 I 2 hl)-^P{u)\ ^ ~ 

('ll®)®! 

Thus (63) implies (60), which proves that (v) can be replaced by (v'). 

In order to complete the proof of Theorem 9, it is sufficient to show that (v ') 
implies the existence of numbers , ifa,... satisfying (v'). 

Assume first that 

(78) (/-^/Moglog q (log q 2 2 +^(“)]+ 2 di< Gj. 

By using Theorem 8 with (5=1/6 and 

p(«, 9 ,n) for («,?) = ! 

! , 0 for (n, ^) > 1 
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(note that ^>2 follows from (47) and Pj<q), we obtain for r=0, ±1, ±2,... and 
(h,q)=l that 

(79) I 2 i)(a,?,/ii)-iJ(u)| = |( 2 i>(«.i.hl)-S 2 

+ 2 2 2 4 ^\ 2 2 4 \+ 

fl,a« fliSM t-5q<lm a,^u 

(U)>1 a,Ehl(modg) (aj.9)>l (U)=l 

+ 2 di-ts 2 di^qq-^^Hoglogqllogq 2 Sx(fc)-DC«, 9, ic) + «,!« d]^ 

a,Sit a,Su V *'=» (fli.9)«l ' 

(fl(,9)>l (fli9)>l 

+(l -t-(5) 2 di < Cl log log ^ flog q 2 2 k) +i)(u)}+ 

OiSu t ZP^Zo <'=(' ' 

(a„9)>l 

+2 2 di<(ci+2)|r^^‘“loglog4log<? 2 2 x(k)D(u,q,k) -^Diu)]-^ 

ttfSu ^ ^ ZP^Zo *'=0 '' 

(«/.9)>l 

+ 2 

BfSU 1 

(«i,9)>l 

Assume now that 

(80) !)(«)< (?j. 

Then for /=0, ± 1, ± 2,..., (h, q) - 1 we have 

(81) I 2 %9.''0-|2i{")a 2 2 <i,+]-ii(«)a 

fl,sJii(mDdg) 

S 2 di+ji)(u) ^ i)(u)+|i)(M) < 22 )(m) c 2(7^. 

BiSU 6 tl 

By (79) and (81), both (78) and (80) imply that 

2 fl(«,?,hl)-~i)(M) <C7G| 

(where C 7 =max {c,, 2}) hence 

*2 2 0(»,?,lil)-t"(«)<2«7G,=4'12«»Gj 

tsO t-i9</3S< ° 

thus (63) in (v') holds with (5=1/6, Hj=l2c,Gj. Furthermore, (65) implies obviously 
that this number Hj satisfies (61). Thus in fact, (y") implies (v') and this completes 
the proof of Theorem 9, 

5. In this section, we show that Theorem 9 involves Goldbach’s problem (con¬ 
cerning the representability of large odd numbers as the sum of three primes). 

Corollary 1. IfN is an odd integer and N>Nq then N cm be represented as the 
sum of three prime numbers. 
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Proof. Throughout the proof, we use the following notations: 

jlogp if n~f 
~ I 0 otherwise, 


nSu 

(where q is a positive integer, a an integer, u a real number, ;; a character modulo q). 
Then by the prime number theorem (or a more elementary theorem) 

(82) 2 = = 

j3fl(mod(!) p«sii(mo~d(() 

(uniformly for all fl, q), in particular, 

(83) Z^ogv\ = 0(fu). 

We need the following lemmas: 

Lemma 5. There exist absolute constants Cg, Cj, Xq such that for x>Xo, we have 
li/^(x)-xl < Cgxe"''”!^- 

This lemma is equivalent to the prime number theorem; see e.g. [3], pp. 61-70. 
We need also Siegel’s theorem (see e.g. [3], p. 144): 

Lemma 6. If A is an arbitrary large but fixed positive number then there exist 
absolute constants Cioi On, Xi such that if x>Xi, q^ a are any integers satisfying 1 ^q'^ 
^ {hg xY and (a, q)=l then we have 

Lemma 7. Ifp is a prime number and a is a positive integer then we have 

f_l if a = l 


2 = 


0 if a > 1. 


Proof. We have 


2 «(«/?■) = 2^Ko/p")-'! 


which proves (84). 


= 0-i e(bjp^-^) 


-1 if « = 1 
0 if a>l 
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Lemma 8. If q, Mare integers such that l^q^M then we have 

2 \m, 2)1 < Ci!(M‘'V+J^‘''«‘'’+M) (logilf)“. 

X 

This estimate can be derived easily from the explicit formula for \jj{M, x) and 
zero density estimates for I-functions; see [1], p. 143. (In fact, we avoid the appli¬ 
cation of Vinogradov’s fundamental lemma by using Lemma 8; for a derivation of 
Vinogradov’s lemma from Lemma 8, see [1], Chapter 16.) 

Now we are ready to complete the proof of Corollary 1. 

We apply Theorem 9 with (ivO and (vO, respectively, in place of (iv) and (v). 
We choose the parameters in the theorem in the following way: 

We put (ia=p 2 ,..., flj=p„ (where p( denotes the prime number), 
rfplogpi, Vj= 2(7-|-7„)4-1 (wherey'o is a sufficiently large integer), PMHogN.Y^] 
andQ;=[V/logi\r^)-1. . s j 

Then (49) and for large /o and all j, (47) and (48) hold trivially. 

Furthermore, we have 

(85) 5^ = minlogp = log2>~, 

(86) d, = maxlogp^logiV 

pSNj 

and with respect to (82), 

(87) \D{u,q,ay\i/{u,q,a)\ = \ 2 ^ogp-}jj{u, q,a)\ = 0(fd) 

pm 

psa(modq) 

(uniformly for all fl, ^), in particular, 

(88) \D{u)-m=:0{fu). 

If/o is sufficiently large, then Lemma 5 and (88) yield for all j and 1 SmsW; that 

(89) |i)(«)~n|s|i)(«)-^(M)|+|,Kn)-n|< 

< 2CsNje~‘^^i < 

(where we may put Ci^~c^l2) so that (50) holds with 

(90) Fiu) = u 
and 

(91) Kj==^Nje~^nfm; 

obviously, defining F(u) and Kj in this way, all the conditions in (i) hold. 

For r?=l,2, ...,/i=0, ±1, ±2,.,., let 


miq,h)^M 

0 for {h,q)>l. 


12 
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Then (52) and (53) hold trivially. Furthermore, Lemma 6 yields that for all; (provi¬ 
ded that Jo is sufficiently large), (n, q )=1 and we have 

(92) 

and this inequality holds trivially also for By (87), (89) und(90), for 1 ^q^Pj 
and we have 

i=0 

= 2 w?,*)--77rW+ 2 0{u,g.h)i 
,si, ' ’' 9>(?) I W<, 

(;i.g)=l 

(/i.9)=l _ 

+ 21og?< 2 ('H./yi+«uArjr'»)'''*''j+iVjs-'»l'"<)+ 

P^U 

(p,q)>l (A,9)=1 

+ 21ogp < Nje-hiT/^j +iog9 < 


This shows that also the assumption (ii) in Theorem 9 holds with 

Now we are going to show that (55) holds (with the numbers Mj) Kj, Pj^ Qj 
and function F{u) defined above). In fact, the left hand side of (55) can be estimated 
in the following way: 

= N_,)®«loglog iV^-F 

= = o(iVJ) = (^((^(iV/) 

which proves (55). , „ « /t \ i 

Now we are going to estimate the numbers T^. By Lemma 7, for {b,p)-l we 

have 

(93) r(p*,b)= 2^m(p“,/i)e(/i|j/p“) = 

^ fc=o 


= 2 -7-^‘Wf) = -7n 


(pXP ) Om<q 

{a.p)*l 
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Furthermore, for all j, Nj is odd thus by (93) and (97), we have 
Ai2,Nj)^nZ B{2\Nj) = im,Ni) = 

= 1+ Z (n 2 ,b)'fe{-H,blI) = H(T(2,l)fe(-Mft) = 

0S6<2 

also m holds, we have to estimate the left hand 

first that S,<»sA'j. Then hy (83) and lemma 8, for i’j<?s2j we 
have 

ll'f Z(l£)i>(“.?.‘:) = 5’#) I l0SP = 

= I I2x(«)‘i('')-2'/(i'')i»sp| * |[|):(»)'1{")|+| J,>»SP = 

X X * 

< %(a‘'‘5+»‘''?‘'’+a)(log«)“ * Ca(hlf?+lVf 9‘''+lV})0ogJV/ 
hence (with respect to (89)) 

(98) p->'’loglog?|log? 2 2 X(l()-B(“. 9.'4+^(“)}+ I 

^ *■" (tfli 

< e„q-notHq{losq{Nfq-bNfq‘nN,noiNf+u}+ Z^o^p S 

Sc*,loglog^fJ{logi9/JV^^''‘+^'J‘^’gHiV■,^‘'‘)aogJV,)>HJV,?->''}+ 

i c,,\og\ogNi{NfQf+SfQf'+Sjffl%oeNjf’^HN, < 

< c,.loglog JVf (log J9j)-“+Jff J9f‘(log Arj)-“'’+iV,(log JV,)-**'*} X 

X (log JV/< c„ log log JV, • JV/log Arj)-®l>(log JV/= 

= c„Jifj(logJ9,)-"'‘loglogJV,<Arj(logffj)-* (torS,<uaJV,) 
while with respect to (89), for i/Sg, we have 

( 99 ) i)(a) a f)(e,) ^ 22, < 2iVj(log 19,)-“ < 19,Gog 19,)-* (for « S 2,)- 

(98) and (99) yield (64) with 

(100) Gj = NfiogNj)-\ 
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Furthermore, we have 




(bgNj)%(logNf)- 

FfilogNj^ 




(100) and (101) obviously imply that also (65) holds and this completes the proof of 
Corollary 1. 
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ON WALSH SERIES WITH COEFFICIENTS TENDING 
MONOTONICALLY TO ZERO 

By 

F.MORICZ (Szeged) 


1. We consider the Walsh orthonormal system {w„(:r)}r=o defined on [0,1] in 
the Paley enumeration. In this case the Walsh functions are defined with the aid of 
of the Rademacher functions 

r^{x) = sign sin T'u (v = 0,1,2,; 0 s x ^ 1) 

in the following way (see, e.g, [1, p. 60]): if n-Q set Wo^sl, and if and 

/1=22% Og Vi<V2<...<Vp, 
ial 

is the dyadic representation of n, then set 

p 

M 

We shall study the integrability properties of the maximum of the partial sums 
of the series 

( 1 ) 

nsO 

where the sequence {«„} of coefificients monotonically decreases to zero. In this paper 
the integral is always meant in the sense of Lebesgue. 

It is well-known that in the case series (1) converges to a 

function/(x) (except perhaps at x=0), and the convergence is uniform on every 
interval [5,1], 5>0 (cf. Sneider [12]). 

The following three statements, due to BalaSov [3], Yano [14] and Fomin [6] 
(in this order), give conditions ensuring that the sum/ (x) of series (1) should belong 
to 1(0,1). 

Tmomi A. Assume that 

i^)If 


then the sumfix) of series (1) is integrable and (1) is the Walsh—Fourier series off{x). 
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(ii) If the sequence {a„} is quasi-convex, i.e. if 

( 2 ) 

Ah„~Aa„-Aa„.yi and Aa„^a„-a„+i (n = 0,l,2,...), 
then the conclusion of (i) holds true. 

(iii) Under conditions of (ii) we have 

f «=o 

if andonlyifa„-o{ljlogn). 

We%SatlofcSSsine wies the corresponding statements are well- 
known (see, e.g. [15, Vol. I, pp. 183—185]). 

2. The following result, proved by Hardy and Littlewood [9] (see also [15, 
Vol. II, p. 129]), characterizes the case when the sums 

( 3 ) g(jc) = 2 ««cos nx and h (x) == J 

-0) belong to n) for a given r>l. 

Theorem B. (i) If then a necessary and sufficient condition that 

the sum g{x) of series (3i) belong to Ui-Tt) n), r^l, is that 

(4) 

If this condition is satisfied, then 


f \g{x)fdx^CZ<n^-\ 

-i 

where C is a constant, depending at most onr. 

(ii) The result holds also for series (3ii). 

In the sequel C means a positive constant, depending at most on r, but not neces¬ 
sarily the same at each occurrence. _ , ^ 

Our main goal is to extend this result for Walsh series m a more general setting. 
The sufibciency part is contained in the following 


Theorem 1. ^ condition (4) is satisfied for a given risl, 

then 


(5) 



dx 0 as 
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Now suppose that l/(v+l)aiSl/», 1, Then, by the monotonicity of [a.] 
and (8), we have 

m fc+v-l ^ 

sup ZvM a 2 »«+ ®“p 2 s 


2 2 a„, 

„ffc X „^k «=<' 


whence it follows that 


,..i /'Ha-4'->|i(T4 

v=l i;cp+ih'wSf! '' 


By virtue of Lemma 


n=k 


This obviously implies (7) in the case rs2, while in the case 1 ^r<2 we can finish the 
proof as follows: 




The proof of Theorem 1 is complete, 

3. Now we turn to the necessity part. We distinguish two cases according as 
r>\ or r-1. 

Theorem 2. ^ 0 and thesumf{x) of series (1) belongs to U{0, 1) 

for a given r>U then (4) is satisfied. 

From Theorems 1 and 2 we can conclude the following two corollaries. 

Corollary 1. Statement (i) in Theorem B holds also for Walsh series (1). 

Corollary 2 If ■ • sO maximum of the partial 

sums of series {Ifbelongs to 1% 1) lf(^nd only if{\) is the Walsh-Fourier series 
of a function belonging to U{0, 1). 

The statement of Corollary 2 without any restrictions on the coefficients {a„} 
was proved by Sj5lin [11] using much deeper tools. 

The fact that if the sum/(x) of series (1) (in the case belongs 

to r(0,1) for some rSl, then (1) is the Walsh—Fourier series of/(x), is a particular 
case of the following general result of Arutjonjan and Talaljan [2]. 

Lemma 2. Ifa„^Qas and there exists a sequence of positive 

integers such that the subsequence of the partial sums of series (1) 

converges to afinite function fix)iL {0,1) everywhere, except possibly on a denume^ 
ruble set, then (1) is the Walsh—Fourier series off{x), 
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Theorem C [10]. There exists a constant C such that for every sequence {a„} 
of coefficients w have 



Theorem D [4, on p. 33 for the special case fh(x)=x']. There exist constants 
Cl and Ca such that for every martingale {fk}k^i we have 

a/2 / » 

^ (/o = 0). 

2'‘-l 

We only have to take into account that {fk= Z ^ martingale in 

n=0 

order to conclude the following inequality: 


( 12 )' 


f fsup 

„ti n p*' Vtei „=o 


Comparing Theorem 1 for the case r=l and (12) we can state the following 

Corollary 3. the maximum of the partial sums of series 

(1) is integrable if and only if Z 

Now consider the special choice a„={log(K4-4)loglog(«+4)}"h The combi¬ 
nation of Theorem A (iii) and (12) provides 

Corollary 4. There exists an integrable function f{x), the partial sums of the 
Walsh-Fourier series of which converge tof{x) in L (0, Ifmetric, but the maximum of 
the partial sums is not integrable. 

Remark. The corresponding results for cosine and sine series with coefficients 
tending monotonically to zero were established by Steckin [13]. 
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ON MOSAICS CONSISTING OF MULTIDIMENSIONAL 
CROSSES 

By 

S. SZABO (Budapest) 

I. Introduction 

Let us reflect an n-dimensional cube in all its faces. The 2fz4'l cubes obtained 
form a so called ^-dimensional cross. F. KArteszi [1] raised the question whether itis 
possible to construct a mosaic from n-dimensional crosses filling up the n-dimen- 
sional space. The question is partially answered by the following theorem of 
E. MolnAr [2]. 

Theorem A. Let us consider kttice-Hke mosaics of n-dimensional crosses where 
the neighbouring ones join each other along entire {n-\)-dimensional cube faces. The 
number of pairwise non-congruent mosaics of this type and the number of pairwise 
non-isomorphic Abelian groups of order In^l, are equal. 

The question whether mosaics consisting of n-dimensional crosses not always 
join each other along entire cube faces, and, whether non-lattice-like mosaics of 
crosses exist, are still unsolved. 

The surprising fact that for certain numbers n, a lattice-like mosaic of n-dimen- 
sional crosses join each other not along entire cube faces, has been proved in [3]. 

Now we state the following two theorems. 

Theorem 1. In all lattice-like mosaics of n-dimensional crosses, adjacent crosses 
always join each other along entire cube faces ifInA-l is a prime number. Jfln+l (n^l) 
is not prime, then there exists a lattice-like cross mosaic in which n-dimensional crosses 
join each other along no entire cube faces. 

Theorem 2. If2n+l{nM) is not a prime number then a non-lattice-like mosaic 
of n-dimensional crosses exists. 

In proving Theorem 1, first we show that it suffices to consider only lattices with 
rational coordinates. In case of rational lattices, the problem may be reformulated 
into group theoretical terminology, rather facihtated by the work of G, Haj6s [4], 

The group theoretical proof of Theorem 1 will be based on a famous theorem 
by L. RAdei [5] on the group factorization. The second surprising result relies on a 
special factorization of cyclic Abelian groups. 

E Notations and preliminaries 

Let S” denote the w-dimehsional Euclidean space. Translations of T belong to 
the n-dimensional vector space E" over the real number field R. Let ej,e„ be a 
fixed orthonormal basis in E". Take the set 

C:= {c:c = Ciei+...4-c„e„; Cj, ..,,c„6R; 0^ 1, ...,0^ c„ ^ lIcE". 
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Let be a fixed point, The set 

%:= {C:OCeC}ci" 

will be called cube, with preferential vertex 0. From the definition it is clear that % 
is a convex closed set (in the usual topology of S"). Let int denote the set of inner 
points of the cube %, i.e, 

int \C',OC — Cie^-l- ••• ■bCne,), 

0<q<l,...,0<c„<l}cr. 

The following statement is readily seen. Let PtQ^S’' and PQ=piQij-...-^p„6„, 
Then hit if and only if |pi|<l,|p„|<L 

For K'':={0,ei, -Cl,-eJcE", the n-dimensional cross of the 
preferential vertex 0 is interpreted by 

i;":= U 

OP€K" 

A cross is sometimes considered as a set consisting of cubes. Then also, it is called 
a cross, but the difference is indicated by the notation 

A set Q of cubes is called a cube mosaic in the space S” if 

1 . 

2. int'^riintr = 0 if and 

A set I of crosses is called a cross mosaic, if 

is a cube mosaic. By convention, if 13 is a set of cubes, then we denote 

I1:= U 

'SiQ 

Let a set of vectors LgE" be an Abelian group with the operation of vector addition. 
Consider the set of points 

(0,L):={Fer:OFa}gr 

with the origin 0. 

The vector set L is called an m-dimensional lattice if 

1. (0, L) is a discrete set (in the usual topology of S% 

2. There exists an m-diraensional subspace AgE" such that A, but for all 
(m-l)-dimensional subspace A'£E", L^A^ holds. 

By definition, if LgE" is a lattice, tlien all subgroups of L are lattices. The 
following theorems will be used : 
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Theorem 3. L c E" is m m-dimensmal lattice, then there exist vectors I I c 
a’'suchthat 

L= {1.1 = a:i, 

(Z being the set of integer numbers.) 

We say that the vectors h,..., 1„, span the lattice 1. 

Theorem 4. Let LgE" be an m-dimensional lattice, and a subspace. If 
LflA is an s-dimensional lattice spanned by the vectors h, ...,X then there exist 
h+i, ..., I„, such that h, ..., h, 1 ,^ 1 , , 1,,, span the lattice L 

Proof of Theorems 3 and 4 are found in [4], 

The lattice 

N.™ (LI — A^jei+.,.Fx;„e„, Xj, ...,x„^Z} 
with the fixed orthonormal basis Cj,, e„ is called basic lattice. The sets 
(0, L) ;= {Pmi], {%> L) ;= {<'4:5>6L}, (ff, L) := {tffiOkl} 

are called point lattice, cube lattice and cross lattice, respectively, A cross lattice 
(tfQ, L) is embedded in the basic lattice N if LCN. Obviously, this means that adja¬ 
cent crosses can only join along entire cube sides. 

If L, Hg E” are lattices and H g L, then the quotient group L/H may be formed. 
Let (1) be a coset of the quotient group L/H represented by the element l^H 
The following facts are assumed to be kown. (I)“(h) if and only if (l-h)€H' 
l, h6L. By definition (l)+<h)=<l+h); in particular w(1)=(m1),w 6Z, The neutral 
element of L/H is coset (0)=H. The inverse of (I) is -(1)=(-1). 

HI. Cube mosaics 

The vectors_p, q^E" are said toberelatedby a, denotedby paq, if q-p=ajei+... 

. ..and is a rational number. By means of relation «let us interpret relations 
y, b on the pointset t, cube set Q and cross set T, respectively. For 

the relations 

hold, respectively if and only if OPxOQ. 

Obviously, a, jj, j, 5 are equivalence relations, producing a class decomposition 
mE",r,i3,T, respectively. 

Briefly, the equivalence classes of a are called a classes. The same terminology 
will be used for relations j3, y, A 

Theorem 5. If Q is a mosaic of cubes in the space i” and dQQ is ay class, then 
A is an infinite prism in the direction Ci, In other terms, ifQ^A, and OP=0’-f 
PkithenP^l 

^ The proof by induction is based on the remark that hyperplane sections of an 
«-dimensional cube parallel with its sides are («^l)-dimensional cubes. Taking a 
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and given let 


[F'M - /lej+a; a6Aj} £ t 


denote a hyperplane, can be considered as an (»~ l)-dimensional Euclidean space 
with vectors from The ortlionormal basis is , e^.i, 

e, and the fixedoriginofr-Ms the point OMefined by 00'‘=/iej..95'‘bound£^^^ 

closed semi-snaces in §\ one of them contains the point defined by Ofi== 
=(/(+l)ej. If *^^055^0 to'^pn^^-'‘isan(n-l)-dimensional cube in with 

preferential vertex P", where FF is a multiple of <:> 


Lemma IJfQisa cube mosaic in F md 

its intersection by a hyperplane 9’f, then £3'j is a cube mosaic in T as well. 
Proof. We take the cubes 


OP- C)0''+0'‘F+P'‘P = ptjWF+vej, 0 g n< 1 


is also a y class of the mosaic According to the inductive assumption, Al is an 
infinite prism along for Jg 0 . Since 

d = u 

A is an infinite prism along e^. Q.E.D. 


IV. (5 classes of cross mosaics L) 

A simple consequence of Theorem 5 is 

Theorem 6 . Let (Xo”, L) he a cross mosaic in S" and 6 a 5 class of L). 
Then d is an infinite prism along . 

Proof. Obviously, if XI and X\ then holds if and only if XI dX^, 

by definitions. This implies the statement by Theorem 5. Q.E.D. 

Let X denote the a class containing the vector 0 in the lattice L. X itself forms 
a subgroup in L and the cosets of L/X are identical to a classes. 

THEOREMV./fXwif/ie a ckss oft containing the zero vector, then there exists a 
subspace A £ E", where L fl A=X. 

Proof. Since X is a lattice, therefore, in conformity with Theorem 3, there are 
vectors li,such that 


OQ = p^j+Qi^Q^+wqj, 0 g w 1 

1. If int<'4,nint<^g.7^0 and 

Fgi‘ = Piei+...+p^_ie;.i+P;+iej+i+'-+P/.e„ 

then because of Ipil < 1, < h |P/+il 1 j ->\p'n\ l! 

PQ = pd-\-OQ = OQ~OP = Wdi'H'^-v) 6 j- 

= pie],+...+p_;-iej-.i+(w-a)ej+py+3.e^+i+...+p„e„; |w”a| < 1; 

we have int flint <^2?^ 0, since fl is a mosaic. 

2. LetPef"^=55'‘, {Pi, ...,Pp ...}iint.^'‘hold and assume Pi, Pa, ...,Pp... 
... ->P. fl being a mosaic, this bounded sequence is contained in finitely many of its 
cubes. Thus, there exists a cube ^such that ‘i?6fl, 'i^Tl int 0, Pjj, Pij, »P^, 

Obviously, 4 , 4 ,..., P,,.... -P. 'i^is a closed set, hence Pe’i^. Q.E.D. 

Proof of Theorem 5, The statement is trivial when m= 1. Assume n>l, and the 
theorem to be true in (M-l)-dimensions. Take p^R and consider flg. According to 
Lemma I, flg is a mosaic in r~K Recall that ''^py'^g if and only if Thus, if 

d is a y class of the mosaic fl, then 

Acta Matliematlca Acadmiaa Sclmtlanw. nungaricas 38,1081 


( 1 ) If {x.x — ,,,X,„fZ}. 

We define the set 

A:={a:a = a^, ...,a,„^R] 

(it may be X=A={o}). Obviously A is a subspace and L fl A 2 X. Assume L H A?^X. 
Thus, there exists bsuch that bCLflA and bf X. Hence, if &=&iei-)-... then 

is an irrational number. Since LOA is a lattice, b^LOA implies wb^LflA for all 
u£Z, 

1° For a given u£Z, there exist f„^X such that ub+4"ZiIi+...+Zmlm and 
0gZi<l,...,0gr„,<l. In fact, for uh=ti\i+...-ytJ„ and Simi<Si+l, Si^Z 
(/=1,m). Then, because of (1), ... "jJn, is suitable. 

2° For M, v(,Z and Mb+f„^?;b+fo. Indeed, assume 

( 2 ) (ti-a)b+f„"f„ = 0 . 

If f„-f„=riei+,..+r„e„ then, because of (f„-f„) 6 X,ri is a rational number. 
Then (2) yields {u-v)bi\-r^~Q contradicting to be irrational. Because of 2° the set 
{P„: OP„=wb+f„}2(0, L) is an infinite set and because of 1° it is bounded. Hence, it 
has a cluster point in contradiction with (0, L) being a point lattice. Q.E.D. 

By virtue of Theorems 7 and 4, if X is spanned by b,.,., 1,„ and L is n-dimen- 
sional, then there are ..., 1 „ such that h,..., I,„, ..., 1 „ span the lattice L 

Elements of L/X i.e. a classes of L are cosets X+1 where 

= 4+1, 
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V. Rational lattices 

Let LgE" be a lattice spanned by k, l„andii==%ei-l--+«j«e„, z=l, 

L is said to be rational if % is rational for all f j'= 1, -, «• 

theorem 8. If there is « cress mmk «, D 

in the basic lattice N then there exists a cross mosaic , I) where I gN and I 

is a rational lattice. 

PROOF, Assume LiN and W', L) is a mosaic. With the previous notations, take 
X == {x:x = 

][j= {1:1 = Xili+M.+x:,,!,,; Xi, 

Assume L is not rational. Then there is an irrational aij in l(=flaei+...+u,„e„, 
.,.,n we may assume a,a to be irrational, yielding also m<n. Let us define 

a linear transformation <p: E"-E'' by li(/)=li, 1«<?=»«+[7-%)er 

r>0 t^Z is selected such that ip is a bijection. .1 * p ■ 

The svstem W, U) is stated to be mosaic. To be illustrative, the transfoirma- 
tion (p shifts some 5 classes of the mosaic L) along Ci according to Theorem 6. 

(x+l)fp = (X+Xili+...+x„l„)(p = I.(p+Xili(p-^.r-+xX<P ~ 


= X+Xx1i+...+4^iI-i+41„+^4t""''V 

.■"•■ra 

yieldinga mosaic W, L'). In the process from W, L)to (tfo, LO only an s could 
change Thus, a subsequent consideration of ai^s will not impair the improved num¬ 
bers. This way we get the mosaic Repeating this process, we arrive at 

(X^L'),...,W^L'’)=W^L0• 


VI. Group theoretical formulation 


The rational lattice-like cross system W, L) will be sliced into rectanplar paral- 
lelotopes by means efface planes of cubes constituting the crosses. Imthe resu mg 
lattice-like system of parallelotopes, the following questions are ^asyjo for*^ 
Is the system W. L) a mosaic, or is the lattice L a sublattice of the basic lattice N. 

Let L be a rational lattice spanned by 1 |,.,., 1 „, i.c. 


1(ei+...-l-—e„, Pij,%CZ, 1,2, 

Denote by f/i the least common multiple of q ^,..., Let be a linear 
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transformation defined by -^e;, z=l,The corresponding paral- 

q{ 

lelotope will be defined as the image of a cube by ij/. 

The lattice of parallelotopes can be defined by M;= Nf Obviusly L,N£ 
£ Nf=M. The preferential vertices of parallelotopes, forming a cube, are described by 
the vector set 

A = a^, ...,a„eZ; 0^ fli< ..,,0gfl„< ^„}£E''. 

Let G be an Abelian group, mdS, Hi, G. If all s^ S can be represented 
in the form j=^i-|-/z2-l-... +/i( where the fi/s run over the subsets JTj independently, 
aiidif^=/i{+/i2+...+A,',/z{6ifi,filei/jyieldsthen S=Hi->r 
+...+/L, is called a factorization of the subset S by means of the subsets Hi, 

Theorem 9 . (pTo", L) is a cross mosaic if and only if there exists an Abelian group 
G and its factortation of the form 

+ {0, gi,2gi,(gi-l)gi}-h{0, g2,2g2, ..., fe-l)g2}+... 

■•.+{0>gn>2g„,,..,(g„-l)gJ. 

Moreover, L £ N holds f and only f the first subset is not a subgroup of G. 

The proof of Theorem 9 will be prepared by means of two lemmas. 

Lemma 2 . Let I be a rational lattice. Then a system [tff, L) is across mosaic if 
and only ifMjL has a factorization of the form 

M/L= {( 0 ), qi{mi ),..., g„(m„), -qfmi ),..., -g„(m„)}+ 

+ {(0), (%)> 2(mi). {qi-l){mi)}+...+{{G), (in„), 2(ra„), (g„-l)(m„>}. 


Proof. A cross system W, L) is a mosaic if and only if for all m^M there are 
unique vectors 16 L, k^K", a6 A such that m=l+k+a. This means geometrically that 
the parallelotope defined by m is covered by a parallelotope belonging to the cube 
k of the cross at the lattice vector 1. By definition of the set A, m can be unambi¬ 
guously written as m=l-hk“l-%mi-f ...-hajimn, ...,Ma„<iq„. Convert¬ 

ing this equality to cosets in M/L, the statement of the lemma follows. Q.E.D. 

Corollary. If (Pfo", L) is a cross mosaic and L is a rational lattice, then 

1 . The subsets {( 0 ), (mj), 2 (rai),..., fe-l) (m,)} are not subgroups 0/M/L,/or 
?i>l; 

2 . the quotient group M/L is finite, since its order is |M/L|=( 2 « -I- l)qi.. .q„. 

In fact, a subset in a factorization cannot have equal elements, thus the element 

(nii) is of order |(m()|S9j, i=l, ...,n. Similarly, the elements {(f), qi{mj),... 

are pairwise different, hence i= 

=\,...,n. Thus |(iiii)|>?i. 
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Lemma 3. to W. L) LEN ifmdody iftheM 

(K"):= {(«>. («i). («.>.-(«»>.= 

= {( 0 ), ..., ?.(ni.>. -JiW ■■■' 

is a subgmp ii/M|L. 

P«™ AOTmeLSN. Consider k„ kjer and lei. Because of the gumption, 
u j-ij-k'-nPN Since W 1) is a mosaic,there are I'elkeK*. aeA such that 
:y+k+r Hen« ai-V-keN, Thus aPAnN. By definition of A and N, 
InN^W'a=«. “■ -k.+l+k,=!'+k. in this crudity, tummg to cosets 

Converting to cosets in Mjl, we get 

( 0 ) =a );i (ei) + M. + + ^i(%) + • ■ ■ 

Since e, ..,e.eK‘ and since (K') is a subgroup of M/L, there is keK" such that 

unique rVra'ati™ ^ fte liefinition of factotEation, k=0 and s,=... =z.=0, 
thus Q-E-D' 

Proof of Theorem 9. Assume (tfo", D to be a cross mosaic According to Theo¬ 
rem 8 let L be rational. Lemmas 2 and 3 show that M/L can be chosen for G. 

In turi; assume that an Abelian group G having the required conditions of 
Theorem 9 exists. As earlier, we define 

i" 1 , n, 

M:= {niiin = x:iini+."+^n^n> Xi, x^^Z), 

A:= {a:a=:flimi-f...+«„«!«; ?/, i = L 

The homomorphism M-^G is defined as 

The elements gi,..., g„ are known from the given factorization of the group G. The 
11 L. ^ ft. i$=o, ICM} of 0 is, in conformity with the homomorphism theorem, 
a subgroup of M, hence a lattice, and M/LsG. Thus, the given factorization of G 
serves at the same time that of M/L. Lemmas 2 and 3 show that W, L) is a cross 
mosaic and the criterion L|N holds. Q.E.D. 
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VH. Group theoretical considerations 

Let G be a finite Abelian group. 

Statement 1. Ifg^G, |g|^^ and t=U'V, then 
{ 0 , g, 2 g,(t-l)g} = { 0 ,Mg, 2ug, ..., (i;-l)Mg}-t-{ 0 , g, 2 g,..., («”l)g} 
is afactormtion. 

Statement 2 .//gi,ga,g36G, \g^\M, \g^\m, \g^\=vand 

{ 0 , gi,..., (t-l)gi} = { 0 , ga.(M-l)g 2 }+{ 0 , . .(y-ligs} 

is a factorization, then |gi|=l. 

Only Statement 2 will be proven. Factorization yields 

fe, gs+gi.gs+ 0 -l)gi} = {0, ga,(«"l)ga}+{g 8 , 2 g 3 .%}. 

But 

{g3,2g8,..., ag3} = {0,g3,...,(y-l)g3}. 

Thus 

{g3>g3 + gl> g3 + (t-l)gl} = {0, gl, (t--l)gl}. 

Hence 

{g3 + gl,g3 + 2gl, .•.,g8 + tgi}= {gi,2gi, ...,fgi}. 

Finally 

{g8> gs+gi. g3+(^-l)gi}U{gi, 2gi,..., tgi} = 

= {0,gi, ...,(f-l)gJU{g3+gj,g8+2gi, ...,g3+tgi}. 

We get {gg, tgi}={0, gs+tgi}. Since gg^^O, /gi=0. Q.E.D. 

In a given factorization 

G = {0, ?igi, q„g„ -gigi,..., -?„gj+ 

+ { 0 ,gl, (^^i“l)gi}+...+{ 0 ,g„, (9„-l)g„} 

a subset from the last n subsets, having at least two elements, may be further decom¬ 
posed until the number of its elements is a prime number. None of the resulting subsets 
will be a subgroup of G, otherwise, according to Statement 2, one subset of the 
factorization would be a subgroup of G. 

Vin. Proof of the main results 

Proof of Theorem 1. First, let 2/i+l be a prime number. Let G be a finite 
Abelian group and 

G = {0, g'lgi,..., ^„g„, “^igi,..., ~5'flg„}4' 

+{ 0 , gl,(9i-'l)gi}+-+{0, g«,(?«-l)g«} 
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a factorization of the group G, By definition, the number of elements m the fimt 
subset is a prime number. Omitting eventual subsets of a single zero element from m 
factorization, also further on, a factorization of G is obtained. In conformity with 
Statements 1 and 2, the other subsets can be divided into components such that 
their number of elements is already a prime number, and none of the subsets is a 
subgroup of G. Obviously, all subsets contain the element 0. According to the follow¬ 
ing theorem by L. Mdei [5], no such decomposition of a finite Abelian group is 
possible. 

RfeEi’s Theorem, If G is a finite Abelian group and Hi, ...,i 7 s£G such that 

1 . IHil,..., |H*| are prime numbers, 

2 . 06Hi,...,06H„ 

3. G=HiA-.>.+HJsafactorisation of G, 
then one of the subsets Hi, is a subgroup of G. 

Second, let us assume that 2n+l~U'V is not a prime number and m> 1, ^)>1. 
The cyclic group C of order 2 m-d is stated to have a suitable factorization. In fact, 
denote by g a generator element of C, Obviously 



„ „ «-3 V- 

■2g, “g, 0, g, 2g, —7 g, ; 


relations a,/i,j,(51et us interpret the relations a,-, ^ujubui-l, ...,h. The vectors 
p, q^E" are said to be in relationsdenoted by pajq, if Ui in q-p=fliei4-... 
is an integer. (\ classes of the mosaic W, L) satisfy the statement in Theorem 6: 
if (Jfo", L) is a cross mosaic in the space S" and diQik'f, L) is a class, then 0; is an 
infinite prism along Cj. 

a, classes of the lattice L are cosets in the quotient group E/Xj, where X; is the 
a; class containing the vector 0. Clearly X; contains vectors distinct from 0. L being 
rational, aj classes of the lattice L are of the form Xj-hr, where r is rational. Assump¬ 
tion L^N leads to the existence of more than one K; classes for one i if r, is not an 
integer in r=riei-t-.,.H-r„e„, Thus, there exist distinct a,- classes X; and Xj-l-r 
(tt^O). Let us shift the class X|+r by the vectors 2e;. In order to simplify the proof, 
let 1=/i Now a dj class of the cross mosaic {:ff, L) is shifted by the vector fi e(, 
resulting in a mosaic. The set of vectors L* arising by shifting from L cannot be a lat¬ 
tice. Assume L* to be a lattice. Now ;(r+/2e;)ci* for an arbitrary jiZ, since 
(r4-l/2ei)6L*. Moreover, Xj is also in L*. The sets X(-hj(>f+/2®;) pairwise 
different, namely for vectors;(rH-/2ei) and k{r:i-i2e^ cannot berelated 
because of the irrationality of /l Thus, if L’*' were lattice-lilce, then it would have an 
infinity of equivalence classes resulting from X; else than by adding a rational vector. 
But the construction of L* makes it clear that there exists only one such equivalence 
class. Q.E.D. 


+{0,ug,2ug,...,(2a--l)ag} 


IX. An example 


i a factorization, further developed into 


C = |0,g,2g,...,—g, -g, ~2g,..., — 

+{0,2vg,4vg, ,..,{2u-2)n]^{0,vg}. 

The sum T of the first two subsets will be proved to be a subset of the form {0, qigi ,.., 
-U.) choosing qi=2, Accordingly the sets 

{0 ng}, {0} will act for other sets in the factorization. The subset {0, ng} is not a 
subgroup of C, since |«g|=2M>2 and 2vgiT. The subset Thas to be proved not to be 
a subgroup of C and the elements T\{0} can be coupled with their inverses. In fact 

' ^ggTand g^T, but ^g+g=-.^g+vgCf because of tlieabovefactoriza- 
2 2 2 
tion of C. The described coupling is 

(j+2/ca)g^[-j+(2w-2/c)n]g, 

M, ± 1,.... k=a, 1.«-i ; a mo, 0 ). q.e.d. 

Proof of Theorem 2. The proof will consist in modifying a mosaic of lattice¬ 
like crosses. Let W, L) be a mosaic. 2n-l-1 is not a prime number, thus in confor¬ 
mity with Theorem 1 it may be assumed that L$N and I is rational. Similarly to the 
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The cross tfo’. Now 2/2-M=2 •7-1-1=15=3 >5. Thus 3,11=5. Let C be the 
cyclic group of order 2u • ii=30, Denote by g a generator element of C. In this special 
case the sets C, T are the following: 

C = {-2g, -S, 0, g, 2g)+{0,5g, lOg, 15g, 20g, 25g} = 

={0, 1, ig, -g, -2g}+{0, lOg, 20g}+{0,5g), 

I’ = {0.g,2g,-g,-2g}+{0,10g.20g}. 

Finally 

C={0,2'5g,g,2g,8g,9g,Ug,12g, 

-2.5g,-g.-2g,-8g,-9g,-Ug,-12g)+{0,5g}. 


Thus qi=2, ^ 2 =...=g,=l. We define nij=-ei, 1=1.7, Let M be the lattice 

spanned by mi,m,. The homomorphism (P: Mh>C is defined as: 

(Ximi-f...+T7ra7)dj = x;i5g-t-X2g-|-X32g+j^48g-{-x;B9g-hX8llg-kX7l2g; 

Xi,..., X’l^Z. 
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The kernel of ^ is T;=={l:l^-0, l^M}. The vectors h, span the lattice L, 
where 

= 562 

la = 3062 

ig = 262^63 

I4 = 862 “Cj 

13= 962 -65 

1,^ Ilea -^6 

I 7 = 1262 ’-®7- 

Indeed, 

= |-iei.+5eaj # = (-mi+5ma) ^ = "5g+5g = 0 
' 3062?? = 30m2<& = 30g = 0 

Igfp = ( 262 - 63 )^ = ( 2 in 2 -m 3 ) ^ = 2 g- 2 g = 0 
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were satisfied by integers Xi . Xi, then 

0 = -Xi 

10 = 5 xi+ 30 x 2 +2x3+8x4+9x3+11x3+12x7 

0 = -Xs 

0 = -X 4 

0 = -X 5 

0 = “Xg 

0 = -X 7 

finally 10=30xa. But X 2 =—The equation 10 e 2 =Xi 2 li+X 2 l 2 +.„+X 7 l 7 + 5 e 2 
^ 1 

should imply 5=30x2 that also leads to a contradiction X 2 =-^C Z. 

Obviusly L*gN holds. Thus, there is a non-lattice-like mosaic of 

7 -dimensional crosses in which adjacent crosses always join each other along entire 
cube faces. 
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REMARKS ON A PROBLEM OF A. M. BRUCKNER 


By 

M. LACZKOVICH and G, PETRUSKA (Budapest) 


1. Let F be a continuous function on (0,1) and suppose that, for a given sequence 
/ 2 „ 7^0 the finite limit 


( 1 ) 


h,, 


=/(x) 


exists for every 0<,)c<l. In this case F is said to be sq-differentiable and / is its 
sq-derivative (“sq” stands for “sequential”). An sq-derivative is obviously a Baire 
1 function and the problem we refer to in the title is whether every Baire 1 function is 
the sq-derivative of a suitable F (see [1], pp. 115—117). We answer this question in the 
negative. It turns out that the property “being sq-differentiable” is a rather restric¬ 
tive one. For instance, if the sq-derivative / of F is bounded then F is absolutely 
continuous (Lipschitz 1), and hence fix)=F'{x) a.e. 

Notation. For any function F, D^'F, D+F, D'F, D^F denote the usual deri¬ 
ved numbers, The Lebesgue measure is denoted by I The set A translated by x is de¬ 
noted by /4+x. 

2. As a starting point we recall a useful theorem on Perron integral (see [2], 
Theorem (7.3), pp. 204—205). This is 

Proposition 1. (i) Suppose Fisa continuous function and g is a Perron integrable 
function such that D^F{x)^g(x) a.e. and i)+F(x)>-co except at the points of an 

b 

enumerable set. Then F{b) ~ F(a) s(F) J g(x} dx. 

(ii) If D^f{x)^gix)^D+Fix) a.e. and i)'^F(x:)>-<=°, /)+F(x)<-Foo hold 
everywhere except at the points of an enumerable set, then F is the indefinite Perron 
integral of g. 

For the applications it should be kept in mind that summable functions as well 
as derivatives are Perron integrable and their indefinite Perron integral equals the 
indefinite Lebesgue integral and the primitive, respectively. 

Corollary 2. Let f be a sq4erimtm of the continuous function F.. 

(i) Iff^0, then F is increasing; 


Acta Maihmatka Acadmiae Sclentlamm Hmgaricae ss, wsi 






206 


M. LACZKOVICH AND G, PETRUSKA 


(ii) iff is simmabk, then 

F{x) = //+const, 

0 

and hence F' =fa.e. Jn particular, iff is bounded, then F is Lipschitz 1; 

(iii) iffix)-g{x) a.e,, where g is an ordinary derivative, thenf{x)~g{x) everywhere 

and F'(x)=f{x), i.e. F is a primitive off; 

(iv) there always exists an everywhere dense open set U such that F {x)-f{x) 

a.e. in U. 

Proof. Without loss of generality we suppose h„>0 for infinitely many n. Then 

(1) implies 

( 2 ) D-^F{x)~£f{x)^DJix) 

for every Hence assertions (iHiii) are immediate from Proposition 1. FMly / is 
a Baire 1 function, thus it is locally bounded on an everywhere dense open set U and 
(ii) implies (iv). 

Corollary 3. Letf and g he the sq-derivutives (with respect to the same sequence 
{h,}) of the continuous functions F and G respectively. Iff{x)~g(x) a.e,, then F-G is 
constant. 

Proof. Obvious by Corollary 2; (iii). 

Corollary 4. Letf be a Baire 1 function such that either 

X 

(\)f is summable hut I^J fiOdtj^^^^ ot a suitable point Xq, or 

(ii) there exists a derivative g such that the non-empty set {A::/(.v)?ig(;c)} is of 
measure zero. Then f cannot be a sq-derivatm. In particular, changing the values o} 
a derivative at finitely many points, the result is a Baire 1 function which is not a sq- 
derivative. 

Example 5. Let/be a bounded function and suppose it is right continuous at 
every point x. Then taking F(x)= J f we have 

(I 

i)+F(x) = i),F(x)=/(x) 

at every x. In particular, /'is the sq-derivative of F for any positive null-scqiience 
{/jJ. Taking an increasing Unction/with jumps, the example above is a non-Darboux 
sq-derivative. 

Theorem 6. If the sequence h,-*Q contains infinitely many positive as well as 
negative terms then the ,'iq-derivatives with respect to {AJ po.wss Darboux property. 

Proof. By the assumption of the theorem/(xo)-0 holds at every local extremum 
of F where/is the sq-derivative of F. Therefore the standard argument applies. 

3. The results so far have been easily obtained. We remark that some of them can 
also be proved by elementary reasonings, that is without referring to Perron integral. 
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Now we want to know how sharp are the results above establishing the simple proper 
ties of sq-derivatives. 

Theorem 7. Let a nowhere dense perfect set Pc[0,1] and a sequence h„-*0, h„9^0 
be given. Then there exists a continuous function F such that its sq-derivative (with 
respect to {h„}) exists everywhere, but the ordinary derivative F'fails to exist at the 
points ofP, 

Proof. The set 

i^ifuGcp+wlnio,!] 

is obviously a nowhere dense perfect set in [0,1]. Let /, ^. be the sequence of open 
intervals contiguous to P, and let (5^ denote the maximal length of intervals contained 

f{“i 

io [0, 1]\U h {^=1*2,..,). Since P is nowhere dense, we have lim4=0. Let 

jsl k->-« 

[flft,i!)fc]beaclosedintervalin/jVandletF,j(/f=l,2,...)be a non-negative diffe¬ 
rentiable function on bfl such that 

(3) 

max fiW = 4 

(/c -1,2,...). We define F(x) by 

'Fi(x), if xe[aj,bt], k = l,2,..., 

it { 

0 otherwise, 

Then F(x) is continuous on [0,1] and differentiable on [0,1]V. If x0, then 
Xo~\-h„iA (if only Xo+/i„€[0,1]) and thus 

F(xo-|-h„)-F(Xo) 

K 

holds for every n. Hence F is sq-differentiable on [0,1]. Furthermore, if Xo6F, then 

A 

for any fixed N consider the closed component J of [0,1]\IJ Ij containing Xo. 

Denote by kjv the minimal index with the property and let be a point 
where F^^ takes its maximum value 5^^. By the choice ofijy wehave 4(17-0 for 

all lgifc</cjv. Therefore Jc[0, 1]\ U 4, thus Hence 

andwehave 

F(xJ"F(xo) ^ 
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on the sequence Xi,^^Xa. Since 

h„ 

the derivative F'(xo) does not exist, and this completes the proof. 

Our next theorem shows that Corollary 2, (iv) has a sharper form if 

Theorem 8, Let f be the sq-derivative of F with respect to h„^0 and suppose 

/, >0 i-1. Then F[ {x)=f{x) holds on an everywhere dense open set {F[ denotes 
" ’ Kn 
the 


Proof Being a Baire 1 function,/is locally bounded on an everywhere dense 

open set [/.LetXo6[/,andchoose5>Osuchthat|/(x)|gMholdsforxo-^^;c^^o+d. 

Let s>0 be given, then 


F(Xn+h,}-F{x^) 


:e and 


<8 


hold for every n^nS- Let 0</i<min(^, hj be arbitrary and denote n the maximal 
index with K^h. Then n^n,{i) and h,„,^h. By Corollary 2, (ii) we have 


Xfi+h 


\FixM)-F{xMni-i)\=^\ J f(x}dx\sM(h~-h,„^}^M(h,rKn)> 
and hence 


Xn+'l,, 


\F(xa+hhFixo)-hf(xo)\ ^ lF(xa+h)-F(xM,+i)\ + 
■f I F(Xo ~hh„^i)-‘F (xo)— h„ +i/Cro) 1 "HfiI l/W 1 = 

L 


|e+2M-r^-l <h8(2M+l} 


M{hn~h„+i)+8h„+t+(hi,~hi,+i)M - h„+i 

and this proves F+(xo)=/(x:o). 

Corollary 9. If the sequence h,~*0 contains two subsequences h^\ h? such that 

/.m 1.(2) 

a, 


;j(i) , 


then F'{x)=f{x) holds on an everywhere dense open set. 

Our next theorem points out that Theorem 8 holds no longer true without the 

■ ■ K , 
restriction - -^1. 

Theorem 10, Let hi>lh>.., be a sequence tending to zero, but Let H- 

= {/’!, I'a, be any countable set in [0,1]. Then there exists a continuous function F 
such that its sq-derivative exists everywhere but the ordinary derivative F'fails to exist 
at the points of H. 
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Proof. For 0<a<^ we put 



Wse need the following properties of cp: 

(4) = 0. 

(5) 

(6) ^ k-y| for every ;r,y. 

By the assumption we can find a number e>0 and a subsequence of integernfus} 
auch that 1 -e for every n^Uk. Now we define 

fO. if 

\jj(x) = «=«fc 

[(p^/x), if x6[aj] = [/i„,+i,y for some/c, 

Indlet 

Fnix) = i (« = 0.1,...), F{x) = Foix). 

p=«+l z 

it is trivial that the function \Ij{x) is differentiable everywhere except at x:=0, where 
ts sq-derivative with respect to {h„] is 0. Putting 

4 = y(lh,+i+U 

we have by (5) 

and hencei)+i/i(0)^—. By (6) the estimation |i|i(A:)-i//(j)|g|y“x| obviously holds 
for every x,j, This implies 

and by a routine argument we get 

F,{x)= Zi-'nx-r,) 

. P=t+1 

for every • In particular, F'(x) exists for every x(H, and also 

ps^q 
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exists for x=r„ which shows that the sq-derivative of fin x=r, is y,. Finally 

i+FWar.+S-'I’V, 

that is F'(r,) does not exist, and our proof is complete. 

4 The deflnition of the sq-derivative resembles in many r«P«ct ‘o that of the 
seleottve teivative introduced by O'Mailby ([4], or [1], p. 170). There ate many 
nSerpossessed by both derivatives. They ate, however, very mnoh unlfc m 
the fo S sense. If f has selective derivative with respect to wo selections then 
Z deSves agree except on a countable set; m addition to this a selective deri- 
ttS f is always the approximate derivative of fat almost every pomt. Our next 

to shows that neither of these properties hold for sq-derivatives. 

Theorem 11 Let e>0 be given. Then there exist a perfect set ?c[0,1], a function 
F continuous on [0,1], and im seguences h„-Q, K-0 such that 

(i) l(P)>l-s; 



(in) f{x)Mx) for x^, 


(iv) P^pp does not exist at the density points of P. 
We prepare the proof by the following trivial 


Lemma 12. Suppose we are given s' >0, fj >0, a real number a, and a finite system 

of closed Mermls A, J, . 4 >« P. 1] 2 ^(4)^>-s'- 

LetUx) -••Jsix) he linear fmctiom defined on 4.4 respectively^ Tim there 

exist another system of closed intervals Iu -.Jm ^^d linear fmctions Lpixj^axi-pp 

defined m I, (?=!,-.m xach that 4n/,=0 {??=«). 2/(0=-'-''’U/,c 

c[)dktindforxapCJk 

I4W-4W1<’| 

holds. 


The simple proof of this lemma is omitted. 


Proof of the Theorem. First step. Let Jf’=[0, 1], li^\x)~ -x and d^^l Sup¬ 
pose that Tj^l, and we have defined the pairwise disjoint dosed intervals \ 2^,; 
each of whidi supports a linear function ip ,., „ /g respectively, and a positive num- 

her d„ such that 2^(;g)>l~j. Applying Lemma 12 with 

a=(^l)''+i we obtL’n the intervals 4"+^^ and the corresponding linear functions 
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/fi-i)(x)=(-l)''+ix+A {k =\,..., iv;,+i) such that 

(7) ir^)(x)-lg(^)|<2-"4 

if only Furthermore we put 

/i = mia{A(;r)):fe = l,...,JV„,,}, 

V = min {dist (4“+^), 4"+^^): 1 g /c < j ^ JV„+i} 

and4+i=rain|^,d„,|iu,ivj. 

By induction we obtain the sequence {JT„, L „: d„} {n=l, 2 ,...) such that 

(8) ff.= U4'UW>i-i, 

k=l i 

(9) L „{ x ) = m {xan 

I d„>0, and xiH,„ x-Fd„^H„ implies 
I [x, x+d,] c yg for a suitable k-l . N„. 


Therefore 


i„(x+d„) L„{x) 


if xg.H„ and xFd,0I„ hold simultaneously. We put Q= fj F„. By (8) the set Q is 
£ 11=1 
closed and A (0 ^ 1 - Y. According to (7) and (9) we have 

(12) |L,„i(x)-4(^)N2-'d„-^2-" 
and hence the series 

iW = 4W-b2(4«(*)-4M) 

j=l 

is uniformly convergent on Q. The limit function I is continuous on Q and (12) 
implies 

(13) S ilij«-4l s a A 22-'=2-"*‘4 


as well. The essential property of L we need is 

\L{xUyLix) , 


(-1)" g 2“"+^ 


for every n and x, x-yd„^Q, which readily follows from (11) and (13). 

Second step. Now we check that our function L cannot have approximate deri¬ 
vative at the density points of Q. Let Xq he such a point in Q, XqC jg=[n„, b,] {n= 
= 1,2,..,). By the density property 

2(h.yne)>y(b.-iij 


14* 
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if n is large enough., If Xq: 


then we pick any K »if 


2 

In any case 


then we choose any yeQC\\an> ^n +~4 


K 


and making use of 


we have by (13) 


2^«(k) "4 W _ (_ lyi 

y-Xo 


L(y)-I(Xo) 


y-Xo 


2-"+“. 


The points y considered make up a set of measure at least 

j {K - ^.i) " I (i'n" ~ J ^ 


and hence 


lira app 

»-+*o 


L(x)^Z/(xo) 


fls fl subset of positive measure in Q and an extension of L\p, respectively mus 
»SllC»approximalfaivativeii,fc 

Third step Now we turn to the construction of P, F, {U {K} We make use 
of the well town fact that translation is a contaoas operaton m X spaMS U 
p. 199, Theorem 13.24). In particular, d„-^Q implies A(e\(2^fl„)j- ^ (« )• 

Choosing a suitable sequence of even numbers p„ we have 

(15) 

'' ■' 11=1 

and similarly 

(16) jA(e\(e-‘'J)-j 

holds for a suitably rare sequence of odd numbers (/,, We put 

P= nfte-rgnie-djne), 

n=l 

Then Pc C, and 

ev=u((!2\(2-^p„))U(e\(«2-"^J)) 

n*=l 
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and hence by (15) and (16) we have 1{Q\P)<-^, 2(P)>1 -s, furthermore for any 

x£P, the relations x-]-h„^Q, x+4^8 bold obviously. 

Let fp(x)=(dist(x, pj)^ (x^O, 1]). It is easy to see that (p'{x)=0 at every x£P. 
Let $ix) denote the continuous extension of Z(x) onto [0,1] defined linearly on the 
intervals contiguous to Q, Let P(x) be any function defined on [0,1] such that F is 
differentiable on [0,1]\P and satisfies 


^(x)gP(x)^<D(x)+iKx) 

all over [0,1]. (Pis to be constructed separately on the open intervals contiguous to 
P as a differentiable function between two given continuous functions 
Let x^P. Then (p(x)=0, P(x)= 0{x) and x+Zi^g for every n. Thus 


4>{x+K)-Hx) _ L{x+h„)~L{x) 


1 + 0 ( 1 ), 


(p{xH,h(pix) 

h,. 


= 0(1), 


and by 


: <li(x-t-y-(P(xO 

^ P(x+h„)“P(x) ^ 4j(x+/i„)' 

K 

K ~ K 

\ weget 

I 

1 


Similarly 

1 

Bfoo 



This completes the proof of the theorem. 

5. Problems, (i) Let the continuous functions P and G be sq-differentiable on the 
sequences {h„} and {k„}, respectively. Suppose that their sq-derivatives agree every¬ 
where. Does P-Gsconstant follow? Corollaries 2 and 3 imply that F-G is locally 
constant on an everywhere dense open set, 

(ii) What assumptions on {h„) could imply that sq-differentiable functions have 
approximate derivative almost everywhere? 

(iii) Suppose that Pis sq-differentiable on {h„} as well as on {fej and 
Do the sq-derivatives agree dmost everywhere? 

(iv) Is the class of all sq-derivatives additive? uniformly closed? a Borel set in the 
space of Baire 1 functions (with the topology of uniform convergence)? It is routine 
from Corollary 2 (ii) that the set of sq-derivatives with respect to a fixed sequence is 
uniformly closed. 
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GROUPS OF BANACH SPACE ISOMETRIES* 

By 

P. LBGISA(Ljubljaaa) 


We present several sufficient conditions for the group of isometries of a Banach 
space to be a Banach—Lie group in the norm topology. 

Let ^{X) be the Banach algebra of all bounded linear operators on a Banach 
space X and GL{X) the group of all invertible elements in if (I) with the induced 
topology. We will always assume that any subgroup in GL{X) has the induced topo¬ 
logy, too. The group ^ of all linear isometries on'I is a closed subgroup in GL{X). 
Thus, if ris finite-dimensional, ^ is a Lie group. This is not necessarily true in the 
infinite dimensional case unless there are additional properties on § [3]. Here we will 
essentially require that f is locally connected by differentiable or rectifiable paths. 
Thus our results are partial generalizations of the finite dimensional results in Bour- 
BAKi [1, Ch. HI, § 6, Proposition 4] as well as those of Goto [2]. 

Let be a closed subgroup in GL{X). Denote (X); exp {sT)iJJf 

if.sGR}. 

Then ^ Lie algebra with respect to the commutator [T, S]= 

TS-ST. This follows from the standard characterizations of the sum and the com¬ 
mutator. If moreover exp (M’j) is a neighbourhood of the identity I, then is a real 
Banach—Lie group with the Lie algebra /j. This can be proved by the Campbell— 
Hausdorff—Dynkm theorem. Our first result is 

1. Theorem. Let X be a Banach space (ml or complex) and XC a closed bounded 
subgroup in GL{X) Suppose there exists a neighbourhood f of the identity I in 
such that we can connect every element in f to I by a differentiable path in XC contained 
in the ball of radius (1 /8) In 2 around /. Then t is a real Banach—Lie group. 

We will need some lemmas. 


2. Lemma. Let Xbea normed space and A, Ld (Z). Then for all natural n 

||(;+r'(.4+i))'-(/+»-’i)i| S exp (||i|j)(esp i|i|| - 1), 

Proof. We have 

(;+n-'W+5))' = (/+n-‘4’+A 
||J!||s(l+n-HIM+li«ll))'-0+n-‘IMIir = 

= (l+a->|M|)'((l+||i||(n+|Mri)>-l)sexp(|M||)(exp||£||-0 

3. Lemma, Let ! be a Banach space and XT a closed subgroup in GL{X). Let U(t) 
be a differentiablepath in Xd and A{t)=U~^{t)U'{t), Then A(tXJfj. 


♦This work was supported by the Boris Kidrid Fund. 
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Proof. Write t/(t+j)=C/(0(/+^^(0)+o{j). Tins Uit)-Wit+s)=I+sAii)-{- 
+ B{s) where lim r p(j)ll =0 (j-0). If we fix 5 then for any natural n 

U{ty^tHsln)) = lHsln)A{t)^B{sln). 

Take any fi>0 and let n be so large that l|.B(^/n)||<fi(j/«). Let sAit)^A and 

«£r5/Hl=.B.Clear]y(/+n-'W+£))''6^.Since(J+n-'i)'’-expi,Leinma2implies 

Sforlargen ll(/+/^(i+^ But p|| = 

=l|«£(j/«)||<e 5 . Thus every neighbourhood of exp ^=exp {sA{t)) contains an 

element of 

4. Lemma. Let Jf be as in Lemma 3. If A, . A,iti are such that 

IM,ll<(l/32)lii2 

and 

(1) ||exp(io)...exp(i|)-/|l <(l/4)ln2 (i = l, ...,n) 

then there exists ||j5|| < 1 , such that 

exp(44o)-exp(4) = exp.8. 

Proof We use the Campbell—Hausdorff formula [1, p. 60-63] in the follow¬ 
ing version: if and ||17||-MF||<(l/2)ln2 then A(I7, F)=log(exp(l7). 

exp (F))^;fi and 

\\h{U,V)\\ S-(l/2)ln(2-exp(2(||E/i+iF||))). 

Let exp(ifl)exp(ii)=exp A where Then by the above formula \\ Bi<l 
By(l), ||exp(5i)-/||<(l/4)ln2, Since 

Bi = log (exp {Bi)) = log (7+ (exp (B^ - 7)) = 

= exp(5i)-7-(l/2)(exp(5i)-7)^+..., 

we get 

||5ilN-ln(l"(l/4)ln2)<(3/8)ln2. 

Thus |5J+IMai <(3/8) In 2+(l/32) In 2<(l/2) In 2 and we can proceed in the same 
way. 

Proof of Theorem 1 .We can define a new norm 1 | on J by |x| =sup {|1 rx||; 
Clearly the two norms are equivalent and the same is true for the norms 
induced on GL(I). All elements in X are isometries in the new norm. Thus we may 
assume that is a elosed subgroup in the group ^ of all linear isometries on I. 

Let A^f. There exists a differentiable path V{t) in X with C/(0)=7, t/(l)=i 
and such that || U{t)-I\\ <(1/8) In 2 for all t. 

Let 0<fi<l. For any t we can find <7(0>0 such that for \h\<d{t) 

lia((+fi)-£/(0-/iP'(0H*'|. |l(i?((+ii)-tf(0)i2-‘(<)(/'(')||-=e, 

2(i(()l|t/'(0il<s. 2‘i(()l|£''(<)IP<«' 

Now we have a covering of [0,1] by the intervals t+rf{t)). Let ,..,t„ 

he such that (trd{ti), t|+ii(t|)) fo™ “ snbcoveiing. We may assume that 0= 


=/o<ti<-<t«-l- For ls7:^n choose such that 

and t„si,<d{td. 

Let Jo=0, Denote A{t)^V{ty^U'it) and Then ’ 

||f7(st+i)-t/(Sfc)exp(4af(4))|| = 

+(l/2!)d4<l,|lP'Wf)+(l/3!)J44,||L'Mf)(41[iJ'(4)||)+.... 

+||(7(4)~[/(S|t)'-(4-Sji)17'(y|+7j^e-f(l/2!)f4fi+... < 
<e(sHi--4)-l-fi(4-s*)+^?tE(l+(l/2!)+(l/3!)+..,)<4d,s. 

This implies that for k=0, 

(2) ||%„)-exp(di24(4))...exp(dfc^(4))||<48. 

Let 8 be such that 0<4£<(l/8) In 2. Denote d,,A(Q=A^. Then 

|MJ<27(4)||t/'(4)i<e<(l/32)ln2. 

Since 

|exp(^)..,exp(4)-71 < ||exp(.4o)..,exp(4)~%+i)|l+||l7(st+i)-7|| < 
<(l/8)ln2-t-(l/8)ln2 = (l/4)ln2 
by (1) and AfiXi by Lemma 3, Lemma 4implies that 

exp(io)..,exp(i„_i) = exp.8 

with.86Xj and p|l<l. Let C=log i. By (2), ||exp (C)-exp (JS)I|<4a. Since Xi 
is closed, C^Xi. Thus exp (i]) contains f and the proof is finished. 

The idea for the following elegant theorem came from professor Ivan Vidav. 

5. Theorem. Let X be a Banach space, § the group of all linear isometries on X 

and X a maximal commutative subgroup in f. Suppose there exists a neighbourhood f" 
of the identity in X such that for every and every 8>0 there exists a finite set, say 

{U„,„,U„]cX, such that Uo=I,U„=U, and 

Then X is a real Banach—Lie group. 

First we present three lemmas stating some simple properties of a Banach algebra 
i with unit element 1. 

6, Lemma, ie/^£^4 |lfl-l||cl/2. r/ie« 

ilogal|^2|la-l|, |llogfl-(a-l)l[s||a-llp. 
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Proof. We have 

|llogall^l|fl-l|H-||^J"l|IH...s2ifl-l||, etc. 

7. Umk. Let hU be such that \\h\\^l/2 and l|exp/il|=||exp(-h)||=l Then 

l|l+h|l^l+lie 

Proof. We have 

]\Hh\\ = l|exp(li)exp(-h)(l+Ji)|| ^ iexpl!||||exp(-/i)(l+li)|| = 
l|exp{-/i)(l+li)|| ^ lexp("li)i||H-/ii = ||l+h||. 

IH+hi = |Iexp(™h)(l+h)|| = ||(l-h+(l/2)li^-...)(l+h)|| - 
= l|l+(l/2)/jH((l/2!)~(l/3!))hH-...|N 
g l+(l/2)||li|r+(l/2)||h||H... s lHimHH\b\n ^ l+||/f. 

An element a^A is called skew-symmetric if fexp {sa)\\ - 1 for all real s, 

8. Lemma. Let aiA be such that for every e>0 there exists a natural n such that 

|ll±n"^a|l<l+n"ie. 

Then a is skew-symmetric. 

Proof. We observe that/(^)=111+toll “1 is a convex function of the real vari¬ 
able t. Since/(«"')<8«-^ and/(0)=0,/(0^af for m SimilarlyJfO^eltl for 

r^[^n“^0].Thus 

|ll+to||Sl+slt|, t^[-n-\n-^. 

Let and choose such that Then 

11(1+ (j/m) af II ^ 111 +(#)flil'" ^ (1+£(|5|/to))“ ^ exp {b\s\). 

Since (l+( 5 /m)fl)'" converges to exp (sa), 

l|exp(su)||^exp(e|s|). 

Since e was arbitrary, fexp (^)|| S1 and the proof is finished. 

Proof of Theorem 5. Clearly Pf is a closed sub^oup in ^ and thus in GL{X). 
We may assume that f is contained in the open unit ball centered at /. If Uif we 
will show that i=log U is a skew-symmetric operator which proves the theorem. 
We fix an e>0,8< 1. Let t/o,in Jf be such that Uq-I, U„~ U and 

Lemma 6 implies that 

l|log(i7r^C/,JN2||l7ril7,+i»/ll =21|I7;,1-C/J|. 

Since is commutative, 

A = logl7= 2(log(C^(4i)-iog(l7,)) = 2log(^2r^t^,+i). 
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Now using Lemma 7 we see that 

||/±n-M|| = n->||»/±.l|| = n-‘||2(/±log(t/rii7„,))|| * 

s ir‘2(l+l|log(t/r‘W)a n-»2(H-4|P,„-C/,r) a 

/j"i(«+fi)= l+?r^£. 

Thus, by Lemma 8, A is a skew-symmetric operator. Clearly A commutes with 
all the operators in Jf, and the same is true for exp (tA), r$R. Since is a maximal 
commutative subgroup in the one-parameter subgroup exp(r^) is contained in 
jT. Thus Jf is in fact a Lie group. 

The non-commutative case of the theorem seems to be more complicated. Let 
Ibe a normed space and/: [a,b]~yX a function, If D~{a=d^<:d^-^...-cd„~b] is 
any partition of the interval [a,bl denote Voif)=^Z\\M)-fidhi)\\ (46i)). If 
sup yD{f)"V{f a, b) exists and is finite we call it the strong total variation of/on 
[a, b]. If p: [0,1]-^ J is continuous and V {p; 0, l)<oo we say that pis a. rectifiable 
path. 

9. Theorem. Let Xbe a Banach space and ^ the group of all linear isometries on X. 
Suppose there exists a neighbourhood f of the identity I in ^ such that we can connect 
any element in f to I by a rectifiable path in contained in the ball of radius (1/8) In 2 
around I Then ^isa real Banach—Lie group. 

Proof. Let Hek" andlet Uit) (re[0,1]) be a rectifiable path in ^ such that U(0)-I, 
U{l)=H, and ||17(r)-/l|<(l/8)ln2 for all t We will show that logiT=log C/(I) 
is skew-symmetric. 

Let 0Sfl<l)Sl and let D={a=tQ<,..<t„-b} be a partition of [a,b]. We 
define 

I iog(£7(/,)->£/((,*,)), 

and 

n 

We claim that, under the usual partial ordering of partitions lim As-A (a, b) exists 
and is skew-symmetric. 

Since V{t) is continuous, V{U; a, t) is a continuous function of t. For any e>) 
thereexistsapartition.E={c(}of[a,6]suchthat K(C/; ej, e(+i)<e. If £ci), 

^sv(u;a,b). 

D D 

Thus lim Ci)=0. 

By Lemma 6, 

Thus the existence of lim B^ implies the existence of lim Aj^ and the equality bet¬ 
ween them, Moreover we claim that in this case A{a, 6)=lim ix,is skew-symmetric. 
In fact, let 8>0 and U A{a, Choose a partition D such that \\A-A^\\ <(l/2)e 
and Cj)<( 1/8)8. Lemma 6 implies that 

||log(0'(0-'t/ft+,))|l s 2||aw->£7M-/|| = 2P((, 
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p. legiSa 


Thus 

(3) I |llog(t3((,)-'J/(<i«))|h'''«•= M'- 

Ut n be the number of points in D. Tlien using Lemma 7 and (3) 

||/±»-MJ=n-‘||^(/±!og((/W-*t'(h«)))||* 

Therefore 

|l/±frMi ^ ^ i+2(i/2n)e = 1+n 

Lemma 8 implies that A is skew-symmetric. ■ , m n tm,c 

Now we will prove the existence of lim Bj). Suppose we add a point j to D, thus 

getting a new partition C. Let Then 

-(UisrmrnhJ) = 

Now suppose we add several points between ti and 

We denote the new partition of [a, b] by F. Let Jo=^i and Then 

Since 11 =11 

(4) \\B,-Bp\\ g 

U is uniformly continuous on [a,bl For every 8=^0 there exists (5>0 such that 
\t-t'\<d implies 1117(0“ U{f)\\<e. If lh+i-lil<5 then 

115z,'-5,ll - 8 2 llt/(Sf«)-t^(5i)i ^ ^y{U',Si,s,u)- 

Now suppose that partition D is such that lh+i-”0<^ for all i If FdD then 
I 15 n-.BJ <6F(t/; a, h). This proves that lira exists. 

Denote M=K(17; 0,1) and let n be a natural number. There exists a partition 
D of [0,1], D={Q~Wq...w„^i=1] such that F(i7; Wj, By Lemma 6, 

i I v(w,,i-UMr s (m; w,- w.+i))’ = ’■ 

Now we apply the results of our previous discussions wii fl=w, md l>=Wn-r’ If 

i)=(wi,wi«). lit™ hm£j=.4(Wi,W|+J, (4) 

]ii{w„w,«)-t7W-'(E/(w„,)-%,))!!* 

S sup {lit/(Wi J-£7(s)ll; se[Wi, WitJl'W; *0 *i+i) * 

^ (K(t/; Wj, W(+j))® = n~^^iP. 
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Using our previous discussion we come to the result 

= log(U(Wi)-iC/(Wi+i))-|-5,, 
ll^ill^2n-Wl 

Now we need the following estimate: 

llU(Hi;H.O"U(Hi,)exp^;l| =|U(iv,.)“^U(Wi+i)-exp/(ill = 

= ||exp(log(l7(w;)-iC/(Wi+i)))-exp^,.|| = 

= l|exp(r4i-.S,.)-exp^,.|| g exp(M,-||)(exp(||5,.l|)-l) 

by Lemma 3. 

If n is large enough, Lemma 6 implies that 

||log(£/W->i7(w,„))| S2|j£/(w,)-'(/(«.,= 

= 2|!t/(w,„)-t/M|| s2i'(C/:w„ = 2u-i¥. 

Now from (5) we infer that <3«"W if n is large enough. Thus 
llt/(iv;+i)~17(w;)exp/4,.|| g exp{3;rW)(exp 
If/iislarge enough, exp (3?r^M)<2 and exp (2n"^il7“)<l -i-4/r^M“.Thus foiiarge n 
lL(H'n.i)-t/(w,) exp^,,ll g 8irW2. 

Finally, in this case 

lll7(Wi+i)-exp(v4„)..,exp(4)|| = 

= llt/(w,+i)-l7(w,.)exp(4)+[/(Hi;) exp(rl^)™...i g g/cn-W^ g SirWl 

Thus, for large n, we may apply Lemma 4 and write exp (io)...exp (^„)=exp B 
where B is skew-symmetric and fill < 1. The above calculations show that 

||exp(log 1/(1))-exp.S|| = ||l/(l)-exp(y4„).„exp(H,-i)ll < 8/rWl 

Since the space of all skew-symmetric operators is closed, log 1/(1) is skew-sym¬ 
metric and the proof is finished. 
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THE TOPOLOGICAL CHARACTERIZATION OF 
ALLOWABLE PARTITIONS OF THE CLASS 
OF UNEQUIVOCAL RINGS 

By 

TRAN TRONG HUE (Budapest—Hanoi) 


1. Introduction 

Ii) this note we shall work in the variety W of associative or alternative rings. It 
will be assumed that a class of rings always contains all rings isomorphic to any 
member of the class. Radical and semisimple classes are meant in the sense of Kurosh 
and Araitsur and for details of radical theory we refer to [5], [8] and [9], 

A class M is said to be hereditary, whenever I<A^M implies I^M. Mk closed 
under subdirect sums if any subdirect sum of M-rings is again in M. Let us recall that 
every semisimple class is hereditary and subdirectly closed. We shall denote the homo¬ 
morphic closure and hereditary closure of a class M by HiM) and 7(M), respec¬ 
tively, i. e.: 

(1) is a homomorphic image of some Af-ring} 

(2) JiM) " {A^W\A is an accessible subring of some M-mg} 

B is an accessible subring of a ring A if there is a finite chainR<5j<i.,.<4,<^, 
We shall use the upper radical operator U and semisimple operator S acting on 
classes as 

(3) U{M) = {Ae¥\H{{A])f]Mg{0}} 

(4) ^(M) = {^eiR|J({^})nMc{0}}, 

Further, if i? is a radical class, then S{K) is a semisimple class; for every semisiniple 
class Q the class (7(0 is always a radical class. 

Af is a regular class if it satisfies the condition: H{{I))f]M^0, for every 0?^ 
If Af is a regular class, then (/(¥) is a radical class and Mg S(U{M)) 
holds. It is called the upper radical class determined by M, The terminology upper 
radical is explained by the fact that if B is a radical class such that each ring from M 
is in S{K) then the inclusion RQU{M) holds. Therefore S{U{M)) is the smallest 
semisimple class containing the regular class M. The semisimple class S{U{M)) can 
be defined as follows 

(5) S{U{M)) = {A£W\H({I})f]M 0, for every 0 I< A}. 

Let JVbe an arbitrary class of rings, then the hereditary closure J{N) of iV is a 
regular class. If a semisimple class Q contains the class JV, then by the hereditariness 
of Q the inclusion /(A") S <3 holds. Thus S(U{J{N))) is the smallest seraisimple 
class containing N, and it is called the semisimple closure of A. The radical class 
U(J{N)) is also called the upper radical class determined by A, and we shall write 
17(A)forl7(;(A)). 
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LBAViTT and Yu-Ue Ue have shown that i?(W) can be defined as follows 

(6) = T"i 

A„„naerorins.hasbeenca.ledu«^™oam^^^^^^^ 

Ji, J is either I-adrcal “ . A^npper class consists of all unequivocal 

quivocal rings into consiste^of all unequivocal Ji-radical rings. 

i?-semisimple rings, aM a ^ 1 ^ j^ocal rings into two disjoint classes, 

But an arbitrary par ition of class q ^ ^ gj^^ple 

seraisimple. . ,. a ^ divi^sky [2]. In this note it is 


2. The action of the lower radical operator 

LEMMA 1. for «r>- cte N a m A is ^ W-setu^Pfc ‘f ^ 

holds. .. 1 , 

Assumedtobeanj?(W)-idealofi,If « oy 

fjiTacctSK'® i”P'“ AWinHWo^O a contradiction, 
fcToa"ngiis^(N)«imple.fc 

Lemma 2. For arbitrary radical classes i?i and Rz the equality 

S(5^{i?iUJ?2)) = 5(i?i)nS(/{2) 

**00F,f,£^(frUf,)impliesS(^(frUM^^ 

c<t(n')n S(I0 Now, suppose that a ring A is m S{RA fl S {Rz). bince me semisirapic 
lif'MlaleSeditaryitfota^^^ 

sible i?i-subring. By Lemma 1 the ting ^ belongs Sl^iRiDR)) is 

the class R,[]Rz is homoraorphically closed. Hence S{Rt)f\S{Rz)gS[^ {Rm) 
valid. The lemma is proved. 
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Lemma 3. For arbitrary classes JV^ and Nz of rings the equality 

mm=^{m)mNz)) 

holds. 

Proof, Since N^[JNzgSd{N,)[)^{Nz), we have FF(Nt\JN^g(^iNj)[J 
U^CiV^)). On the other hand, ^(iy,)ci?(At^Ui\t^) implies ^(i\tj)U^(iV 2 )g^ 

[JNz). By the minimality ofthe lower radical, ^{^{N;){JSF{Nz%^{N^[JNz)MAs, 
and the lemma is proved 

Let us define the operator P acting on the set of all subsets of a given set X of 
rings as follows: 

m ptn = P *" 

' \Xf]Se{aj when G^0 

for every G^X, where 0 denotes the empty set. 

Theorem I If X is a set of unequivocal rings, then P is a closure operator in X, 
that is, P satisfies the following conditions'. 

1) ^(0)==0: 

2) GiP{G); 

3) P{P{G)) = P{G); 

4) P{G^m = P{G,)\JP{Gz). 


Proof. Conditions 1) and 2) are obvious. It is clear that if(znif((r))c 
gif(.5f(G))=if(G), and so we have P(P((?))=Zn.5f (P((?))=ini?(in.Sf((?))c 
QX\\IF{G)=P{(j}. This and condition 2) imply 3). 

By (7) and Lemma 3 we have P((?iU(7a)”Znif((jiU(72)=znif(if((ji))U 

uif(G2))^in(^(Ci)Ui?(G2))=(inif(Ci))u(inif((?2))=p 

On the other hand, by Lemmas 2 and 3 we obtain S{^ (G^ U G^))=S{SP (if ((rj) U 
0-^(ti'2)))=‘S'(^((ji))n5(if(G2)). If an Z-ring A does not belong to the class 
^{G,)DSd{Gz), then A is in the class ^(if((7i))nS(if(G2))-.y(if (GiUG^)), since 
A is an unequivocal ring. Thus the ring A does not belong to the class SP{Gi\JGz). 
From this it follows that T^P((ji)UP{( 72) implies TCP(CiUG 2 ), Therefore P(GiU 
U C 2 )=P{Ci) UP(G 2 ) holds. The theorem is proved. 


From the proof of the theorem, it is easy to see that the operator P always 
satisfies conditions 1), 2) and 3) for any set of rings, But if X is not a set of unequi¬ 
vocal rings, then condition 4) may not hold, For example: Let G^ and Gz be sets of 
nonzero simple rings. We choose two rings Af Gt> such that Tj ( Gz and T 2 ^ ■ It is 
easy to see that the ring $ /I 2 is not in jSf {G^ and if (G^, but it belongs to if (Gi U 
UGa), and it is not an unequivocal ring, Consider the set J=GiUGaU{Ti0u42}. 
We have P{G^AGz)=XF^{G,iJG^=L But P(Gi)UP(G 2 )= inif{Gi) U 
U(Znif(G2))=GiUG25^J. 

Now, let J be a set of unequivocal rings, then the operator P defines a topology 
on Z, We shall denote this topology by t 

.Proposition 1, A subset T of a set X of unequivocal rings is t-closed if and only 
if T~XFR, for some radical class R. 


15 
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Proof. Let TQX be a ^-closed subset, then we have T=P{T)-Xf]S^{T). 
tovewfy!2smie tot T^IHR, for some radW class ^ Since 

dm,m<iX(]RgR,ml\m^iXf]R)QR-P^QmPiT)=Xf]^{xr\R)QXf]R~T. 

Thus P{T)=TMhm and Tis a ^closed subset. 

Proposition 2. A subset G of a set X of unequivocal rings is t-open if and only 
ifG=Xf]Q,for some semisimple class Q. 

Proof Since J is a set of unequivocal rings, for every radical class R w have 
J=gni?)U(in5(i?)) and iXf\R)f]{Xf]S{l^)=0. A subset ^ of ^open 
if and only iiX\G is ^-closed. By Proposition 1 X\G is ^-closed if and only if X\G^ 
~X(]R, for some radical class R. By the above note X\G--X[]R holds if and only 
if G=zh5(i?). This completes the proof. 


3. The action of the semisimple closure operator 

Next, we consider the action of the semisimple closure operator M-M= 
=S{U{J{M))) on the class of unequivocal rings. By (5) the class U can be defined 

as follows: 

(8) M = {AeW\H{{I})r\KM) A 0, for every 0 ? I< .4}. 

Let us define the operator P* acting on the set of all subsets of a given set X of 

rings as follows: ' 

J 0 when (j=0 

(^) when GA:0 

for every (j£J. 

Theorem 2. IfX is a set of unequivocal rings, then P* is a closure operator in I. 

Proof. Obviously, the condition jP*( 0)=0 and GQP*{G) are satisfied. We 
establish the condition P%P*{G))^P*{G). If G=0, it is clear. If G^0> then by 

(9) we have 

p%p*{G)) = p*{xf]G) =in(JnG) c xnc =in 6 = p*{G). 

This imnlies PHP*iG)]=P*{G). Finally, we establish the condition: For arbitrary 
subsets \ and G, of £ the equality P*iG,[JG,)^P*iGtW\G,) holds. Clearly, for 
arbitrary classes N and Mthe inclusion always holds. By (9) we have 


tfadiction. Thus the'rihg 14 does not belong to the class GiUGj. From this it follows 
that the equality P'*{GjdG^)~P*{G^ holds. The theorem is proved. 

By manner as in the case of the operator P we can point out that if Z is not a set 
of unequivocal rings, then the additivity of the operator P* may fall down.' 

The operator P* defines a topology on each set X of unequivocal rings; We'shall 
denote this topology by I*. 

Proposition 3. A subset T of a set X of 'unequmcal rings is f-closed if and only 
ifT~XC\Q, for sornesemisimple class Q. 

' ^ Proof. It Tis a f-closed subset, then T^P*{T)=XC\T holds. We take Q^f. 

Conversely, assume that the subset Tcan be written in the fom T—Xf]Q, for 
some semisimple class Q. By (9) we have P%T)=P%Xf]Q)=X(](I(]Q)QXnQ= 
=inS=r. Thus P*(r)=;r, and Tis ;*-closed. The assertion is proved. 

Proposition 4. A subset Gofa set X of unequivocal rings is t *-open if and only if 
G~XORJor some radical class R. 

Proof. This assertion is proved similarly by means of Proposition 2. We can 
omitit. ' 

Propositions 1 and 4; Propositions 2 and 3 imply the following dual statements: 

Proposition 5. A subset G of a set X of unequivocal rings is t-closed (t-open) 
if and only if G is f-open f f-closed ). , 


4. Characterization of allowable partitions of the class of unequivocal rings 

Denote the class of all unequivocal rings by Y. For every cardinal number a, 
we put: 

( 10 ) - {d 6 y| the cardinal number of the set J is smaller than a}. 

The operators P and P* define topologies 4 and t* on respectively. Suppose 
that a, f are cardinal numbers and a^jS. Let G be a 4 -open subset of then by 
Proposition 2 G=J^n2, where Q is some semisimple class. Since X^QXji, we 
have G=Jan(J|}n2)‘ 2402 is a t-open subset of X^, From this it follows that 
{Z„ 4 ) is a subspace of {Xp, 4 ). Similarly, [X^, /*) is a subspace of (J^, tf). 

Proposition 6 . Let a. f be cardinal numbers and then the spaces (Z„ ; 4 ) 
and (Jj,; tf) are subspaces of the spaces {Xp ; 4 ) and {Xp ; tf), respectively. 

Thus we get chains of topological spaces: 


P*(Gi)UP*(G2)=(ZnGi)U(jnG2)=in(GiUG2)cin(GiUG2)=P*(GiUG2). 

Now, suppose that an J-ring A does not belong to the class Gj U 62 . Then the 
ring A is in UiGf) and ViGi) since A is an unequivocal ring. Assume that A is in 
Then by ( 8 ) every nonzero ideal of A can be mapped homomorphicdly 
onto a nonzero accessible subring of some set in G 1 UG 2 . This implies that the ring 
A in U{G()f]U{Gi) has a nonzero homomorphic image in or which is a con- 


(J2;4)c(Z8;4)c...c(J«;4)c... 

(l2;f|)c(J3;4*)c...c(J,;C)c... 

where the inclusion maps are continuous. 

Definition, Let A and P be unequivocal rings, the ring A is called P-adherence 
(P*-adherence) of the ring B, if for some Jj, in the chain (11) contains A and B, then 
.4 is an adherent point of P in the space (Jj,, 4 )/(J(„ t«). 
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THEOREM 3. Let (N, M) be a perlilm of the does of mqumcol rings, then the 

following are equivalent: 

1 ) The partition {N, M) is allowable. 

2) Every M-ring is not P-adherence of any N-ring. 

3) Every N-ring is not P'^-adherence of any M-rmg. 

R Th^n the t-neishbourhood X„(]SiU{M)) of A must contain B. Hence me iv ring 
5 'is in 5(y(M))i 5(^(iV), a contradiction. Thus every iW-ring is not P-adherence 

°^1)iS3): Suppose thatapattition(^,M)oft^^^ 

satisfies condition 2). Assume than an iV-ring i is P -adherence 

the cLin (11) containing ^ and P, Then every /^-neighbourhood 

o!A iS the space {X„ t'f) must contain B. _ , . 

Suppose that G=XM is any /,-open neighbourhood ® ^ ™ 
where 0 is some semisimple class, If the ring /I is not in G, _ A « 
is a uergkbourhood of /(in the space (J.. tj). Hence toe ™8/ be in J O 
n U(Q), a contradiction, because 5 is a fi-ring. Thus the iing A belong . 

toet“s(^W)liSrb“ 

ling d has a nonzero accessible fl(jV)-subting B=f where C is some ht-ring. Now, 

let X. be a set in the chain (11) containing A and C, Suppose that 0=-^. jk® 
R is a radical class, is any open neighbourhood of C in the’.‘O' ™ 

ring C belongs to the class R, and R is homomorphically c osed, the ring B is in J ■ 
HeL the ring i has a nonzero accessible ii-subrmg B. By tire 
simple classes, toe ring A is not Ji-senusimple. Since A is m ™E> 

must be in 1!. Hence A belongs to the neighbourhood G of C. From ttus it follows 
that C is an adherent point of A in the space (A"",, /,')• Thus the A-ring ‘ 

ence of the M'-ring^, a contradiction. 

Therefore the inclusion MQ slu{N)) holds, and the partition (A, ) . <• 

able. The theorem is proved. 


5. Remarks 

a) If Z is a set of simple rings, then it is easy to see that the spaces (X; t) and 
(I; /*) are discrete. 

b) In general, the spaces {X,;Q and (X.Ut) are not Hausdorff and not com¬ 
pact spaces. 

Example. We consider the case where is the countably infinite car¬ 
dinality. It is easy to see that every open neighbourhood G^^Xjf^OQo! a simple ring 
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A in the space where Q is some semisimple class, contains the ring Ag)A. 

From this it follows that the space ; Q is not a Hausdorff space. Similarly, the 
space (Xjr ^; /jJ is not a Hausdorff space. 

Now, we put 

Ml = {/ICZ^uJthe ring A consists of n elements} 

for r=2, 3,.... 

Then G„=X^^^nS(U(M„)) is a //,-open set containing M„. Clearly, [J G„=Z/, 

ii=s2 

holds. Assume tout there exist sets ff,,, i=l, 2. k such that jj G, =X^.,. Let 

us choose a prime p satisfyhig: p>max {«„ ■=!. k). Clearly. the‘simple ring Z, 

(the ring ot integers modulo p) is in the radical classes U{M„), for /=!,..., k. This 

implies that the ring does not belong to JJ G„=Xj^, a contradiction. From this 

it follows that the covering {G „}"^2 does not contain any finite covering. Thus the 
space (X/,; //,) is not compact. 

Now, we consider the //,-open sets G*-Z/,n.Sf(M„) containing M„. It is 

clear that |J GA J/, holds. In a similar manner we can prove that the covering 

{G,!}ru =2 does not contain any finite covering. Thus also the space ( 1 / ,t\) is not 
compact. " 
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QUASI-IDEALS IN RINGS 


By 

P, N, STEWART (Halifax)* 


By “ring” we shall mean an associative ring which does not necessarily have an 
identity, and if B and C are non-empty subsets ofaring, 5Cwill denote the set of all 

n 

finite sums of the form where bj,and q, c„6C. A qmsUdeal 

ks=l 

of a ring i is a subring Q of A such that AQf]QA^ Q, and a non-zero quasi-ideal Q 
is minimal if the only quasi-ideals of i contained in Q are {0} and Q. Left ideals and 
right ideals are quasi-ideals and the intersection of a family of quasi-ideals is again 
a quasi-ideal. 

In this paper we show that a quasi-ideal g of a ring A is minimal if and only if 
any two of its non-zero elements generate the same left ideal and the same right ideal 
of A. We also prove that the zero ring on the integers cannot be embedded as a mini¬ 
mal quasi-ideal in any ring. Examples are given to show that the product RL of a 
right ideal R and a left ideal L need not be a quasi-ideal and that certain theorems in 
[2] concerning minimal quasi-ideals and minimal one-sided ideals in semiprime rings 
do not hold for arbitrary non semi-prime rings. These results answer questions raised 
by L. Mdrki and published in 0. Steinfeld’s book on quasi-ideals [2]. 

We begin by establishing some notation. If x is an element of a ring A, Ah 
(respectively, xA^) will denote the left (respectively, right) ideal of ^ which is genera¬ 
ted by and (x) will denote the subring of A which is generated by :x;. If A is a ring, 
.4[/i] will denote the polynomial ring over A in the indeterminate A and for each posi¬ 
tive integer n, M„{A) will denote the ring of «Xn matrices with entries from A. 

Our first proposition answers Problem 6.1 in [2]. 

Proposition 1. A quasi-ideal Q in a ring A is minimal if and only if any two of 
its non-zero elements generate the same left ideal and the some right ideal of A, 

Proof. Suppose that Q is a minimal quasi-ideal in a ring A, Let Q. Then 
AhOQ is a non-zero quasi-ideal contained in Q and so Ah{]Q~Q.T\ms QQAh, 
Let ^^yiQ. Then yiAh and so A^yQAh. Similarly, andso 

-Ah Thus any two non-zero elements of i generate the same left (and similarly the 
same right) ideal of id. 

Conversely, suppose that any two non-zero elements of the quasi-ideal Q gene¬ 
rate the same left ideal and the same right ideal of A. Let g be a non-zero quasi-ideal 
ofA,^gQ. 

* This research wa.s done at the University of Leicester. The author is grateful for the hospita¬ 
lity of that University and acknowledges the support of NSERC grant # A-8789, 
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Thm and so 

•T.f*iSI'i'«- 5 '^™'*-"‘“‘'“ 

PROrosmoN 2, If Q is a mnml rm-iU of a rim A then g. consiieoeia, on 

E?I,S73S-S«S"*^- - 

^s'"^os°e 0 n :r'~ it 

;?X 3 ';yis 

°Vto -0 ™ m tekd'tele then ,=p(n.+/>-pmn)^. S" ““ “ 
wi Nm oXeon#tat.')n(fxyi> and so gp'MnWM'S 
c^LnSfSO tee ate dements kxiA such tat .w=pA from 
;tehh»itotn,.Kp(>Aedgngigg. Thus X=m where o^eiQ and 

“ ^Thf tave rault allo»s us to answer ta ting theoretic part of Problem 6.2 
in 121 which asks if every zero ring is a minimal quasi-ideal in some ring. For ms ance 
thelro ting on the integers cannot be a minimal quasi-ideal in any ting because 

suchtatMis nota quasi-ideal and hence answers Problems 3.1a and 3.1b in [2]. 

EXAMTIE 1. let k be a held and r -endomorphism which is not the 

UtA=k\x- d be the Ore extension of k with respect to (p . the elempits of 
identity. Let ^4 p\ coefficients in k and the multiplication 

is detemined by the distributive law and the requirement that xa=(p(a)^ for all aCfc. 
taelitoy properties of Ore extensions (shew polynomial rings) can be found m [1]. 

Sost «kste that vW^ilhen since ,p is one-to-one tpHtijM'x)- Now 

[fp (a) - (p^ («)] - ^ [(x+) a -- (pHci) ” 


= [fp(a)-d(c()]"‘[(//Ha)"(p'(«))'^'] 

Thm r(:A(x+xM and so x^+xKARU\RlJ. However, all non-zero polynomials 
in RL={xA-xYixAx^) are of degree at least 4 and so ARLf]RLA§_RL Thus RL 
is not a quasi-ideal 
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Let i be a ring and consider the following three conditions on A. 

(M,) A has a minimal quasi-ideal. 

(Ml) A has a minimal left ideal. 

(Mf) A has a minimal right ideal. 

Corollary 7.5a in [2] asserts that conditions (Mq), (M]) and (M,) are equivalent if the 
ring A is semi-prime. The following three examples show that in general no two of 
the above conditions imply the third. This answers the ring theoretic part of Problem 
7.2 in [2]. 

Example 2. Let be the Galois field of two elements and A be the subring of 
which is generated by 


Since {0}, Q= {0, x} is a minimal left ideal and a minimal quasi-ideal of A and so 
A satisfies (Mfi and (M,). 

W! » 

Every element of i is a finite sum of the form where the 

1=1 

K follows that if 09^a(:A, then aiaAiA{0}. Thus A has no minimal right 
ideals and consequently A does not satisfy (M,). 

Example 3. Consider A°^, the opposite ring of the ring A defined in Example 2: 
the underlying additive group of coincides with that of A and the multiplication in 
A°^ is determined by the rule xy (in ,4“^) equals yx (in A). 

Clearly, H"** satisfies (M,) and (Mq) but not (Mj). 

Example 4. Let P be a field of characteristic 0 and Tbe the subring of Mi{F[X ) 
whichis generated by (ax: x^F}[){^y. where 



0 0 l' 


1 0 o' 

x = 

0 0 0 

and y - 

0 X 0 


p 0 0. 


.0 0 0. 


Notice that x^=Xj/=0 and yx=x. Let A=T$T°K 

First we show that T satisfies (Mi) but not (M,). Every element of T is a finite 

m 

sura of the form aoX-|- 2 where cto,..., F. It is clear that {ax: a^ F} is a mini- 

mal left ideal of T and so T satisfies (Mi). 

Let g be a non-zero quasi-ideal of T. If 0 ax6 g, then (2ax) is a right ideal of T 
which is properly contained in g and so g is not minimal. 

in 

If Q^q= then Tq-{yf(y)q:f{y)^F[y]]QTQ(]QTQQ and qiTq, 

fc=i 

so again g is not minimal. 

W ffl 

Now suppose that 05 ^ 9 =aoX+ 2 and 2 We will show that g 

fc=i iit=i _ 

contains a non-zero polynomial in y and so, as shown in the preceding paragraph, 
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m ( ^ 

g is not minimal. If 2'®t ^lo-Then 

U-=l 


yq = o!oX+ 2 


fc=i 


and 

Thus 


qi^xi-y) = 2^a0^'''^^QT- 

r = a,x+ Z^^Q^QT^Q 


m 

and so 9 -<2 is a non-zero polynomial in y. On the other hand, if Z^k~^f 

We have thus established that Thas no minimal quasi-ideals. Since Jhas a mi* 
nhnal left ideal, has a minimal right ideal and so A=T®r^ satisfies (MO and 

(Mf). We now show that i does not satisfy (Mq). 

Let 2 he a non-zero quasi-ideal of A and r)6!2) ?=ao^+^^otfc/and 

r=^o^+ 2 ft/' 

/{Sl 


ments a, biTmMaq=ib=f(y) is a non™ polynomial in j. Thus, (/(y), 0 )= 
=(o. 0)(«,f)=(9.'')(A0)e'12n2iS2 and so 2 nrsi{ 0 }, similarly, if 

nnj’op^/Qi gjjice T and 7’“’’ have no minimal quasi-ideals, both of these cases 
imnlv that Q is not minimal and we may reduce to the case in which (woX, 
and both ao and i?o are non-zero. But then 2 ^)i Q and g is a quasi-ideal 

because^g^randQiirLThusidoesnotsatisfy(Mq). _ 

Proposition 7.6a in [2] establishes that if g is a minimal quasi-ideal of a seirn- 
prime ring then for all either !2u={0} or Qa is a minimal quasi-ideal of 
The following example shows that this is not the case for arbitrary rings and hence 
solves the ring theoretic part of Problem 7.3 in [2], 

Example 5. Let f be a field of characteristic 0 and A the subring of M^iF) which 
is generated by {«: a6F}U HF) where 


and y 


Notice that x2=xy=0, jx=x and/=y. ^ .. 

Let 2={j5y: 4 If Oj^jSoyCe, then AM=^Q and so Q ^ a mini¬ 

mal quasi-ideal of But Qx~{ax: a^F] is not minimal because for each 
<V) is a non-zero right ideal of i which is properly contained in Qx. 
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The author would like to thank the referee for his helpful comments, In parti¬ 
cular, the referee noted (I) that Gy. Polldk has also provided an (unpublished) solution 
to Problems 3.la and 3.lb in [2] and (2) that Example 5 above also solves the semi¬ 
group part of Problem 7.3 in [2] because g is a 0-minimal quasi-ideal of the multi¬ 
plicative semigroup of A, 


[1] P. M. Cohn, Algebra, Volume Two, John Wiley and Sons (1977). 

[2] 0. Steinfeld, Quasi-ideals in rings and semigroups, Akaderaiai Kiadd (1978). 
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A GEOMETRIC DESCRIPTION OF THE INNER 
APERTURE OF A CONVEX SET 


By 

J, BAIR (Liege) 


The inner aperture of a convex set was introduced by D, G. Larinan in 1974; 
a few years later, A. Brondsted used this notion in his work about intersections of 
translates of convex sets. The purpose of this note is to give a geometric description of 
this cone in R" and afterwards to extend the study of this notion in an arbitrary real 
vector space. 

1. First we work in R" and define the inner ciperture F(A) of a non-empty convex 
set A as follows: 


P{A) := {ya" mr, 31 S 0 : x+ly6A}U {0}. 

Remark that this definition is given by Br0ndsted [4; p. 335], except the fact that 
we add the origin to P(A). It is not difficult to see that the inner aperture of the clo¬ 
sure of a convex set A coincides with P(d); therefore we may only study the inner 
aperture of closed convex sets. 

We shall describe the cone P{A) by using classical notions. Indeed, P(A) is clo¬ 
sely related to the well-known asymptotic cone 0{A) of A, i.e. [4; p. 335] 

0(A);= {yeR"|3x64V1^0:x+Aya}. 

In fact, the difference between these two notions consists in some directions, i.e. open 
half-lines emanating from the origin (further, a translate of a direction is called a ray). 
In order to obtain our main statement, we define two other notions: we call & boun¬ 
dary direction of A a direction a translate of which is included in the boundary of 
and an asymptote direction of A a direction a translate of which is an asymptote 
ray of A (i.e. a ray gcR" of A such that S{A, e)=0 [5; p. 380]). 

Theorem l.InVL^for anon-empty closed convex set, P{A) coincides with 0{A)\‘ll, 
where ^ is the union of all boundary and asymptote directions of A. 

Proof, It is well-known that P(A) is included in 0{A) [4; Corollary, p. 338], 
We may suppose that i is a body, i.e. the interior of A is not empty. 

Moreover, each boundary or asymptote direction e of A is not included in 
PiA), Meed, let be a boundary or asymptote ray of A; by a classical separa¬ 
tion theorem, it is possible to find a closed halfspace I such that AcJ), u+qcH, 
but A 4: J7, where denotes the boundary of 1. In these conditions, let x be a point 
of the interior of it is easy to see that the half-line y-t-p does not meet A for 
y=k-y{l-k)x when A>1, which proves that p is not included in PiA); therefore 
the inclusion of P (.4) in 0(^)\‘2( is true. 
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Conversely, let e be a diteetion included in 0{4\« aii 'Sj 

p. 380], which is a contradiction. . . ^ 

the asymptotic cone 0{i). it is necessary aiiu^m 

equivalently, that the set i ^ f ® ^ e proved that a closed convex 

==t'5Ss=fsKS 

i(4\{0)LpeZtte@etoc^^^^ 

J(,l):={yeR*|sup(a:,y>'=+4 

XiA 

In summary, we have 

Theorem 2. In W'Jor a non-empty closed convex set A, the following propositions 
are equmlent: 

(a) P{A)=OiA); 

{h) AiscontinuousV, 

(c) A ispambolici] 

(A) B{A)\{0]isopen. 


As a corollary of these two results, we can see when P(i) is closed: 

Corollary 1. In R", let A be a non-empty closed convex setJfA is continuous, 
then P{A) is closed; the converse is true if P(y4)5^ {0}. 

Proof. If A is continuous, Theorem 2 asserts that P{A) coincides with 0{A) 

which is closed for any closed convex A. 

Conversely, if P(i) 5 ^ {0}, then the relative interior rel int 0(i) of 0(A) is inclu- 
Hed in P(A) 14- Corollary (k), p. 338]. Suppose moreover that P(A) is closed and i 
SSusSlSSa ray e=M Iti» cle^ « , c ncb«™ 

^ boundary of the closed cone 0^. Then, for a ray e =10.« of td WA 
movfx tall B of oUo' is such that Ad i® ,h » 

MaXe, d Subset of the closure of P(A i-e. of f(A), which contradrots 

that it is possible to find dosed convex sets J which are 
but for which fid) is closed and equal to { 0 ); an easy example is given by the set 
d={(x,y)eR 1 x* 0 . 0 sy*l}. 
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2. Our second purpose is to improve our two theorems and some results of 
Br 0 Ndsted [4] hy working in an arbitrary real vector space E (whole dimension can 
be infinite) with convex sets whose affine hull is not necessarily the whole space. Re¬ 
mark that the corresponding reasonings given in S" can be adapted in this general 
base if we use the geometry of arbitrary linear spaces explained fox example in [ 2 ], 
especially results of [1] instead of their versions in R" [5]. Therefore the proofs are 
left to the reader. 

We shall now adopt the notations and the terminology of [2]; particularly, for 
a set ^ of a real vector space E, we shall denote by % % % ^A, and M the affine 
hull, the intrinsic core, the linear access, the algebraic hull, the margin and the asymp¬ 
tote cone of A, respectively [2; pp. 1,2,3,24]. 

For a non-empty convex set A of E, we study the relative inner aperture cone 
S' (A) of A defined as follows 

fiA):;^ {y6R|VxeM,32§0:x-fAy6^}U{0}. 

Notice that, for a non-empty convex set A in R", f(A) coincides with P(A) 
when the affine hull of A is the whole space; butif ^^R", then P(i)={0} and thus, 
from a geometric point of view, the study of P{A) is not very interesting in that case, 
in contrast to the relative notion f(A). 

Here are some primary properties of this notion: 

Theorem 3. For two non-empty convex sets A and B of an arbitrary real vector 
space E, one has: 

a) S'(A)+A=A, whence S'(A)cC^; moreover, if A is algebraically closed, 
'{Q^0 and S'(A)^{% then \Cf)cf{A)cC^, and thus Hf{A))=C ,^; 

h)S'{A)cf{B)ifAcBand^A^% 

c) if the intrinsic core of A is non-empty, then f'('A) ~ S'(A) -S'ffA). 

Note that the last proposition allows us to suppose that the convex set A is 
algebraically closed [loAlxat A=^A\ 

In order to describe the relative inner aperture cone of an algebraically closed 
non-empty convex set A> we give some definitions: a ray [0 :h) is asymptote 
ofyl,if jBcx+C^ and0^"(i-R)\(J-R)[l;p. 434] (in R'',this definition is equi¬ 
valent to the notion of GALE-ldEE [5]); as in a Euclidean space, an asymptote 
direction of A is an open ray a translate of which is asymptote of and a marginal 
direction is an open ray a translate of which is included in ’^A. So we are able to give 
this generalization of our first result: 

Theorem V, In a real vector space E. for a non-empty algebraically closed convex 
set A, S'{A)=Cf\f, where f is the union of all marginal and asymptote directions 
of A. 

As a consequence of this result, we extend Theorem 2 by using some notions 
studied in [1; pp. 436—437], but with a slight change in their names: by definition, 
a non-empty algebraically closed convex set A is relatively continuous if it has no ray 
which is asymptote of A or included in ‘"A, and A is relatively parabolic if, for each 
point z of every generant ray of the cone z-f Q meets A (in R", these defini¬ 
tions are equivalent to the notions of Gale—Klee and Bourbaki, respectively, when 
the affine hull of A is the whole space). 
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MM r in an arbilmr, real nector space E, let A be a rm^mpl, alsebrai- 
caljcbsed eomex set. Then the following propositions are equimlen . 
a) Sr{A)=Ci, 

and b) are equivalent to 

c) A is relatively parabolic. 

Itiseasy to prove that 

Sfe-teSr^Sew^oanonlyadoptt^^ 
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A REPRESENTATION TEIEORY FOR THE VARIETY 
GENERATED BY THE TRIANGLE 

By 

B. A. DAVEY and M. J, MCCARTHY (Bundoora) 


Let 1 ^ 3 ={0,1,2} and define a pseudo-order, on JT 3 by 
0 < 1 , 1 < 2 , 2 < 0 . 

(A relation is a pseudo-order if it is reflexive and antisymmetric,) Now define binary 
operations, A and V, on ITj by 

xhy = x^x\ly~y^x'diy. 

The relational structure (IFa; and the algebra {W{, A, V) are both referred to as 
the triangle. 

The variety, Wg, generated by {W^; A, V) was first studied in E. Fried and 
G. GRtaER [7]; it is the first member of an important chain of varieties of weakly 
associative lattices (see E. Fried [ 6 ]). 

Griitzer and Fried introduced W 3 as a natural generalization of the class of 
distributive lattices and showed that many important universal algebraic properties 
of distributive lattices extend to W 3 . It is therefore reasonable to ask whether there 
is a topological representation theory for W 3 similar to il. A. Priestley’s represen¬ 
tation theory for (bounded) distributive lattices [10,11]. We shall see that the answer 
is ‘Yes’. We add a nullary operation f to the operations on ^ 3 , and then establish 
a duality between the variety A generated by A={Wi; A, V, *) and a category X 
of structured compact spaces. The algebras in A are pointed Wj-algebras, and the 
structure on the objects of X consists of a pseudo-order I and a nullary operation *. 

The only subdirectly irreducible (bounded) distributive lattice is the two-ele¬ 
ment chain, and consequently every (bounded) distributive lattice L can be embedded 
into for some set J, or equivalently, into the lattice ^(I) of all subsets of X, Part 
of the role of Priestley’s duality, or Stone’s duality [13] before it, was to specify 
the set I and to identify those subsets of X which form a lattice isomorphic to X. 
A similar line of reasoning applies to the variety A and the algebra A. The three 
nontrivial subalgebras of A are the only subdirectly irrediicibles in A and hence 
every A-algebra, R, can be embedded into A^ for some set X. It is easily seen that 
# is isomorphic to the set of 3-block partitions of X (allowing empty blocks) 
pseudo-ordered by 

(^ 0 , , Ag) ^ (Bg , , jSg) if and only if 
Ao^BoUB,, A^gBM, and A,C£,^[jBo. 

Our duality nominates a set I, namely the hora-set A(B, A), and isolates the set 
of 3-block partitions of X which forms an algebra isomorphic to B, namely the set 


16 
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inP). 

1, Pteltainaiies 

For the purposes of this paper, a category of structured compuct spuces is any 

'Tfots"tr,theoh|ec«ofXare,«^^^ 

(X; F,«) is a structure of type t in the sense of G. Oeictr [5, p. Uil 

“TSS“““3(-object(j.; f., A. f 
• 1, men which is continuous between the topological spaces (Ii , Ti), 

fy atalorpl«smfrom(X,;A,A^ 

Pat^ori A and X, it wiU be dear from the given context whether it is acting as an 
object of Mrm j endowed with a compact Hausdo^ topo- 

legy.taAWdW 

SI1, for 

eacTaeA a^ffl{a)isanA-isomorphism,andisa^//<il«I/i(yltalso,forcach 

-y« 

SglVr^t'prevariety generated by a «m^ot Mo^cl *bra 

i and X is a^category of structured compact spaces. Then for each Ae A, under the 

ilav wKch Sterils as a dosed subspace of A‘, the space A(A A) is compact 
™ma 2 31' in this way A(-, A) becomes a well-de9ned functor from A into 
rirSo ition 2 41 wh re, as usual, Comp denotes the category of compact 
spSal^S^sm^Ictl-liX^Compbetetog^^^^ 

Corollary’ 1 p 167], all free algebras exist in A, and if A^x} freely generates 
ttattemal.:A(A(4i)-i'.8™ by gc.=(x4<.ni a hoiueomo - 

ptom if A« has the product topoloH r [4,Proposilioii2,q.te^ 

K>0 0 induces a structure on A" so that it too lies in X, that k, tS D(F^{x)) 
=(k(FAx) A\ F,R, T) lies in X, then for each m-ary operation/ in f, each n-ary 
relation r in It, one defines an iit-ary opeationf, and an n-ary relation r, on i by, 

for alla.-„ K .A-ie-^”. /*(«..-.“--J =/(«.«« 
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and 

if and only if r{bf,Q;\ 

Henceforth, whenever we talk about A'‘ as being an X-object, it should be understood 
that we are referring to {A^; {f: /Gf}, {r^: r^R}, T^) which is X-isomorphic to 
D{F/,{x)) via Q,. 

In this way it makes sense to talk about the set of all X-morphisms from an 
X”Object into A=A\ and if, for all X^l, X(J, .i4) with the poiiitwise induced ope¬ 
rations is a subalgebra of A^, then E=X(-, A)-. is a well-defined functor. 
Furthermore ij: 'vi^-*ED and e: idx-*i)F are natural transformations, where for 
all Sa, all beB, where gr„=bg for all g(.D{B), and for all Z€X, all 
x£X, xsx-F^, where Af^^xA for all A6F{I), 

Consequently (D, E, ?/, e) is a natural candidate for a duality between A and X; 
which motivates the following definition. 

1.1 Definition. Let i) be a contravariant functor from the prevariety A genera¬ 

ted by a compact topological algebra A into a category X of structured compact 
spaces, and suppose that lD(-)|=A(-,i), where |-|: X-^-Comp is the forgetful 
functor. If, for each x>0, is an X-isomorphisra from DF/^(h} into A^, and for all 
J6X, X(I, /() is a subalgebra of A^, then (Z), E, rj, s) is called a pre-duality (between 
A and X), where Fi=X(--, j|, s are defined as above. 

Using the above terminology, the following is an immediate consequence of 
[4, Theorem 2.14]. 

1.2 Theorem, Suppose that {D, E, rj, e) is a pre-duality between A and X, where 
A is generated by a finite discrete (compact topological) algebra A. Then (D, Ef ri> a) 
is a duality if and only if 

(Do)/or all 56A, all J6X, and every h^A.{B, E{X)), the map ij/'. J->A(5,A), 
given by b{x\l/)=x{bh), is an X-morphism, 

(Dj) for all B, C6A, all surjections fik{B, C), and every A6X(i)(C), A), there exists 
UX{D{B),A)suchthat X~D{f)l,and 

(Dj) for all 1 ^n<cOf every element ofXiA\ A) is a polynomial function. 

Essentially, {D,E,ri,B): A-^X°‘’ is an adjunction if and only if (Do) holds; 
(Dg) states precisely that % is an isomorphism whenever 5 is a free algebra in A, and 
this property extends to arbitrary algebras in A via (DJ (see also [4, Corollary 2.16]). 
Note that since A-/»S'5({/4}), every algebra 56A has enough homomorphisms into 
A to separate points, and hence ijb is one-to-one. 


2. The dual categories A and X 

Let A~{W.^ ; A, V, be the algebra obtained by defining a nullary operation 
^ on Ws by putting 1=*. By construction, A and V are commutative operations, 
A:Ay=x: if and only if xVy-j; for all X, y6i, and in A 

0A*~0,; *A2 = 3it; 2A0 = 2, 


16* 
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If A is the equational class generated by A, then by forgetting the nullary opera> 
tion, every algebra in A becomes a member of W 3 . Consequently A is ^o^S^u^e 
distributive, the subdirectly irreducibles in A are 2*, 2^, and A, and A 
[9 Corollary 3.4], where 2* and 2^^ denote the two element distributive lattice with, 
respectively, the unit element and the zero element as the nullary operation *. 

Now let and let b be any element of B. By the natural symmetry of ^ 
it is clear that there is an embedding (p of B as ^ 1 ttl 

where, for each iC/, the algebra B, is one of W„ {1, 2 , { 0 , }, and XO^l-^ius 
the algebra obtained from B (by distinguishing b as the nullary operidion *) is in 
A, since it can be represented as a subdirect product of 2^, 2 ' and A. There ore ' le 
algebras in A and W 3 are the same, modulo the nullary operation, and 
any representation theory for A will almost certainly tell us a pat deal about W„. 

As with all weakly associative lattices, each algebra Ba}& completely charac¬ 
terised by its associated structure (5: *, g). As it is often easier to work with rose 
structures, we remind the reader that in A we have 0 < * < 2 < 0 . 

Let Y be the category of structured compact spaces whose objects are all ttiose 

quadruplets (X; f, I, T); where is a miliary operation, and | a pseudo-order 
on X. Given an object Ain Y, a subset U of A''is said to be increasing if, for all x, a , 
if xi U and x iy, then y 6 U. Decreasing subsets of X are defined dually. 


2.1 Definition. Let J 6 Y, and suppose that {Ua, U^, U^) is a partition of X. 
Then {Uq, U^., U^) is called an (S-partitim of X if 

(i) 

(ii) t/u is clopen and decreasing, is clopen and increasing, 

(iii) for all x€ and all yC we have xly. 

The set of all (^-partitions of X is denoted by d?(Y). 

We can now define the category X. 


2.2 Dehnition. Let X be the full subcategory of Y consisting of all those objects 
XiY which satisfy the following separation conditions. 

Let X, y^ J such that j' | x; 


(50) if f |x, then there exists U^^(!1{X) such that x 6 f/o, 

(51) ify^ •;(:■, then there exists (l7o, U^, t/ 2 ) 6 (P(I) such that x€{/*,y^t^ 2 > 

(So) if x| f |y, then there exists (Lo, U.^, U^)0{X) such that yi f/y, x 6 

(S 3 ) if y I 1 ^ and either * |y or x| , then there exists U>^fMX) such 
thatx€l7o,y6t/2. 

As the first step in establishing a functor D: A-^X“'’, note that A, with the dis¬ 
crete topology, is trivially a compact topological algebra; in all that follows this topo¬ 
logy will remain fixed. 

For each 5 a, define D(i9)=(A(i?,^); *, I, Ti,), where rdenotesthe con¬ 
stant homomorphism of B onto {*}, Tb is the topology inherited from the product 
space and I is given by 

/I g if and only if bf'S bg for all b^B. 


i 


i 


i 

s 

j 


As noted earlier, (A(5, A); Tb) is a compact topological space, one sub-basis of 
which is 

{Uiiby. iU heBj, where Ui(b) = {fa(B,A): bf= i). 

Note that for each iFA, b^B, Ui{b) is a clopen set. Furthermore, Uo{b) is decreasing, 
since if fig =0 and/lg, then either b /=0 or bf-2, and the latter yields the contra¬ 
diction 

{b^ •^i)g = OA ■*' = 0 < f = 2 A f = {h^ *)f, 

Dually, [/g(fi) is increasing, and by definition, iff^Uaib) and giU^{h\ then A/= 
=0^2=bg, so /Ig. Therefore, for each b£B, (f7o(b), U^{b\ U^ib)) is an (9-partition 
of 5(5),. which, coupled with the next result, tells us that 5(5) is an object of X 
for all 5a. 

2.3 Lemma. Let 5a,, and letf, giD{B) such thatg^f. Then the following con¬ 
ditions hold: 

( 0 ) if f I/, then there exists b£B with bf~Q, bg^ *-; 

(1) if g| #, then there exists b£B with hf~ bg=2; 

(2) 1 //I * 4g, there exists b£B with bg=Q, hf~l\ 

(3) i/gl f and either/^ * or * |g, then there exists b£B with bf=(), bg=2, 

Proof. Let/,ga(5, A) such that g|/. Since (0) and (1) are proved by dual 
arguments, we prove only (0). Suppose |/. Therefore there exists c£B with c/=0. 
If cg= ^ we are finished; so suppose that either cg=0 or cg=2. But if the latter holds, 
then (cA *)/=:0 and (cA :it)g= ; so we can assume that (c/, cg)=(0,0). Now g|/, 
so for some d£B,df-< dg. If {df, dg)=(*, 2), then 

([dAc]A *)/=0 and ([dAc]AiR)g = *, 
and if {df, dg)= ( 2 , 0 ), then 

([dV*']Vc)/=0 and ([dV*]Vc)g = *. 

Since the only other possibility is {df, dg) - (0, #), this completes the proof of (0). 

For (2), suppose that/I ^ |g|/. Therefore there exist a, c,d£B with af~2, 
6’g=0, and df<dg. As before we can suppose that c /=0 or f; ag =2 or *; and 
{df,dg)£{{Q,^),{*,2)l 

If (f/, dg)=(0, #), then putting A=(^zAd)A(cAd) gives 

fi/=(2A0)A([0or #]A0) = (2A0)A0 = 2, 
and 

|jg = ([2or *]A*)A(0At)=ao = 0. 

Dually, if (r/,dg)=(*, 2), then putting b={afd)\l{c\/d) gives bf=2, bg=0. 
Finally, to prove (3), suppose that * ^/ and that /| *. Therefore there 
exist x,y£B with xf~2=yg. Putting fl-(xV *)V(yV *) gives {af, ag)={2,2). Also 
there exists za with z/=0. Putting e-zA* gives (c/, eg)=(0, O or ^tf). Now suppose 
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as SBCII that df<ds. If w. *)=(0, .), to W/=0V2=0. ("^S= 

= f V2=2. This tells us that we need bother only about the case 

and if {df, dg)=={*, 2 ), then a dual argument to the above tells us that 

{dhc)g=2. Finally, let {dfjg)={2,^r Again supposing that (c/, eg)=(0,0), 
puttingh=cA([i/A*]Afl) gives 

l)/=0A([2Ait:']A2) = 0A* =0, 

l,g = 0A([0A4<-]A2) = 0A(0A2) = 2. 

This completes the proof of the lemma, since the other half of (3) follows by duality. 

In accordance with our stated plan, for each B, C^k and any /eA(^, C), put 
Dif)=k{f,A); that is, gD(/)=/g for all g6A(C, A). Defined m this way, i)(/) 
is continuous, since for each sub-basic open U,{b) in D{Bl the nwerse image 
Ui{b)D{f)-'^^Ui{bf) is a sub-basic open set in DiC), To prove that D{f) is 
structure-preserving, suppose g, h^D{C) such that g ^ A Therefore, for all b£B, 

b{gDif)) = b{fs) - {bf)S^ ihf)h = b(fh) = b(hD{f)) ^ 
bv definition of I in D(C). Therefore, by definition of g in D{B), gD{f)^hD{p. 
Now let be the nullary operations on i)(5), d{C) respectively. Hence, for 
all biB, b[^"D{f))Hbf)i"= * by definition of so * D{f)=* is the con¬ 
stant homomorphism of B onto { 145 }. 

2 4 Corollary. D: A-^X“'’ is a well-defined functor such that 1D(-)1=A(-, A), 


As mentioned in Section 1, for each k> 0, we could now define a structure on 
via the homeomorphism so that it becomes an X-object. Instead, it will be 
more convenient to start from the other end; that is, we will directly define a struc- 
mie on. 4 «toobtainaY-object<i'‘;», l,r,>,andtosbowthat6,;i)m{i<))- 
*,1, Tf> is a Y-isomorphism. Consequently,since p,preserves (D-partitions, 
A" becomeaan X-object, and an X-isomorphism. In order to do this we need to 
know a little about the structure of X-objects. 

2.5 Lemma. Let leX, and x , If and xky , then either x , yi *> or 

P p p 

^^x,y,orx-^*^y. 


Proof. Suppose and xly, and that the conclusion does not hold. There¬ 
fore y|x, and either 

(a) yl*lx, 
or 

(b) x|*|x or 

If (a), then by (Sz) of Definition 2.2, there exists (C/q, U^, 1 ^ 11)6 W with x^U^, 
ye t/o. But C/z is increasing and x Iy, which is a contradiction. 

If (b), then by duality suppose that x | | x. If y | '-tf, then by (Sg) of Definition 
2 . 2 , there exists {U„ U,, U^^ISiX) with yiU^, xiU^;hnt xiy, wWch contradicts 
Definition 2 . 1 . On the other hand, if y I , then by hypotheses, x | * f y, so as before, 
(Sz) provides a contradiction. 


i 


I 




Hence objects in X may be visualised as in Figure 1: 



B - {x€l: x< *}, S = {x^I: * -<x}, T = {x6J: x'| ^ and ^ x}. 

It follows from the lemma that the only strict order relations occur witliin itU {*}, 
5' U {f}, or from i? up to S. Consequently T is discretelyjordered and the elements of 
Tare not related to the elements of i? and (S'. 

(|4 

(I* 

Jo 

Fifr. 2 

This yields a clue as to how to define an appropriate pseudo-order on powers of A. 
Throughout the following, ^ denotes the pseudo-order on A and its pointwise exten¬ 
sion to A’*. 

2.6 Definition, Let )(:>0 and define I on A* by: for all a, b£A\ a^b if and 
onlyif 

a~bor (a^b and either a, *■, or * fi, or * ^b), 

Note, in particular, that as a Y-object, A is pseudo-ordered by 0< * <2, as in 
Figure 2. 

Since I is a proper subset of it is clearly a pseudo-order on A"*, so 
(A*; *, I, Tx) is a Y-object. To prove that it is also an X-object we need the follow¬ 
ing pair of results. 

2.7 Proposition. Let p: A^->-A be any polynomial function. If a, b^A^ such that 
a^b,thenp{a)^p{b), 

Proof. Suppose the result is true for polynomial functions p and q, and let 
fl, b^A^ such that akb. By duality it is enough toshowthatp(fl)V 9 (fl)lp(h) V^(h). 
If a, * or f b, this is clearly true, since all algebraic functions on the two 
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element chain preserve so suppose that and aMb. By hypothesis, 

p(al and qih so clearly Hence we 

need show only that {p{a)yqia), p{b)yqib))^{0>2). B\itp{a)yq{a)-0 implies that 
p{a)=0=q{a) (since p{a), qia)^*), and similarly p{b)\lq{h)=2 implies that 

p{h)=l or q{h)^l. But by hypothesis, p(fl)gp(5)and^(fl)^^{6), so (0,2)({{(/i(fl), 

p{h%(qi^)A{b)% 

2.8 Lemma. For each x>0, all /, ga{FA{K\ A)J^g in D{Fa{h)) if and only if 
fQ^hQjniA^l i>- 

Proof. If fhg in D{Fd}()), then for all xiFAbi), xf^xg. By Lemma 2.5 and 
Definition 2.6 this implies that (x/>,< where {x^: ycx}freely generates 

jp'A(x). Therefore, by definition of , we have/| 0 ,< I g^?«. ^ 

Conversely, if {Xyf\^MhS)y<.> then by the previous propositionp(x/),<,'^ 
^p{Xyg)y<,> for any polynomial function p: Therefore, since/andpre 

homomorphisms, af h ug for any fl6FA(x); hence af ^ag forallu^FA(x),so/ggin 

d(Fa{4 

2.9 Corollary. For each x>Q, the map g, w an Jrisomorphim from D{Fa{x)) 

to{A*\^,hjf). p 

Henceforth we will denote the X-object {A^‘, %•, g, Tff by A^> Thus X(A'^, A) is a 
well-defined object for each X6X, and in fact becomes an algebra in A when A, V 
and * are defined pointwise. Clearly the constant map of X onto {*•}, is an ele¬ 
ment of X(I, A). Now suppose that y, aa(X, A); by duality it will suffice to show 
that yA(r6X(l, A). Firstly, the continuity of yAtr follows from the fact that A is a 
topological algebra; for if xa, and U is any neighbourhood of xiyhdj^xjhxa, 
then by the continuity of A, there exist neighbourhoods Vi, ofxy, xdrespectively 
such that for all a, b^A, (a, b)6 FiX implies that a^b^ U. But y, cr are continuous 
on X, so there exist neighbourhoods and of x in X such that for all z^X, 

{y,zWiXW^ implies that {yj,za)eViXVz. 

Hence, for allya, i^y^W^^^Wi, thny{yha)=yyhy(r^U. 

Clearly yha preserves *, since *(yA<T)= *yA *(7~ * A * Finally, to see 
that yAff preserves I, suppose x,yQ^ such that xly and x^^y. By Lemma 2.5, 
either x,yl or * lx, y or xl 5 ^ ly. Since all cases are dealt with similarly, we 
can suppose that x, y I f. Therefore (xy, xu) g * and (yy, ycr) ^ f in A^ and xy Syy, 
Xff^yff in A. Hence (xy, X(r)^(yy,y(T) in A^, so by Proposition 2.7, 

x(yAff) = xyAxcr I yyAyo- = y{yha) 

as required. 

It is now routine to verify that for all X, 7€X, and every y6X(I, 7), the map 
X(y,A): X(7, A)-^X(X,A) is a homomorphism, and consequently Corollaries 
2.4 and 2.9 yield our next result. 

2.10 Lemma. E='K{",Ay. is a well-defined functor, and {D,E,r\,t) 
is a pre-duality between A and X, 

The main result of this paper can now be stated. 

2.11 Theorem. {D, E, ?j, e) is a full duality between A and X. 


3. Proof of Theorem 2.11 

'* * ™ ^ ^ify that 

“e x If A 5 imf Zl i f f F “■** 

At A, niA[Js, E[X)), and that ij/: J“>A(P, A) is given by 
b{x\j/) = x{bh) for all xtl, b^B. 

^aveObserve that for any sub-basic open set U^b) in A{B, A) with b^B, iU, we 

Ui{b)j-^ = {xtA: bixijj) = i} = {xa-, x{bh) ^ i} 
is open in X since bh is continuous from X into A, Now suppose that x, yt J such 

. the verification of (Dj) and (Dg), we need to know that for each It X, there 

IS a natural bijection between d)(I) and X( 1,4 

element "I xtl,xy=i if and only if xtU;, Conversely, if 

y tX(I, A), then (C/q, U.^, U^a{X\ where xt Ui if and only if xy=l 

_ Proof. Suppose (C/q, C/^jt(?(I), and y is defined as indicated. Since each a 

IS clopen, and * 1y is continuous and f-preserving. Suppose x, ytl such that 
x^y. If xtl7aor ytt/p, then since Uy, is increasing, and C/,, is decreasing, we must 
have xy=yy Otherwise, x^M and ya.UU,. But by Definition 2.1 (iii), 
Oq A t/a, and hence either x,y 6 C/,^, in which case xy=yy, or fx, Nttl/nXC/ UJ 
U(i7,Xt/a). Therefore, in all cases, xylyy. 

_ Conversely, if ytX(1 ,4 and {U„ U„ Uy) is defined as indicated, then since 
y IS continuous, each £1, is clopen in I. Clearly * t £/„ and for all (x, y)t U^x Uy, 

X ^y. By duality, it remains to show that Uy is decreasing, so suppose xly, where 
yy=0. Therefore xy gyy=0, so by definition of I in A, xy=0 as required. 

3.2 Lemma. For each 1 m< 0 ), every element ofK{A'\ A) is a polynomial function, 

Proof,^ Let i/?tX(X'U). Since the polynomial m(x,y,^)=([xAy]V[xA 2 ])V 
V(yAx) satisfies the‘near unanimity’identities in any weakly associative lattice [ 7 ] 

by [ 1 , p._168] it suffices to show that for all a={ay . a„4 b=:{by, A, Xai 

there exists a polynomial function p-. A"^A such that pia^, and 

p{b(i )..., By duality and the fact that * is a nullary operation, it suffices 

to deal with the cases {mp, h(p)i {( 0 , 2 ), ( 0 , 0 ), ( 0 , *)}. 

Case (i). Suppose (flf/),M=(0,2). By Corollary 2.9, e«'PeX(D(M,4 
so by the previous proposition, (t/o, £/„ 17a) is an element of (!){I), where £ 7 ; is the 
preimage of { 1 } under e„<p for each iU Now (agp\ bQ,4(UoXUy, and hence, by 
Definition 2.1, we have bgp^f f iag,f^bg;Hn D{FA(n)). Therefore, by Lemma 2.3 
p), there exists x^Fa(«) such that x(Z)p“^)= 2 , x(ag;i^)=0. But x-p(xy, x„_i) 
for some polynomialp, where Xo,..., x„_i are the free generators of jFa(h). 

_ Hence, p(x„(ic^), ..., x„.#e“i ))=2 and p(xo(ag;^y,,.,x„4ag;%=0, 
since \ be;^ 6 A(f’A(’<)) 4 That is, by definition of e„>p(ay .and 
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p(b, .6..J=2, The case (a(?,M={0. •) “ si*ly dealt with via Lemma 

2.3 (0). 

Case (a). Suppose (a?>, lii|i)=(0,0). Hence so tore exists, i such that 

uj=0=6,. Therefore (ajA»)A(u.A»)=0=(hjA*)A(6,A»), which completes the 

in order to check that (Dj) holds, let B, Ca and suppose that/a(5,_ C) 
is a surjection. By [4, Proposition 2.4 D(B))k a homeomorphism 

onto a closed subspace, and if g. Km such that jD(/)S*fl(/), then for all 

W)i = Ws) = KeW)) S K'^OT) = Wft) = {W)k 

' since/isontoitfollowsthat gihinD(C). Thusi)(/)isanX-isomorphisrnofC(C1 
onto a closed subspace of D(B); so clearly, in order to veriftr that for all ii X(f)(C), A) 
there exists ja{D(B), 4 s"* ttot y=i)(/)f, it suffices to show that A is Injective 
in X in the sense of the following result. 

3.3 Lemma. Let X, 76 X such that X is a closed substructure of 7. For each 
76 X(I, A), there exists y6X(7, A) such that 

Proof. Let y 6 X(J, Al and let (l^o. ^ 2 ) the (P-partition of X determined 

by putting xy=/}. Let and If x^W,, thny^x 

andyi *, so by (Sj) of Definition 2.2, there exists > W^^)0iY) such that 

x^W^^ y^Wi\ Similarly, if xiW,> then x^y and so by ( 82 ) of 

Definition 2.2 there exists (^ 0 *^ lf 2 ^>’) 6 (P( 7 ) such that ;c 6 IFo*^ and; 6 lfa^L 

Therefore, by the compactness of Ifo andlT* in 7, for each y^W^ there exist 
Xi,...,\6l7oU 17^ such that 

17o£UI7o’''' and 

Jal <«1 

Put Wi= Pi for each y 6 Therefore, by the compactness of in 7, there 
exist h,..., F 2 such that Fa ^ U 1 ^/'“ 

(=1 _ 

Now let 26 C/ 2 , x£Wo, Therefore zCf7| for some ye{yv and since 
we have x 6 Fo*'^for some /6 {l, x But by definition oiW/, also 

tel . 

andhence x Jz. Since finite unions Of finite intersections of clopen increasing 
subsets of 7 are clopen increasing, {W^, W^, Ui) is an (P-partition of the closed sub¬ 
space I'=(roUI 7 :^UI 72 ) of 7 such that UzOX^^W^. Dually there is a clopen 
decreasing subset Uq of 7such that l7onX= U^f]P= Wo, and for all Uo, yi 
x^y.Thatis,if C/,:=7\(C/oUC/a),then(C/o, U^, f/a) is an element of (P(7) such that 
for all i^A, Uif]X= Wi. Proposition 3.1 completes the proof. 

To summarise the results of the section so far, we have 

3.4 Lemma. {D, E, f/, e): A-^X'’*’ is a duality between A and X. 

The following lemma completes the proof of Theorem 2.11. 

3.5 Lemma. For each I 6 X, ex^'K(X, DE{X)) given by xBx-Fx, where yF^-Xf, 
isanX-isomorphism. 
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Proof. Let 16 X. Clearly, to prove that sx is one-to-one, it sufiices to show that 
X has enough X-morphisras into A to separate points. Let x, y^X such that x^y 
Since is reflexive, either xh or y^x. Without loss of generality suppose that 
y^x.lfy$*Qt* then Proposition 3.1 and conditions (SO, (So) respectively of 
Definition 2.2 provide a y 6 X(I, AhE{X)suoli that xy<yy. Otherwise y| * lx, 
and since y I x, both y^- * and x^ f, whence x| * fy; consequently, in a similar 
fashion, (So) provides a y 6 X(I, A) such that xy<yy. Thus, s, is one-to-one; in fact 
It IS an X-isoniorphism onto a closed subspace of DE{X), for if y, x 6 l such that 
yf X, by what we have just seen there is an element y 6 X(J, A) such that 

by the definition of I in 

pE{X), (Note that Sjf is a homeomorphism onto a closed subspace since all objects 
in X are compact Hausdorff spaces.) 

To complete the proof it sufiices to show that if B is any subalgebra of E(X)=^ 
=X(X ^4), then every element of A{B^ A) is the restriction of a F. for some x 6 J. 
To this end,Jet B be a subalgebra of E{X) and let/ 6 A( 5 , A); if/is the constant 
homomorphism onto {*}, then_clearlyTherefore we may assume that 
/?^ i. This tells us that Bjhtf is subdirectly irreducible, and so, using Jdnsson’s 
Lemma and the argument in [ 11 , Proposition 3.2], there exists a unique element 
xa such that for all y, oiB, if xy=xu then yM> We will show that y/=xy for 
a]ly65,whence/=r,t.B. 

_ Let r/^ 2 . Then xry^l implies that x(y V#)= * =x*, which yields the contra¬ 
diction 2=')/=)/Vfs(yV «(;)/=*/“*. Dually, y /=0 implies that xy =0 for all 
yiBi 

Lastly, suppose that yf-%, Since/^ , there exists XiB with A /6 { 0 , 2 }; without 
loss of generality suppose that Therefore xA= 0 , and since xvt^ implies that 
x(yVA)-xA, which yields the contradiction # =y/=(yVA)/=A/= 0 , it follows that 
xy = #, Hence yf^xy, and the proof of Theorem 2.11 is complete. 

4. Applications 

Structure of finite algebras in A and PPg. In order to describe the finite 
algebras in A we need the following result, which relies upon the fact that is iniec- 
tiveiiiW8(see[3].[7],or[12]). 

4.1 Proposition. Let B, C6A, andfik{B, C). 

ij) fis an injection if and only if Dif) is a surjection, 

(ii) fis a surjection if and only if D{f) is an X-lsomorphism from D{C) onto a do- 
sed subspace of D{B), 

Proof, (i) Ufk an injection and g^D{B)^A{B, A), then since A is injective in A, 
there exists h^I)(C) such that fh »g; that is such that hl)(f )The converse follows 
since surjections in X are epic and, since it is a contravariant horn-functor, E sends 
epics to injections. 

(ii) Since (D, E, tj, 0 } is a duality it is sufficient to prove that E maps X-embedd- 
ings to surjections. Since, by Lemma 3.3 A is injective in X, this follows as in (i). 

Let V be an equational class, KgV, and B(V, An algebra ¥ 6 K is a maximal 
homomorphic image of JJ in K if there exists a surjective homomorphism A: B-^M 
such that for all NiK and surjective horaomorphisms/: B-^N, there exists a unique 
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J0{M,N) such that/=A/. Let J)^=HSP{{2^2,}) be the equational class of all 
pointed distributive lattices. 

4.2 Theorem. Let B be a finite algebra in A. Then where M is a 

maximal homomorphic image in of B, and k^Q, 

Proof. Consider the following two sets: 

1/ or /1 *}, X,={feD{B):* i/ and fl *}. 

Since D{B) is finite and therefore discrete, it follows that both Xi and Jg are in X. 
Furthermore, any pair of i and # preserving maps from Xi and Jg into A can ob¬ 
viously be patched together to yield an element of ED{B), whence, by Theorem 
2.11, B^E{Xi)XE{X^. But, by Lemma 2.5, no two elements of Ja are comparable 
under I, so E{Xi)^A'’-\ where |J 2 |=n. That £(Ji)6D, follows since the only 
subdirectly irreducibles in D* are 2* and 2^. To see that EiXf) is a maximal homo¬ 
morphic image of B in D*, let inc: Xt_-*D{B) be the natural inclusion map, and put 
A=}jjj£(inc). Then leX{B,E{X^); by Theorem 2.11 and the proposition above, 
E(inc) is a surjection, and hence so is A: B'*E{Xi). Now suppose that /6A(B, N) 
is a surjection, where Since for all g(:A{N, A), either * Ig or gi *; 
hence, by the proposition above, E(f) is an X-isomorphism of I)(N) onto a closed 
subspace of Ii and EJ)(f): E{X,)-^ED{N). Put f=ED{f)f}^\ Therefore 
J^A{E{Xi\ N) and A/6A(B, N); we claim that A/=/. To see this, let g^D{N). 
By the remark above,/g=gi)(^)£Zi, and 

g((W)ri = g{{r,E(inc))ED{f)) = g((inc r,)ED{f)) = 

= g{D{f)(im rfi) ^ {gD{f) inc A = (/g)A = K/g) = {bf)i = gA/- 

Since g was arbitrary, (W/)%=A/ for all b^B; that is,bA/=A/^v^“¥fotall h^B, 
Thus A/=/, as required. The uniqueness of/follows since A is onto. 

4.3 Theorem. For each n^O, F^{n)^Fji*{n)XA’‘^''\ where /fc(n)=3""-2”'*'HL 

Proof. By Theorem 4.2, A (n)=MXA’^^“\ where k (n) sO and M is a maximal ho¬ 
momorphic image in of F^{n). Let {%,...,;v„} and {yi, ...,y„} freely generate 
A(«) and in A and D* respectively. It is easily seen that A)^(n) is a maximal 
homomorphic image in of A(«) via the homomorphism induced by the mapping 
and since maximal homomorphic images are unique (up to isomorphism), 
Fj)Jn)^M. By the proof of the previous theorem, k{n) is the number of elements of 
P(A(«)) which are non-comparable with * (under g). But by Lemma 2.8, D(Fjfn)) 
is X-isomorphic to A”, whence 

k{n)=\{{ai, a„)6A": for some i,;6{l,..., n}, flpO and aj=2}\. 

Therefore k{n)=y~\{aeA’': * la or c I *}|-|-l=3''-2"+m. 

In fact it is easy to see what the sets of free generators of must 

look like. They are of the form {(jj, %, ...,an^„^): i=l ,where (ay) is any 
n X A (n) matrix over A such that 

{a6X'':f |a and a|*} = {(a„,a„^): 1 gj g/((n)}. 

One can prove Theorem 4.3 directly from Lemma 3.2 using this method, and then 
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obtain Theorem 4,2 as a corollary by observing that since A is congruence distribu¬ 
tive it has factorizable congruences. We opted for the above approach because it 
provides a better illustration of the nature of the duality between A and X. 

It is now easy to obtain the corresponding results for W 3 , i.e. Theorems 4 and 5 
of [7]; one simply observes that, as noted earlier, for any 56 W 3 , the algebra obtained 
by distinguishing any element of 5 as a nullary operation f is in A, and if |-|: 
A^Ws is the forgetful functor, then for all n^O, |A(n)l^Fw,(n+l) via any bijec- 
tion from {xj, ,..,x„, to {y^, ...,y„^.i} (where the x/s and y/s freely generate 
A(k) and Fwjn+l) in A and W 3 respectively), and similarly |AA«)|=A)(«+1)- 

Congruences in A and W3. The lattice of congruences on a bounded distri¬ 
butive lattice is dually isomorphic to the lattice of closed subspaces of its Priestley 
dual; an analogous result holds here. 

4,4 Theorem, For any 56 A, the lattice ^{B) of congruences on B is dually 
isomorphic to the lattice of all closed subspaces ofD{B) which contain *. 

Proof. Foreach76X such that 7CZ)(5), define a relation ( 9 yon 5 by 

(fl, b)e 0y if and only if af=bf for aIl /6 Y. 

Clearly 0y is a congruence on B, for if inc: Y~^D{B) is the natural map, then 
0y=ker(i|fi5(foc)). 

On the other hand, for each (B^C{B), let A be the subspace of 5(5) given by 
A = {/65(5): for all a,b^B, as b{d>) implies af = bf]. 

Since Y 0 ~D{BI<F)D(p), where p: B-^BfiP is the canonical homomorphism, by 
Proposition 4.1, Y^ is a closed substructure of 5(5) and A 6 X. Let T~Qy . 
Clearly and if asb{T), then by definition ahD{p)=bhD{p) for all hiD{Bli\ 

so (ap)h={bp)h for all h(.D{BI§). But every algebra in A has enough homoraorphisras 
into A to separate points, so for all a, b^B, i!asb{T), then ap^bp, that is a=b{$). 
Hence To complete the proof we must show that for all subspaces J and Y 
of5(5)withI,76X, 

XQY if and only if 0 y £ 0 ^. 

That whenever Xg Y is trivial, and for the converse, let us suppose that 
X%Y. Therefore there exists fa\Y Suppose * *. Then for all hi 7, there 

exists [01 5 ;, U!l)i§{DiB)) such that hi Ulfi so by the compactness of 7, there 

exist hi, ...,h0 such that 7C (J C/J. Put i7„= n and U^= 

=5(5)\(C7oU A)- Then (A, A) ^^fi^{T{B)) such that 7£ A) ao if b65such 
that A corresponds to (A, A> A) via Proposition 3.1 and Theorem 2.11, then for 
all g67, flg=gA=* = *g, so as^[0y), while u/=/A=2?^f/, so a^i{©x). 
Otherwise/is comparable with *, so without loss of generality * |/. The proof now 
proceeds as in [5, Theorem 3.1]. Let W^{giD{B)\ gkf)f] 7; then W is closed in 
5(5), and if/i617then/| A, so there exists (A, 5J, [/§)6tl'(5(5))such tMhiUl, 
fi U’l . Therefore, by the compactness of W, there exist hi,...,h„iW such that wt 

g u A'- Put A= n A' and A- U (A'U A)- Therefore ( 0 , U,, 0,)i(!}{D{B% 
so there exists biB such that Ae55(5) determines (0, A, A)* 
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Now let r= yu {/}, U'= £/*U {/}. Clearly r is closed in DiB), and %(] Y' 
is closed in T, Furthermore, 

Y\{uif]Y')== y\(i7.ny) =y' n(t/any), 


so in fact U^f]Y' is clopen in Y\ Also, if h^DiB) such that h^f, then C/* since 
WQ and if A, g^DiB) such that then since is decreasing in D{B\ 

hiV'^, Hence if /f: F ^ J is given by 



if xm 

if xiVi' 


then /i6X(r,i4). By Theorem 2.11 and Lemma 3.3, there exists a^B such that 
r,\Y'=ii. Therefore, for all g6 Y, since g?^/, ag-gF^-gn-gr^^bg (since n agrees 
with fj on 7), so However, a/=/r„= * TiZ^fr^-bf, so a^b{Q^, and 

hence0y|0;f. 

In case B is a finite algebra in A, then D{B) is discrete, and so, by the theorem, 
^{B) is dually isomorphic to the lattice of all subsets of Z)(i)\{f}. 

45. Corollary [7; 12, Theorem 1], If B^k is finite, then ‘'^(5)^2", where n is 
the number of non-trivial homomorphisms of B into A. 

Theorem 4.4 also provides us with a new proof of the following [3,7], 

4.6 Corollary. A satisfies the congruence extension property. 

Proof. Let B, A, and suppose tliat/: B-^C is an embedding. Then for any 
congruence ^ on5,putting J=7^)i)(/)-^ gives if and only if af=hf{Qf) 
for all a, b^B. 

In view of the fact that, as we have just seen, many of the important known facts 
about Ws admit non-algebraic proofs via this interesting topological duality, one 
wonders whether the same could be true of all W„. Certainly one cannot obtain 
a representation theory for W„(n^4) without substantially modifying the technique 
we have used here, For instance, ifwe add just one nullary operation #to Wi, and 
call the resultant algebra and its equational class B, B respectively, then no matter 
how * is placed, B(A, B) and B(B, B), ordered pointwise, will be isomorphic as 
structured compact spaces, so no duality is possible via this method. On the other 
hand we cannot add any more than one nullary operation to Wi without loosing a 
great deal of information about W 4 , since the resultant equational class would con¬ 
tain, at best, only two subdirectly irreducibles, Independently of the authors, H. Wer¬ 
ner [14] has proved a duality theorem for certain varieties of weakly associative 
lattices. His results yield a duality for each W„ but even in the case n=3 his dual space 
is more complicated than the one introduced here. 

As we remarked in the introduction, the duality presented here is essentially an 
extension of H. A. Priestley’s representation theory for bounded distributive lat¬ 
tices [ 10 , 11 ]. Firstly, her original theory can be modified slightly so as to cater for 
distributive lattices with a unit element only [4, Theorem 4.4.7]. Secondly, it is a 
simple matter to verify that if B is any distributive lattice with a unit element then 
its Priestley dual space, in the sense of [4], and its dual space D{B), in the sense of 
Theorem 2.11, are one and the same thing. 
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EXAMPLES OF CONNECTED LEFT-SEPARATED 
SPACES AND TOPOLOGICAL GROUPS 

By - 

M. G. TKACENKO (Moscow) 


In this paper we produce two completely regular connected left separated spa¬ 
ces L and G. Our constructions do not depend on any additional set-theoretic 
assumptions. 

The existence of each of these two spaces solves Arhangel’skii’s question whether 
there exists a regular connected left separated space X with |J|>1. 

.Moreover, the spaces L and G have some additional properties. Namely, both 
are pseudorapact and G has the natural structure of a topological group. 

The construction of the space L is especially clear. That is why we begin with the 
construction of the space L and then produce the group G by making in this construc¬ 
tion some technical improvements, 

Recall that a space Y is called left separated if there exists a well-ordering of 
such that a left ray is closed in Y for each «<t. This 

well-ordering is said to be left. 

The cardinals are identified with the corresponding ordinals. Each ordinal is 
considered as the set of all preceding ordinals, 

Let us begin with a general lemma which is interesting in itself, 

Lemma, ler UK^, where the m separable connected compact spaces, 
and letR be a subspaceof X siichthat nsR- JJ KJor every countable subset B£A. 
Then R is a connected pseudocompact space. 

As usual, rcjj stands for the natural projection of X onto where B is an 
arbitrary subset of A. 

Proof. The condition njsR= JJK^, which holds for every countable subset 

Rt A, implies that R is dense in X. Hence for every continuous real-valued function 
/ defined on R, there exist a countable subset and a continuous function g 
defined on such that/=go(jr 5 |i?) (cf. [1],Theorem 1 and the Addition to it). The 
space ji|,R= /JiT* is compact, thus the continuous function g attains its upper and 

lower bounds. Since/is the composition of nglR and g, the above statement is true 
also for/. So i? is pseudocorapact. 

Now we prove the connectedness of R. Let us assume the contrary. Then there 
exist non-empty open subsets !/, Fof X such that R£t/U.F and U[]R(^V=A. 
Since R is dense in X, U(]V=A. One can easily see that the equalities [U](^R~U 
and [L]nR=Tiraply that [t/]niL]ni?M, 
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Both sets [V] and [V] being regular closed in a product of separable spaces, are 
J?-marked for some countable subset j 5 of ^4 [2]. (We say that a subset TS Jis B-mar- 
ked, for a non-empty if T~n^\T.) Put F=[V][][V]. Then Fis ^-marked 
too and F(]R==A, However the equality ]JK, implies that Fis empty. 

aiB 

So [U] and [P] are disjoint nonempty closed subsets of Xand /=[[/] U[F]. This 
contradicts the fact that X (being a product of connected spaces) is connected. The , 
Lemma is proved. 

Now we construct the space L, Let / be the unit interval [0,1] and e be the set 
of all ordinals which are less than continuum. Let also I be the set of all points 
such that a set 7 r«p?^ 0 } is countable. 

Theorem 1. There exists a connected, left separated, pseudocompact dense sub¬ 
space of P contained in I. Thus a left separated, pseudocompact completely regular 
space need not be compact. 

Construction. Let {g^\ a£e} be an enumeration of all points of 2! such that 
every point p^X occurs in this sequence s times. Clearly this is possible, since 

ll|=e. For every «^e we define a point/(, 6 /‘by letting 

m) = \ if 

{ 0 , ifa</l< 8 . 

Thenitis obvious that /„6 T for each a 6 s. Therefore the set I ={/,:aeE} is contained 
in T. 

Now we claim that for every countable subset Boe. \ 

Indeed, let B be a countable subset of e and p be an arbitrary point of IF Then 

there exists an ordinal such that Further, the fact that CO <cf(e) implies 

the existence of an ordinal flic such that Bcf and As the set T= gy- 
=gj is cofinal in s, there exists an ordinal y 6 T such that /i^y. From the definition of 
the function fy it follows that Ksfy=n^gy=p. Consequently, 71^,1=/" i 

The fact that the space L is left separated follows immediately from the construc¬ 
tion. Using the lemma we conclude that the space L is connected and pseudocompact. 

Thus L possesses all the required properties and the theorem is proved. j 

Remark. The space L is not normal. Indeed, otherwise the pseudocompact i 

space L would be countably compact. However, every left separated, countably ’ 

compact T 2 -space is compact [3]. Further, a left separated compact space is scattered ! 
([3], Theorem 1) and every scattered compact r 2 -space is zerodimensional [4], This ( 
contradicts the fact that every zerodimensional Ti-space L with |L|>1 is not con¬ 
nected. . 

Hence we raise the following 

Problem. Does there exist a normal, connected, left separated space ? 

To construct the group G we need some preparations. ’ 

Let Z be the set of all integers and P be the set of all odd ordinals belonging to s. 

Note that any ordinal aC P is nonlimit. The ordinal 0 is considered to be limit. 

t 
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by fbe set P. For every element 

L ml The identity of 

the group P^ ks the empty word as its representative. Let T(t) be of the form 
ao»...a«" with different ordinals belonging to P and numbers k, 

€ A{0}- The sum 2 |^i| is the length of the word T{t). We put if(0 ={ko, •-, 

The set d{t) is clearly correctly defined, i.e. d{t) does not depend on the choice of the 
ISn^th follows from the minimality 

We claim that there exists a well-ordering of Pi, Pi={4; afelsuchthat 
(0) (0 is the identity of FA; 

(1) if a is the representative word for an element tm then t=t ■ if is the 

representative for an element/CPi, then 

(2) d(4)ea, for each limit ordinal 

*"■*>“ ‘0 tlie dements of FA to satisly tlie 

fi 0 ^ and gronp stmetuie 

i.e. 5- {.p, 0s<,<2n} with addition modulo 2j as the group operation), let y be 
the topologid group prodnet of s copies of S. Denote by 0 the element of S- eyery 
coordinate of whichiswo.let r be the !«t of all gSS* which coincide with the point 

„?■" “ ““t Then |T|=6, so there exists an enume- 

ration {g„. which every element occurs fi times, 

Now we are ready to construct the group G. 

Put/o^O and Now suppose that 1 and, for each ji<a, an ordinal 

Our construction will be carried out in such a way that the following properties 

a) if ^^p then/^(^)+/^.,.j((5)=0 (mod 27r) for each (56e, and 

b) if/? is a limit ordinal belonging toe and P(//,)=^i",..^'Tthen/,(5)= 

7w{‘^) (mod 27t) for each ^Cfi. 

We continue the construction. 

I a is a nonlimit ordinal, i) «6P. Then where fliP. We put 
™g#/o/«(W-l and///4)=0 for each ])S^. By putting we have defined 
the taraily {fy\p,: y^a] of maps from /i* into S. It is dear that the point 
does not belong to the closure of the set {fy\p^i y<a}in the space 

ii) where /?6P. Then we put and define the function fJu^ 

by the equalities/*(^)-fyj,((5)=0 (mod 27i), We also put/^(^»)=land/«(u»)~ 
271-1. Finally, put/y(/i^)=0 for each 

^ So we have defined the family {fy\p,‘. y ga} of maps from p, to S and it is clear 
that the pointdoes not belong to the closure of the set {fJu- in the 
space T ■' 


hold: 
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11. a is a limit ordinal >0. Let T{Q be the word alo.,.aln with ao< Then 
the properties (0) and (1) of the enumeration of elements belonging to FA implies that 
HSl. From the property (2) of this enumeration it follows that for every 

j^n. For each i^n put Si=(£io, ej, where fiy=|5 j[ 

As a is a limit ordinal and for each ^<o!, so o{=sup {tip: ^<a}. 

Consequently, the family of maps {fp\a: ^<a} is define! Put /r^=a+/j+1, Now we 
have to define the values fp{5)^S for each j8<a and ^6[a, 

We also will define the function 

Put )>;=«+/ for each i^n. For each ij^n we put For every non- 

II 

limit ordinal and every Mn put fp{yi)=Q. Then we put f^{5)= 2 kj' 

i=() 

(mod 2n) for each (5</q. For every limit ordinal ^€(0, a) the function fp on 
the segment [a,/0 is defined analogously to the function f^. Namely, let T{tp)= 

m 

Then we put4(^)= 2 Ij'/pfi) (mod27i) for every ^e[o!, 

J=0 

So the family of functions ysa} is defined completely. Now we claim 
that the pointdoes not belong to the closure of the set {fy\n^: y<a} in the 
space S\ 

Indeed, the set d{tp)=^d{Q) is finite because of the property (3) of 

the enumeration {g«: a^s}. Let ji^A and T'(r^)=i8{i®.../?J/' with Since 

t^y^tp, there exists im such that It is easily seen then that fJ’f'^~li-^ki= 
=/a(yi)- We must only note that /c^^O (mod In) for every /c6Z\{0} lienee fp{y^ 7 ^ 
^fahi) (nioh 27 c), So fplkcT^fJikx for aoy ^^A. Using the finiteness of the set A one 
can evidently find an open neighbourhood V of the pointin the space iS''* such 
that Vni/ylfi,: yiA]=A, 

Now let us take ^id\A. Then d{Q\d{tp) 7 iA. Let r(//,)=^|,“..,Then there 
exists ig /2 such that for each Mm. It is obvious then that 
=fa{yi)- The last inequality implies that the open neighbourhood W= f{yM 
7^0 for each i^n} of the pointS''*"* does not intersect the set [fpljiF- 

So the open neighbourhood VO W of the point /J/ij, in the space does not 
intersect the set {fy\ti^: yea). This completes our recursive construction. It is easily 
seen that conditions (a) and (b) of the construction are satisfied. 

Put(?={/,: a^E}gS\ 

Consider the topology on G induced from S‘. The well-ordering aCe} on G 
is left; this follows from our construction. 

It is obvious that O^G. Moreover, for every a6fi there exists such that 
faFfp=0 (addition is taken in the group S% For a^P this follows from the property 
(1) of the enumeration of elements belonging to FA and condition (a) of our recur¬ 
sive construction. One can analogously verify this statement for limit a^e. 

Finally, for any a, j5Ce the elementbelongs to G. Indeed, for every 
K, there exists an element ty^FA such that G'tp=ty, Condition (b) of the con¬ 
struction implies the equality fy^fMfp- 

So the space G has the natural structure of a topological group (as a subgroup 
of S% The verification of the fact that %pG-S^ for each countable Bce can be 
carried out analogously as for the space I. Consequently, the group G is connected 


and pseudocompact. Moreover the Stone—Cech compactification ^G of the group 
G is topologically isomorphic to S\ 

Note that the bijection is an algebraic isomorphism of the group FA onto G. 

Problem. Is it possible to construct a topological group having the properties of 
the group G and lying in a I-product of circumferences? 
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CORRECTION OF SOME MISPRINTS IN OUR PAPER* 



i 


i 




Page 

Line 

Read 

Instead of 

74 

7 

l/lnlnw; further 

1/In in m. Further 

75 

11 

2fl7n^„ 


75 

21 

a \0)%)\ 

co(Zk) 

76 

13 

Dropping J, 

Dropping /, 

79 

3 

{n^ihiq)) 

(«®no(?)) 

80 

7 

1/(^4,w 


81 

(4,29) 

i... 

i... 



tal 

r^lt 

83 

24 

1 that is 

and that 

86 

(4.57) 

w= n u... 

U U ... 



knltnk 

fcaltsfc 

87 

5 


bylF=G'“’ 

87 

6 

G,UW 

G„niF 

88 

3 

e and Af(Ms 1, integer) 

8 and M 

88 

10 

ft 1 n fft] s fi, which 

iU 1 U HA^s wich 



UbO ) 

\t»0 } 

88 

15 




Read: 

14iw(/u^)l > whenever 

Here mi^Uiix)mi. Now we take the polynomial (piifi,x) of degree ^A^'i 
ff/iills 32, for which 

whenever 

{see 4.4.4).” 

instead of: 

whenever x^Si 

(see 4.4.4)” 



^1~2Qh: 



s^n US, 

kal (fcfc 


^2-2d, 

s= n n 5,- 

kmlink 


* P. Erd6s and P, VfeTKsr, On the almost everywhere divergence of Lagrange intcrpolatory 
polynomials for arbitrary system of nodes, Acta Math Acai Set. Hangar,, 36 (1980), 71—89. 
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